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Abstract

This thesis is devoted to the study of boundary value problems for second-
order differential inclusions. As the title of the thesis indicates, several types
of problems will be discussed — vector problems on compact or non-compact
intervals, problems in Banach spaces and finally also vector problems invol-
ving impulses.

The key tool that is used in the thesis is an appropriate continuation
principle that contains besides other the transversality condition which ve-
rification is very complicated. Therefore, the second substantial part of the
thesis deals with the bound sets technique which can be used as a tool for
its guaranteeing.

The thesis is submitted as the collection of 12 scholarly works published
in international journals with nonzero impact factors with the commentary.
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Preface

Boundary value problems for second-order differential inclusions occur na-
turally in many applications. The applications concern, for instance, popu-
lation genetics, combustion models, power law fluids, unsteady flows of gas
through semi-infinite porous media, etc.

An investigation of linear oscillators with weak interactions leads to vector
second-order systems. If the friction (damping) is not viscous but dry, then
the mathematical model can be described by the system

&+ Asgn i+ Bx = P(t), z € R",

where A, B are regular (nxn)-matrices and P is a locally Lebesgue integrable
vector forcing term. Because of discontinuity at y = 0 in sgn y, the Filip-
pov solutions should be considered that can be identified as Carathéodory
solutions of the relevant inclusion

&+ Bx € P(t)— ASgn &, v € R",

where
-1, for y < 0,
Sgn y := [—1,1], fory =0,
1, for y > 0.

Another stimulation for studying of the boundary value problems for the
second-order differential inclusions comes from control problems
= f(t,x,&,u), t € J, uel, (1)
x €S,

where S is a suitable constraint (e.g. boundary conditions) and v € U are
control parameters such that u(t) € R", for all t € J. Defining the multivalued
mapping F(t,z,y) := {f(t,z,y,u) }uev, solutions of the original problem (1)
coincide with those of

TeF(ta ), }

T eSs.

Systems like two models described above are the motivations for the problems
that will be studied in the thesis.

The thesis will be submitted as the collection of 12 previously published
scholarly works with the commentary that will be organized as follows. In the
first part of the commentary, the short historical overview concerning boun-
dary value problems for second-order differential equations and inclusions



will be mentioned. The second and the third part of the commentary will be
devoted to the continuation principles and the bound sets technique which are
two key tools that have been applied for obtaining the thesis’ results. Finally,
the particular contributions to the theory of the boundary value problems for
second-order differential inclusions will be described in the fourth section.
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1 Boundary value problems for second-order
differential inclusions

In the first part of the commentary, the short historical summary concern-
ing boundary value problems for the second-order differential equations and
inclusions will be presented. The attention will be firstly focused on vector
problems both on compact and non-compact intervals. Subsequently, the
brief historical overview dealing with boundary value problems in abstract
spaces will be mentioned, and finally also the history of impulsive vector
problems will be shortly observed.

1.1 Boundary value problems for vector second-order
differential inclusions on compact and non-compact
intervals

The boundary value problems for second-order vector systems on compact
intervals have been systematically studied since the 70’s (see, e.g., [30, 33,
41, 42, 51, 54, 55, 58, 62, 66, 72]). In these papers and monographs, different
methods have been used like an upper and lower solutions technique, degree
arguments or topological approach for obtaining the existence of a solution
of the boundary value problems on compact intervals.

If we shift our attention to the problems on non-compact intervals, we re-
alize that there are much less publications devoted to the asymptotic bound-
ary value problems for the second-order inclusions or equations (see, e.g.,
[3, 7, 32, 36, 37, 38, 39, 40, 53, 57, 61, 77|, and the references therein). In
mentioned papers and monographs, various fixed point theorems, topological
degree theory, shooting methods, upper and lower solution technique, etc.,
have been applied for the solvability of given problems.

The difficulties related to asymptotic problems are mainly caused by the
fact that the application of degree arguments in Fréchet spaces is always very
delicate (see, e.g., [1, 2, 5,9, 46, 47, 48, 71]). Perhaps the most difficult con-
cerning asymptotic problems seems to be the study of a topological structure
of solution sets to nonlinear problems (see, e.g., [4, 8, 10|, [11, Chapter IIL.3],
[27, 49]). Let us point out that the study of the topological structure of the
solution set can be regarded as a very interesting problem itself, but it also
helps us to have ”good” values of the associated solution operators of partly
linearized systems for which the structure of solution sets is investigated.

In comparison with mentioned publications, the right-hand sides that are

considered in the thesis satisfy quite slight regularity assumptions. More
concretely, the problems occurring in the thesis have usually multivalued



upper-Carathéodory right-hand sides. The related existence and localiza-
tion results in the thesis have been obtained by combination of topological
methods with the inverse limit technique (for asymptotic problems) and by
combination of topological methods together with bound sets technique and
Scorza-Dragoni type results for the problems on compact intervals. This ap-
proaches allows to obtain not only the existence results but also to get the
information about the localization of a solution.

The theory of the bound sets which is used in the thesis for problems
on compact intervals was introduced 40 years ago by Robert Gaines and
Jean Mawhin in the book [50], where the existence of periodic solutions for
nonlinear differential systems was studied. The theory of bound sets was
subsequently extended to other types of boundary value problems by Jean
Mawhin, e.g., in papers [64] and [65].

In the papers quoted so far, the bounding functions which guarantee
the existence of a bound set were taken for the first-order problems of class
C! and of class C? for the second-order problems. The less regular boun-
ding functions were employed, e.g., in the papers [79], [83] for the first-
order single-valued problems and in [80] for the single-valued second-order
problems. Variants of this concept were used in the paper [43] for the Picard
problem and in papers [44], [45] for the Sturm-Liouville boundary conditions.

Concerning the boundary value problems for differential inclusions, the
bound sets theory was employed for multivalued first-order Floquet problems
in R” in papers [19]-[21]. In the first one, the r.h.s. of the studied differential
inclusion was upper semi-continuous which allowed the authors to put the
conditions ensuring the existence of a bound set K directly on the boundary
of K. The second paper dealt with the upper-Carathéodory r.h.s. This
caused that the conditions had to be satisfied at some vicinity of the boundary
of K. Finally, in the third paper, the Scorza-Dragoni type technique was
employed which allowed to put the conditions directly on the boundary also
in the case of upper-Carathéodory r.h.s.

By the same strategy (consisting in strict and non-strict localization of
bounding functions), the theory of bound sets was developed for the second-
order multivalued Dirichlet and Floquet problems in R™ in the papers [12],
[13], [18] and [73].

1.2 Boundary value problems for second-order differ-
ential inclusions in Banach spaces

Although the general theory of ordinary differential equations and inclusions
in Banach spaces has been developed at a satisfactory level for quite long



time (see, e.g., the monograph [81] and the references therein), there were
not so many contributions to boundary value problems in infinite dimen-
sional spaces until recently (see, e.g., [6], [22], [35], [67], [69], [70], and [78]).
Lately, the theory of boundary value problems in Banach spaces has started
to attract the increasing attention (see, e.g., [14]-[17], [59], [60], [82]). The
boundary value problems in Banach spaces were in recent papers consid-
ered together with various generalizations (like impulse effects or the usage
of fractional derivatives) and it is expectable that the increased attention
to the boundary value problems in Banach spaces will be given also in the
future.

1.3 Impulsive boundary value problems for second-
order differential inclusions

Boundary value problems with impulses have been widely studied because of
their applications in areas, where the parameters are subject to certain per-
turbations in time. For instance, in the treatment of some diseases, impulses
may correspond to administration of a drug treatment or in environmental
sciences, they can describe the seasonal changes or harvesting.

While the theory of single-valued impulsive problems is deeply examined
(see, e.g., [28, 29, 63], and the references therein), the theory dealing with
multivalued impulsive problems has not been studied so much yet (for the
overview of known results see, e.g., the monographs [31, 52|, and the refer-
ences therein). However, it is worth to study also the multivalued case, since
the multivalued problems come e.g. from single-valued problems with discon-
tinuous right-hand sides, or from control theory like it has been mentioned
in the preface.



2 Continuation principle

The key tool that is used in the thesis is an appropriate continuation prin-
ciple. Therefore, in this section, the continuation principle will be at first
described in short for multivalued problems on non-compact intervals in R"™.
Subsequently, its modifications for problems on compact intervals, for prob-
lems in Banach spaces and for the impulsive problems will be discussed.

2.1 Continuation principle for non-impulsive problems
in R” on non-compact and compact intervals

Let us, at first, consider the second-order b.v.p. in R”

i(t) € F(t,z(t),2(t)), for a.a. t €1, }
T e o,

where

e [ is a given (possibly noncompact) real interval,

e S C AC! (I,R"), where AC} (I,R"), denotes the space of functions

loc loc
x : I — R™ with locally absolutely continuous first derivatives,

o ' : I xR" x R" — R" is an upper-Carathéodory mapping, i.e.
F(-,xz,y) : I — R"™ is measurable on every compact subinterval of
I, for all (z,y) € R™ x R", the map F(¢,-) : R" x R" — R™ is upper
semicontinuous, for almost all ¢ € I, and the set F(¢,x,y) is compact
and convex, for all (¢,z,y) € [ x R" x R".

In order to develop the suitable continuation principle, the family of asso-
ciated problems P(q, \) has to be assigned to the original problem (2). The
associated problems have the following form

i(t) € H(t,x(t),i(t),xq(é):sf]'l(’t),)\), for a.a. t € I, }P(q, 2

where
e ¢ € Q; Q is aretract of C'(I,R"),
e S is a closed subset of .9,

e \e|0,1],



o H: I xR"xR"xR"xR"x[0,1] — R" is an upper-Carathéodory
mapping such that

H(t,c,d,c,d, 1) C F(t,c,d), forall (t,c,d) € I x R" x R". (3)

The inclusion (3) guarantees that if ¢* would be a solution of the problem
P(q*, 1), then it is also the solution of the original problem (2). Therefore,
it is possible to transform the b.v.p. (2) into the fixed point problem

¢ € T(q" 1), (4)

where T': Q x [0,1] —o C'*(I,R™) is a solution mapping that assigns to each
q € Q and A € [0, 1] the set of solutions of P(q, \).

After the transformation of the original problem (2) into the fixed point
problem (4) and by using of fixed point index technique in Fréchet spaces,
the following continuation principle has been developed in [23].

Theorem 2.1 Let us consider the b.v.p. (2) together with the family of
associated problems P(q,\) and assume that

(1) for each (q,\) € @ x [0,1], the associated problem P(q,\) is solvable
with an Rg-set of solutions,

(19) there exists a monnegative, locally integrable function o : I — R such
that

|H(t,x(t), 2(t),q(1), 4(t), N < a(t)(1 + [z(O)] + [2(2)]), a.e. in I,
for any (¢, \,z) € T'r,
(iii) T(Q x {0}) C @,

(iv) there exist a point ty € I and constants My > 0, M; > 0 such that
|z(to)| < Mo and |i(to)| < My, for any x € T(Q x [0,1]),

(v) ifgj,q € Q, ¢ = q, ¢ € T(g, ), for some X\ € [0,1], then there exists
Jo € N such that, for every j > jo, 6 € [0,1] and x € T(g;,0), we have

r e Q.
Then the b.v.p. (2) has a solution in S; N Q.

Remark 2.1 It was proven in [23] that the solution mapping 7" has compact
values. Therefore, the condition (i) concerning Rs-values in Theorem 2.1 is
satisfied if, e.g., T'(q, \) is, for all (¢, \) € @ x [0, 1], convex or an AR-space
or contractible.
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Remark 2.2 Let us note that in the single-valued case of Carathéodory
ordinary differential equations, we can only assume in Theorem 2.1 (i) that
the associated problems are uniquely solvable.

Remark 2.3 If the associated problems P(q, A) are fully linearized, i.e. if
they take the form

i(t) € /\F(t,q(% g(g)l): for a.a. t € 1, } P(g, N

where 57 is a closed convex subset of .S, then it is possible to modify conditions
(¢) and (77) in Theorem 2.1 as follows:

(iY) T(q,\) # 0, for all (¢,\) € Q x [0,1],

(iil) there exists a nonnegative, locally integrable function « : I — R such
that
|EF(t,q(t),q(t))| < a(t), a.e. in I, for any q € Q.

It is obvious that the most problematic assumption appearing in the
continuation principle is so called "pushing” condition (v). Therefore, the
attention will be given now to this condition and its possible simplifications
will be shown in subsequent remarks.

Remark 2.4 If the set ) is convex, then the condition (v) of Theorem 2.1
can be replaced by

(v') if 0Q x [0,1] 5 {(g;, A;)} converges to (¢, A) € 0Q x [0,1],q € T(q, ),
then there exists jo € N such that, for every j > jo and z; € T(g;, \;),
we have z; € Q).

Remark 2.5 Moreover, if the associated problems P(q, A\)* are uniquely
solvable, for each (¢, A\) € @ x [0, 1], then, by continuity of 7', we can refor-
mulate the "pushing” condition (v) from Remark 2.4 as follows:

(v") if {(x;, Aj)} is a sequence in S; x [0,1], with A\; — A and z; converging
to a solution = € Q of P(g,\)*, for ¢ = 2 and A\ = ), then z; belongs
to @, for j sufficiently large.

Remark 2.6 If the interval I would be compact, then it is possible to sim-
plify significantly ”pushing” condition into the following form:

(v9) Let Q\OQ be nonempty and let the solution map T has no fixed points
on the boundary 0Q) of @, for every (¢, ) € @ x [0,1).

11



It is obvious that the verification of (v®) is easier than of (v), (v') or
(v"), but still quite complicated. The fulfilment of condition (v%) for the
boundary value problems on compact intervals can be guaranteed by the
bound sets theory, and that’s why the following Section 3 will be devoted to
this approach.

Remark 2.7 All of the conditions (v), (v'), (v”) and (v®) can be omitted if
Sl g SN Q?

which significantly simplifies the usage of the continuation principle in par-
ticular practical applications.

2.2 Continuation principle for impulsive problems in
R" on compact intervals

If we would consider that the b.v.p. (2) contains impulses at fixed times

t1, ta, ..., tp, p € N, then it is possible to obtain the related modification of

the continuation principle for non-impulsive problems. As you can see in the

next proposition that has been proven for impulsive problems on compact

intervals in [74], the changes that are necessary in case of impulsive problems
are only minor.

Proposition 2.1 Let us consider the b.v.p. (2), where
o [ =[0,T1],
e F:[0,7T] x R" x R™ — R™ is an upper-Carathéodory mapping,

e S is a subset of PAC([0,T],R™) which is the space of functions x :
[0,7] — R"™ such that

( :B[O](t>a fO’f't S [Oatl]v
wpy(t),  fort € (ti,ta],

( zp(t),  fort e (L, T,

with o] S A01<[07t1],Rn),ZL’M S AC’l((tz,tzH],R”),x(tf’) = lim ZE(t) S

+
t—t;

R and #(t]) = lim @(t) € R, for every i =1,...,p.

+
t—t;

12



Together with (2), let us consider the family of associated problems P(q, \),
where H : [0,T] x R x [0,1] — R" is an upper-Carathéodory mapping
satisfying the inclusion (3). Moreover, assume that

(i) there exists a retract Q of PC*([0,T],R"), with Q \ 0Q # 0, and a
closed subset Sy of S such that the associated problem P(q, \) has, for
each (¢, \) € Q x [0,1], a nonempty and convex set of solutions T(q, \),

(i1) — (iv) assumptions (ii) — (iv) from Theorem 2.1 hold,

(v) the solution map T(-, ) has no fized points on the boundary 0Q of Q,
for every X € [0, 1).

Then the b.v.p. (2) has a solution in S; N Q.

Remark 2.8 Let us note that although Theorem 2.1 and Proposition 2.1
contain the same assumption

(iid) T(Q x {0}) C @

its verification is in practical applications much more complicated in case of
the impulsive problems considered in Proposition 2.1.

To be more specific, let us consider, e.g., the non-impulsive homogeneous
Dirichlet problem

Z(t) =0, for a.a. t € [0,T], (5)
z(T) = z(0) = 0.
This problem has only the trivial solution, and so the assumption (#ii) is
trivially satisfied if 0 € Q.
On the other hand, if we consider the impulsive homogeneous Dirichlet

problem

Z(t) =0, for a.a. ¢t € [0,T],

z(T) = z(0) = 0,

(tf) = Aix(ty), i=1,...,p, (6)

©(tf) = Biaz(ty), i=1,...,p,
where A;, B;, i = 1,...,p, are real n X n matrices, it is not so easy to obtain
that it possesses only the trivial solution. It is valid, e.g., for the antiperiodic
impulses, i.e. for A; = B, = —I, for every ¢ = 1,...,p. Other possibility

that guarantees the existence of the exclusively trivial solution is if p = 1,
Ay = —1I and By = I provided T # 2t;.

13



2.3 Continuation principle for problems in abstract
spaces

If we consider, instead of R"™, an abstract space, the particular conditions ap-
pearing in the continuation principle become significantly more complicated.

As one of the motivations for studying boundary value problems in ab-
stract spaces, the following abstract nonlinear wave equations in Hilbert
spaces can be used: Let t € [0,7] and let £ € €, where ) is a nonempty,
bounded domain in R™ with a Lipschitz boundary 0f). Consider the func-
tional evolution equation

Pu Ou -
i 1B . NP2y =
T 0 Bu(t, ) + Bt )P = ot u), @
where u = u(t, £), subject to boundary conditions
uw(T,-) = Mu(0,-), e N 5 (8)

Assume that @ > 0, § > 0, p > 1 are constants, B: L*(Q) — L?*(Q) is
a linear operator and that ¢: [0,7] x R — R is sufficiently regular. The
problem under consideration can be still restricted by a constraint:

u(t,) € K :={e € L*(Q) | |le|| <r}, t €10,T).

Taking z(t) := u(t,-) with z € AC*([0,T], L*(2)), A(t) = A :=q,

B(t): L*(Q) — L*(Q) defined by z = u(t,-) — Bz, f:[0,T] x L*(Q) —
L2(9)) defined by (¢,v) — ¢(t,v(-)), and F(t,z,y) = F(t,z) := —fB||z||P2z+
f(t, x), the above problem can be rewritten into the form

#(t) + A)i(t) + B(t)z(t) = F(t,x(t),4(t)), for a.a. t € [0,T], } )
2(T) = Mx(0), &(T) = N(0).

possibly together with z(t) € K,t € [0,T], where K C L?(Q) is a nonempty,
open, convex subset of L?(2).

If p(t,-) is e.g. bounded, but discontinuous at finitely many points, then
the Filippov regularization @ of ¢(t,-) (see, e.g., [26, 34]) can lead to a mul-
tivalued problem

i(t) + At)i(t) + B(t)z(t) € F(t,z(t),&(t)), for a.a. t € [0,T], (10)

x(T) = Mxz(0), ©(T) = Ni(0).

For boundary value problems in Banach spaces like (10), the following

continuation principle has been developed in [16] and [17] by using a suitable
topological degree technique.

14



Theorem 2.2 Let us consider the b.v.p.

#(t) € F(t,(t), &(t)), for a.a. t €[0,T], } (1)

x €S,
where

e F is a separable Banach space with the norm ||-|| satisfying the Radon-
Nikodym property,

e [':[0,T] x Ex E — E is an upper-Carathéodory mapping,
o S C ACY([0,T],E).

Let H : [0,T] x Ex Ex Ex E x[0,1] — E be an upper-Carathéodory
mapping such that

H(t,c,d,c,d, 1) C F(t,c,d), forall (t,c,d) € [0,T] x E x E.
Moreover, assume that the following conditions hold:

(i) There exist a closed set Sy C S and a closed, convez set Q C C([0,T], F)
with a nonempty interior Int Q) such that each associated problem

i(t) € H(t,x?,eaaétl)’,q(t),cz(t),A>, for a.a. t € [0,T], } P(g,\)

where ¢ € Q and XA € [0,1], has a nonempty, convexr set of solutions

(denoted by T'(q, \)).

(i1) For every nonempty, bounded set ) C E x E x E x E, there exists
v € L'([0,T7],1]0,00)) such that

HH(t,ZE,y,U/,U,)\)H < VQ<t>7
for a.a. t € [0,T] and all (x,y,u,v) € Q and X € [0, 1].

(15i) The solution mapping T is quasi-compact and ji-condensing with respect
to a monotone and nonsingular measure of noncompactness p defined
on C1([0,T], E).

(iv) For each q € Q, the set of solutions of the problem P(q,0) is a subset
of Int Q, i.e. T(q,0) C Int Q, for all q € Q.

(v) For each \ € (0,1), the solution mapping T(-,\) has no fized points on
the boundary 0Q of Q.

15



Then the b.v.p. (11) has a solution in Q) N Sy.

Remark 2.9 Let us point out that one of the differences between continu-
ation principles in R™ and in abstract spaces lies in the fact that it would
be extremely difficult to avoid the convexity of given set of candidate solu-
tions (), provided the degree arguments are applied for noncompact maps
(for more details, see, e.g., [25]). For this reason, the set @ is considered to
be convex in the case of continuation principle in Banach spaces.

Remark 2.10 Similarly as in finite-dimensional Euclidean spaces, the ge-
ometry concerning second-order problems in Banach spaces, reflecting the
behaviour of controlled trajectories, is much more sophisticated than for
first-order problems. On the other hand, the sufficient existence conditions
are again better than those for equivalent first-order problems (see [22]).

16



3 Bound sets approach

One of the most problematic assumptions that has appeared in continuation
principles in the previous section for problems on compact intervals is the
following transversality condition:

(v) the solution map T'(-, \) has no fixed points on the boundary 9Q of @,
for every A € [0, 1).

It has occurred in Remark 2.6, Proposition 2.1 as well as in Theorem 2.2
dealing with the problems in Banach spaces.

Since its direct verification is generally quite complicated, this section will
be devoted to the bound sets technique which can be used as a tool for its
guaranteeing.

Let us point out that the bound sets technique cannot be applied jointly
with the degree arguments for problems on non-compact intervals, because
bounded subsets of non-normable Fréchet spaces are equal to their bounda-
ries.

3.1 Bound sets approach for non-impulsive problems
in R"

For the developing of the bound sets theory for the second-order boundary
value problems, let us at first consider the easiest case, i.e. non-impulsive
vector problems. More concretely, let us consider the vector Floquet semi-
linear problem

Z(t) + A(t)x(t) + B(t)x(t) € F(t,x(t),x(t)), for a.a. t € [0,T],
(12)

where

(i) A, B : [0, T] — R™™ are measurable matrix functions such that |A(t)| <
a(t) and |B(t)] < b(t), for all t € [0, T] and suitable integrable functions
a,b:[0,7] — [0,00),

(itY) F : [0,T] x R® x R® — R™ is an upper-Carathéodory multivalued
mapping,

(ii1Y) M and N are real n X n matrices with M non-singular.

17



Moreover, let (in the whole Sections 3.1 and 3.2) K C R™ be a nonempty
open set and V : R® — R be a C''-function with VV locally Lipschitzian and
satisfying

(H1) Vl]sr =0,
(H2) V(z) <0, forall v € K.

Furthermore, let (in the whole Sections 3.1 and 3.2) M be such that
MOK = 0K.

Definition 3.1 A nonempty open set K C R" is called a bound set for the
b.v.p. (12) if every solution x of (12) such that z(t) € K, for each t € [0,T],
does not satisfy z(t*) € 0K, for any t* € [0, 7.

=
=

Figure 1: Solutions of the b.v.p. (12) and the sets K and L such that K is
a bound set for (12) and L is not.

In [12], the following result guaranteeing the existence of the bound set K
for the Floquet b.v.p. with an upper-Carathéodory r.h.s. has been proven.

Proposition 3.1 Let us consider the b.v.p. (12) and suppose that there
exists € > 0 such that, for allx € K N N.(0K), t € (0,T) and v € R", the
following condition

(VV(z + hv),v + hw) — (VV (z),v)

lim sup >0 (13)
h—0~ h
holds, for all w € F(t,x,v) — A(t)v — B(t)z, and that
(VV(My), Nw) - (VV(y),w) = 0, (14)

for all y € OK and w € R™. Then all possible solutions = : [0,T] — K of
problem (12) are such that x(t) € K, for every t € [0,T], i.e. K is a bound
set for the Floquet problem (12).
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Remark 3.1 If condition (13) is replaced by the following one
limn sup (VV(z + hv),v + hw) — (VV(x),v)

h—07+ h
forallz € KNN.(0K), t € (0,T), v € R"and w € F(t,x,v)—A(t)v—B(t),

while all the other assumptions of Proposition 3.1 remain valid, then the same
conclusion holds.

> 0, (15)

Definition 3.2 A function V' : R” — R from Proposition 3.1 satisfying
conditions (H1), (H2), (14) and at least one of conditions (13), (15) is called
a bounding function for the set K relative to (12).

It was shown in [12] that:
o if () is defined as follows

Q:={qec C(0,T],R") | q(t) € K, foralltc[0,T]} (16)

and if K is a bound set for each associated problem P(gq, A) (defined
consistently like in Section 2), then condition (v®) from continuation
principle on compact intervals (see Remark 2.6) is satisfied,

e if K C R" is a nonempty open set whose closure K is a retract of
R™, then the set @) defined by formula (16) is a retract of the space
C([0,T],R™).

Summing up, the two particular conditions appearing in the continuation
principle for problems on compact intervals can be guaranteed by the bound
sets theory as has been just indicated.

Since the verification of the conditions (13), (15) from Proposition 3.1
and Remark 3.1 is in general still not very easy, we will turn our attention to
the more regular bounding functions which will lead to the simplification and
practical applicability. More concretely, in the case when V' € C?(R™, R), the
following corollary immediately follows.

Corollary 3.1 Let us consider the b.v.p. (12) and assume that there exists
a function V€ C*R™ R) satisfying conditions (H1) and (H2). Moreover,
assume that there exists € > 0 such that, for allz € K N N.(OK), t € (0,T)
and v € R"™, condition

(HV (z)v,v) +(VV(x),w) >0 (17)

holds, for all w € F(t,z,v) — A(t)v — B(t)z, where H denotes the Hesse
second-order differential operator. Furthermore, let condition (14) holds, for
all y € OK and w € R". Then K is a bound set for problem (12).
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The easiest way how the set K can be defined is assumed it as an open
ball centered at the origin. How in such a case the conditions would be
simplified is described in the following example.

Example 3.1 Given R > 0, put K := {z € R" | |2[ < R}. Let the function
V :R"™ — R be defined, for all xz € K, as follows:
1
V(z) = 3 (Jz|* — R?). (18)
Then V satisfies conditions (H1) and (H2). Moreover, for each z € R,
VV(z) =2 and HV (z) = I.

Therefore, condition (13) can be reformulated in the following way: there
exists € > 0 such that, for all x € K N N (0K), t € (0,7) and v € R"™, the
inequality

(v,v) + (z,w) >0

holds, for all w € F(t,z,v) — A(t)v — B(t)x.

Remark 3.2 Let us note that condition (14) depends both on the boundary
conditions in (12) and on the gradient VV' of the bounding function V. In
particular, (14) is trivially satisfied if M = N = I, where I denotes the n xn
unit matrix. This case corresponds to the investigation of periodic solutions
of the inclusion in (12).

In the case if My = my and Nw = nw, for all y, w € R", where m,n € R,
and if V' is defined by formula (18), it is easy to see that condition (14) is
satisfied if and only if mn > 0.

Conditions (13), (15), (17) are not strictly localized on the boundary of
the bound set K, but assumed at some vicinity K N N.(0K) of it. This
is caused by the fact that the r.h.s. of the considered b.v.p. was an upper-
Carathéodory mapping. If the r.h.s. would be more regular, then it is possible
to put conditions ensuring the existence of the bound set directly on the

boundary of the set K. To be more concrete, it was shown in [13] that if in
(12)

(i) A, B :[0,T] — R™" are continuous matrix functions,
(ii“) M and N are n x n matrices, M is non-singular,

(4ii%) F : [0,T] x R™ x R® — R™ is an upper semicontinuous multivalued
mapping with nonempty, compact, convex values,

then it is possible to localize the conditions for the bounding function directly
on the boundary of the bound set as the following theorem shows.
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Theorem 3.1 Let us consider the b.v.p. (12) satisfying (i)-(iii®) and sup-
pose that, for all z € OK, t € (0,T) and v € R™ with
(VV(z),v) =0, (19)
the following condition holds
i inf (VV(z + hv),v + hw) -0, (20)
h—0 h
for allw € F(t,x,v) — A(t)v — B(t)z.
Moreover, suppose that, for all x € 0K and v € R™ with
(VV(z),v) <0< (VV(Mzx),Nv), (21)
at least one of the following conditions
h h
lim inf YV E A0, 0t By (22)
h—07+ h
. VV(Mz+ hNv), Nv+h
lim inf LYY M2+ hNv), Nut hws) (23)

h—0— h

holds, for allw, € F(0,z,v)—A(0)v—B(0)z, or, for allwy, € F(T, Mz, Nv)—
A(T)Nv — B(T)Mzx. Then K is a bound set for problem (12).

Remark 3.3 Let us note that if condition (22) holds, for some x € 0K, v €
R™ satisfying (21) and wy € F(0,z,v) — A(0)v — B(0)x then, according to the
continuity of VV, (VV (z),v) = 0. Similarly, if (23) holds, for some 2 € K,
v € R” satisfying (21) and wy € F(T, Mz, Nv) — A(T)Nv — B(T')Mx, then
(VV(Mz), Nv) = 0.

Therefore, the validity of (21), (22) and (23) implies, in particular, that

(VV(2),0) = (VV(Mz), Nv) = 0. (24)

As well as in the case of upper-Carathéodory r.h.s., also now the practi-
cally applicable version of the bound sets theory can be obtain if the more
regular bounding function V' is considered.

Remark 3.4 If a bounding function V' is of class C?, conditions (20), (22)
and (23) can be rewritten in terms of gradients and Hessian matrices. Con-
cretely, (20) takes the form

(HV (z)v, v) + (VV(x),w) >0,
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for all x € 0K, v € R™ satisfying (19), ¢t € (0,T) and w € F(t,x,v)— A(t)v —
B(t)z.

For the sake of simplicity, in order to discuss (22) and (23), let us restrict
ourselves to those V, M and N for which (21) implies (24). In such a case,
it is easy to see that (22) and (23) are equivalent to

max {(HV (z)v, v) + (VV(z),w),

(HV(Mz) - Nv, Nv) + (VV(Mz),ws)} > 0,

for all z € 0K, v € R” satisfying (21), wy € F(0,z,v) — A(0)v — B(0)z and
wy € F(T, Mz, Nv) — A(T)Nv — B(T)Muz.

In particular, observe that (21) always implies (24) under conditions (22)
and (23) (see Remark 3.3). The same is true if one of the following possibil-
ities takes place:

(i) M = N =1, i.e. for the periodic problem associated to the inclusion
in (12),

(i) M = N = —I, i.e. for the anti-periodic b.v.p. associated to the
inclusion in (12), and for VV(—xz) = —=VV(x), for all z € 0K,

(ili) M=a-1, N=0b-1, where a-b> 0, and VV(ax) = aVV(x), for all
xr € 0K.

At the beginning of this section, the Floquet b.v.p. (12) with an upper-
Carathéodory r.h.s. was studied via non-strictly localized bounding func-
tions, i.e. in the case when the conditions concerning (Liapunov-like) bound-
ing functions were not imposed directly on the boundaries of bound sets, but
at some vicinity of them.

As was shown afterwards, this problem of non-strict localization does not
occur for Marchaud systems, i.e. for systems with globally upper semicon-
tinuous r.h.s.

Finally, it will be displayed now that also the case of upper-Carathéodory
systems can be treated by the strictly localized bounding functions when
the Scorza-Dragoni type approach is applied. The original idea of applying
the Scorza-Dragoni technique comes from [68], where guiding functions were
employed for vector first-order Carathéodory differential equations.

Approximating the original problem by a sequence of problems satisfying
non-strictly localized conditions of Proposition 3.1 and applying the Scorza-
Dragoni type result (see [34, Proposition 8|, and [18, Proposition 2.1] for
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multivalued mappings), the following result has been obtained in [18]. The
condition for bounding function is now required only on the boundary 0K of
the set /&, and not on the whole neighborhood K NN, (9K), as in Proposition
3.1. On the other hand, the more regular bounding function of class C? is
directly considered now.

Theorem 3.2 Let us consider the Floquet b.v.p. (12) satisfying (iV)-(iii%)
and assume that V€ C*(R™,R). Moreover, assume that

(i) for allz € OK, t € (0,T) and v € R™, it holds that
(VV(2),w) >0, (25)
for allw € F(t,x,v) — A(t)v — B(t)x,

(i) there exists € > 0 such that HV (z) is positive semi-definite, for all
z € KN N(OK),

(t3i) for all x € OK and v € R™,

(VV(Mzx), Nv) - (VV(x),v) >0 or (VV(Mz), Nv) = (VV(z),v) = 0.

Then K is a bound set for problem (12).

Remark 3.5 Let us note that particular conditions appearing in bound sets
results - (14), (22) and (23) as well as condition (7i¢) from Theorem 3.2
depend on the boundary conditions in (12). All of them can be omitted in the
case when the Floquet boundary conditions would be replaced by other types
of boundary conditions, e.g. by the Dirichlet conditions z(7") = z(0) = 0,
together with the additional assumption 0 € K.

3.2 Bound sets approach for impulsive problems in R”

If we consider, instead of non-impulsive problems, the second-order impulsive
ones, it is again possible to develop the bound sets technique that can be used
for guaranteeing of the transversality condition (v) in Proposition 2.1. For
this purpose, let us consider the Dirichlet impulsive problem

z(0) =0,
2(t5) = Aw(t), i=1,....p, (26)
o(t]) = Biax(ty), i=1,...,p,

where



e /:]0,7] x R* x R" — R™ is an upper-Carathéodory or a globally
upper semicontinuous multivalued mapping,

e 0=t)<th <...<t, <tpn =T, peN,
o A, B;, i=1,...,p, are real n X n matrices.
e z(at) = lim x(¢).

t—at

By a solution of problem (26) we shall mean a function z € PAC' ([0, T], R"™)
satisfying (26).

0 i t l‘3m ‘T

.

Figure 2: A solution of the impulsive b.v.p. (26) for n =1 and p = 4

Moreover, let, in the whole Section 3.2, 0 € K and A;, i = 1,.. ., p, satisfy
In [74], the following proposition has been proven for impulsive prob-

lems with the upper-Carathéodory r.h.s. via non-strictly localized bounding
function.

Proposition 3.2 Let us consider the impulsive b.v.p. (26), where F : [0, T]x
R™ x R™ — R"™ is an upper-Carathéodory multivalued mapping. Suppose,
moreover, that there exists € > 0 such that, for allz € KNN.(0K), t € (0,T)
and v € R"™, the following condition

(VV(z + hv),v + hw) — (VV (z),v)

lim sup >0 (27)
h—0~ h
holds, for all w € F(t,x,v), and that
(VV(Asx), B) - (VV(x),v) > 0, (28)

foralli=1,....p, x € 0K and v € R™ with (VV (x),v) # 0.
Then K is a bound set for the impulsive Dirichlet problem (26).
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Remark 3.6 Let us note that the condition (27) is the same as the corre-
sponding one (13) for the problems without impulses.

Remark 3.7 When the bounding function V is of class C?, the condition
(27) can be rewritten (analogously like in the non-impulsive case) in terms
of gradients and Hessian matrices as follows:
There exists € > 0 such that, for all z € KN N.(OK), t € (0,T) and v € R",
condition

(HV (z)v,v) + (VV(z),w) >0 (29)
holds, for all w € F(t,z,v).

Condition (27), (29) were not strictly localized on the boundary of the
bound set K, but assumed at some vicinity K N N.(0K) of it since the r.h.s.
of the considered impulsive Dirichlet problem was an upper-Carathéodory
mapping. If the r.h.s. would be more regular, then it is possible (analogously
like in the non-impulsive case) to localize conditions ensuring the existence of
the bound set directly on the boundary of the set K. To be more concrete,
it was shown in [75] that if in (26), F : [0,7] x R" x R® — R™ is an
upper semicontinuous multivalued mapping with nonempty, compact, convex
values, then it is possible to localize the conditions for the bounding function
directly on the boundary of the bound set as the following theorem shows.

Theorem 3.3 Let us consider the impulsive b.v.p. (26), where F : [0,T] x
R"xR™ —o R™ is an upper semicontinuous multivalued mapping with nonempty,
compact, conver values.
Suppose moreover that, for allx € 0K, t € (0,T)\{t1,...t,} andv € R"
with
(VV(z),v) =0, (30)
the following condition holds

i inf (VV(z + hv),v + hw)
h—0— h

for all w € F(t,z,v).

At last, suppose that, for all v € OK and v € R™ with

(VV(Aiz), Bv)y <0 <(VV(x),v), for somei=1,...,p, (32)

> 0, (31)

the following condition
i inf (VV(x + hv),v 4+ hw)
h—0~ h

holds, for allw € F(t;,x,v). Then K is a bound set for the impulsive Dirichlet
problem (26).

>0 (33)
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Remark 3.8 Let us now consider the particular case when the bounding
function V is of class C?. Then conditions (31) and (33) can be rewritten in
terms of gradients and Hessian matrices as follows:

Suppose that, for all z € 0K and v € R" the following holds:

if (VV(z),v) =0, then (HV (z)v,v) + (VV(x),w) > 0, (34)
forall t € (0,7)\ {t1,...t,} and w € F(t,z,v), and
if (VV(A;z), Bv) <0< (VV(x),v) for some i = 1,...,p, (35)
then (HV (z)v,v) + (VV(x),w) >0,
for all w € F(t;, z,v).

If the Scorza-Dragoni type result ([34, Proposition 5.1]) is applied, and
if the original problem is approximated by a sequence of problems sat-
isfying non-strictly localized conditions, the relevant condition can be re-
quired directly on the boundary 0K of the set K also in the case of upper-
Carathéodory r.h.s., and not on the whole neighborhood K N N.(9K), as in
Proposition 3.2. Analogously like in the non-impulsive case, the bounding
function of class C? is considered now.

Theorem 3.4 Let us consider the impulsive b.v.p. (26), where F : [0,T] x
R™ x R* — R" is an upper-Carathéodory multivalued mapping, and let V €

C2(R™,R).
Moreover, assume that
(i) for all x € OK and v € R™, the inequality
(VV(z),w) >0
holds, for allt € (0,T) and w € F(t,x,v),
(1) there exists h > 0 such that HV (x) is positive semidefinite in Np(0K),

(1it) foralli=1,...,p, x € OK and v € R™, with (VV (x),v) # 0, it holds
that
(VV(A;z), By - (VV(z),v) > 0.

Then K is a bound set for problem (26).
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Remark 3.9 Both Theorems 3.3 and 3.4 give an existence result for an im-
pulsive Dirichlet boundary value problem with a strictly localized bounding
function respectively for u.s.c and upper-Carathéodory multimap. However
Theorem 3.4 doesn’t represent an extension of Theorem 3.3, since the first
one deals with a C?-bounding function, while the second one is related to a
C'-bounding function and can not be easily extended to the Carathéodory
case.

In the case when the multivalued mapping F' is upper semicontinuous and
the bounding function V is of class C?, i.e. when it is possible to apply
both theorems, conditions of Theorem 3.3 are weaker than assumptions of
Theorem 3.4. In fact, in this case, according to Remark 3.8, condition (31)
of the first theorem reads as

(HV (z)v,v) +(VV(z),w) >0

for every x € 0K, v € R", and for every t € (0,7)\ {t1,....t,},w € F(t,z,v)
if (VV(x),v) # 0, or for every w € F(t;,z,v) if (VV(A;z), Biv) < 0 <
(VV(z),v), which are implied by assumptions (i) and (ii) of the second
theorem.

Remark 3.10 In all conditions that have appeared in Sections 3.1 and 3.2,
the element v has played the role of the first derivative of the solution z. If
is a solution of particular b.v.p. such that x(t) € K, for every t € [0,T], and
if there exists a continuous increasing function 1 : [0, 00) — [0, 00) satisfying

2

s
lim ——ds = o0, 36
S5—$00 gb(s) ( )
and such that
|[F'(t, c,d)] < (]d]), (37)

for a.a. t € [0,T] and every ¢,d € R™ with |¢| < R := max{|z| : z € K},
then, by means of the Nagumo-type result (see [78, Lemma 2.1] and [56,
Lemma 5.1]), it holds that |z(¢)| < B, for every ¢ € [0, T|, where B is defined
by

B =y (¥ (2R) + 2R). (38)
Hence, it is sufficient to require all conditions in previous propositions and
theorems only for all v € R” with |v| < B and not for all v € R".

3.3 Bound sets approach for problems in abstract spaces

Also the continuation principle in abstract spaces developed in the form of
Theorem 2.2 has contained the transversality condition (v) that is not easily
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verifiable. Therefore, in this section, the bound sets technique in Banach
spaces will be described in short that can be used for its guaranteeing.

For this purpose, let us consider the Floquet boundary value problem

#(t) + A@t)i(t) + B(t)x(t) € F(t,2(t),#(t)), for aa. t €[0,T], } (39)
2(T) = Mx(0), &(T) = Ni(0),

where

e F is a separable Banach space satisfying the Radon-Nikodym property
(with the norm || - ||),

e A B:[0,T] — L(E) are Bochner integrable, where L£(E) stands for
the Banach space of all linear, bounded transformations L: £ — E
endowed with the sup-norm,

e ':[0,T] x E x E — E is an upper-Carathéodory (or upper semicon-
tinuous) multivalued mapping,

e M, N € L(E).

Moreover, let E’ be the Banach space dual to E and let us denote by
(-, -) the pairing (the duality relation) between E and E’, i.e., for all & € F’
and x € E, we put ¢(z):=(P, x).

Similarly like in the finite-dimensional case, two cases will be distin-
guished - namely when (i) A, B are Bochner integrable transformations and
F'is an upper-Carathéodory mapping, and (i7) A, B are continuous transfor-
mations and F is globally upper semicontinuous (i.e. a Marchaud mapping).
Unlike in the first case, the second one allows to apply bounding functions
which can be strictly localized on the boundaries of given bound sets. Fi-
nally, it will be shown that using Scorza-Dragoni type technique, the strict
localization is possible also in the case of upper-Carathéodory r.h.s.

The geometry concerning second-order problems, reflecting the behaviour
of controlled trajectories, is again much more sophisticated than for first-
order problems. Moreover, to express desired transversality conditions in
terms of bounding functions, it requires for second-order problems in Ba-
nach spaces to employ newly dual spaces. On the other hand, the sufficient
conditions are better than those for equivalent first-order problems (see [22]).

Let (in the whole Section 3.3) K be a nonempty, open subset of E con-
taining 0 and let V': E'— R be a C'-function with a locally Lipschitz Frechét
derivative V,, satisfying
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(H1) V| ok =0,
(H2) V(z) <0, forall z € K.

Moreover, let M be invertible and such that MoK = 0K.

As the first possibility, let us consider the b.v.p. (39) with an upper-
Carathéodory r.h.s. In [16], the bound sets theory for such a case has been
developed in the form of the following proposition.

Proposition 3.3 Suppose that there exists € > 0 such that, for all x €
KN N (0K), t € (0,T) and y € E, the following condition

‘./ZL‘ - Va:v .
Vet ny y) + (Vighy, w) >0 (40)

lim sup
h—0~ h

holds, for allw € F(t,x,y) — A(t)y — B(t)z, and that
<VMx,Nz> . <V;C,Z> >0, or <VMQC,NZ> = <Vx,2> =0, (41)

for allx € OK and z € E. Then K is a bound set for the Floquet problem
(39).

Remark 3.11 Condition (40) can be, analogously like in the finite-dimensio-
nal case replaced by

Vathy = Ve, ) + (Vs hy, w) > 0, (42)

lim sup
h—0+ h

for all z € KN N.(OK), t € (0,T), y € E, and all w € F(t,z,y) — A(t)y —
B(t)x.

Remark 3.12 If we would consider different type of boundary conditions,
the assumption (41) can be omitted. In particular, this case was studied for
both upper-Carathéodory and globally upper semicontinuous r.h.s. in [15].

If the mapping F'(t, z,y) — A(t)y— B(t)z is globally upper semicontinuous
in (t,z,y), then the conditions ensuring the existence of a bound set can be
localized directly on the boundary of K, as will be shown in the following
theorem that was proven in [16].
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Theorem 3.5 Let F': [0,T]x Ex E — E be an upper semicontinuous map-
ping with nonempty, compact, convex values and A and B be continuous.
Suppose moreover that, for all x € 0K, t € (0,T) and y € E with

(Vary) =0, (43)

the following condition holds

lim inf Ve thy, y + hw)
h—0 h

for allw € F(t,x,y) — A(t)y — B(t)x.
At last, assume that, for all x € OK and y € E with

Vi, ) <0< (Vaga, Ny, (45)

> 0, (44)

at least one of the following conditions

hm lnf <‘/CE+hy7 y + hw1>
h—0+ h

>0 (46)

or _
- (VMathny, Ny + hws)
h—0~ h

holds, for allw, € F(0,z,y)—A(0)y—B(0)z, or, for allwy, € F(T, Mz, Ny)—

A(T)Ny — B(T)Mzx, respectively. Then K is a bound set for problem (39).

>0 (47)

Remark 3.13 One can readily check that, for V € C?(E,R), the inequali-
ties (40), (42), as well as (44), become

(Valy), y) + (Va, w) >0,
with ¢, z,y, w as in Proposition 3.3 or in Theorem 3.5.

Remark 3.14 The typical case occurs when E = H is a Hilbert space, (, )
denotes the scalar product and

Vig) =5 (Jol ~ B?) = £ ({m,2) —~ B?),

for some R > 0. In this case, V € C*(H,R) and it is not difficult to see that
conditions (40), (42), as well as (44) become

N —

(Y, y) + (z, w) >0

with ¢, x,y and w as in Proposition 3.3 or in Theorem 3.5, where K := {z €

HI [lz|| < R}
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The conditions concerning bounding functions in abstract spaces were
not in the commentary up to now imposed in the upper-Carathéodory case
directly on the boundaries of bound sets, but at some vicinity of them. The
strict localization is possible also in this case by means of the Scorza-Dragoni
type technique developed in [76]. On the other hand, it is suitable to point
out that the strict localization requires again a higher regularity of applied
bounding functions.

Moreover, in this case, the bounding function V' must satisfy (apart from
previous conditions (H1) and (H2)) also the following one:

(H3) ||V (x)]] > 6, for all z € DK, where § > 0 is given.

The bound sets theory in abstract spaces for the upper-Carathéodory case
via strictly localized conditions for bounding function was developed in [14]
in the following form.

Theorem 3.6 Consider the Floguet b.v.p. (39) with an upper-Carathéodory
r.h.s. Assume that K C E is an open, convex set containing 0. Furthermore,
let there exist € > 0 and a function V € C*(E,R) satisfying (H1) — (H3).
Moreover, let there exist h > 0 such that

<Vm(v),v> >0, forallx € N,(0K), v € FE, (48)

where V,(v) denotes the second Fréchet derivative of V at x in the direction
(v,v) € E'x E. Finally, let .

(Va,w) >0, (49)
and (41) holds, for all x € 0K, t € (0,T),z € E, and w € F(t,x,z) —
A(t)z — B(t)x. Then K is a bound set for problem (39).

Remark 3.15 The result can be analogously like in the previous cases sim-
plified, i.e. the assumption (41) can be omitted, when the different type of
boundary conditions would be considered (see [17] for the Dirichlet problem).
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4 Contribution to the theory of boundary va-
lue problems for second-order differential
inclusions on compact and non-compact in-
tervals in the Euclidean and abstract spaces

The topic of the thesis is the investigation of the boundary value problems
on compact and non-compact intervals for second-order differential inclusions
both in the Euclidean and abstract spaces. The thesis is submitted as the
collection of 12 papers published in international journals.

The fundamental tools used in the collection of presented papers are suit-
able continuation principles described in Section 2 that contain apart from
other assumptions so called ”"pushing” or transversality conditions whose
verifying is in most cases very complicated. For its guaranteeing, the bound
sets technique described in Section 3 is applied in the collection of submitted
papers.

4.1 Non-impulsive boundary value problems for vec-
tor second-order differential inclusions on compact
and non-compact intervals

Papers dealing with this topic are the following:

[23] J. Andres, M. Pavlackovd, Asymptotic boundary value problems for
second-order differential systems. Nonlin. Anal. 71 (5-6) (2009), 1462
1473.

[24] J. Andres, M. Pavlackovd, Topological structure of solution sets to
asymptotic boundary value problems. J. Diff. Eqns. 248 (1) (2010),
127—150.

[12] J. Andres, M. Kozusnikova, L. Malaguti, Bound sets approach to bound-
ary value problems for vector second-order differential inclusions. Non-
lin. Anal. 71 (1-2) (2009), 28-44.

[13] J. Andres, M. Kozusnikovd, L. Malaguti, On the Floguet problem for
second-order Marchaud differential systems. J. Math. Anal. Appl. 351
(2009), 360—372.

[18] J. Andres, L. Malaguti, M. Pavlackova, Strictly localized bounding func-
tions for vector second-order boundary value problems. Nonlin. Anal.
71 (12) (2009), 6019-6028.

32



[73] M. Pavlackova, A Scorza-Dragoni approach to Dirichlet problem with
an upper-Carathéodory right-hand side, Topol. Meth. Nonlin. Anal.
44 (1) (2014), 239-247.

In the first paper [23], the continuation principle has been developed for
the vector second-order asymptotic multivalued boundary value problems
(see Theorem 2.1). Afterwards, in paper [24], the topological structure of
the solution sets of the studied asymptotic problems has been investigated
by the inverse limit method, and the information about the structure has been
employed, by virtue of the continuation principle from [23], for obtaining an
existence result for nonlinear asymptotic problems.

In the first two mentioned papers [23] and [24], the continuation principle
for asymptotic problems has been developed and applied. In paper [12], the
version of the continuation principle for vector problems on compact interval
has been specified and the appropriate transversality condition for problems
on compact intervals has been stated (see Remark 2.6). In the compact
case, the condition requires that the corresponding problems do not have
solutions on the boundary of the sets of candidate solutions. Since this can
be guaranteed by a bound sets approach, the rest of paper [12] has been
devoted to the bound sets technique (see Proposition 3.1) for the following
second-order vector Floquet boundary value problem

(1) + AD)i(t) + BOa(t) € F(t,z(t), #(1)), for aa. t € [0,T], "
+(T) = Mz(0), #(T) = Ni(0), } (50)

where

e A B:[0,T] — R™" are measurable matrix functions such that |A(¢)| <
a(t) and |B(t)] < b(t), for all t € [0, T] and suitable integrable functions
a,b:(0,T] = [0, 00),

e M and N are n X n matrices, M is non-singular,

e ' : [0,7] x R" x R" — R™ is an upper-Carathéodory multivalued
mapping.

The bound sets approach has been in [12] combined with the continuation
principle and the existence and the localization result has been obtained
in this way. Let us note that since the right-hand side of the considered
problem has been an upper-Carathéodory multivalued mapping, the related
conditions guaranteeing the existence of a bound set have not been strictly
localized on the boundary of the bound set but put at some vicinity of it.
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This imperfection has been removed in paper [13], where the conditions
ensuring the existence of a bound set have been localized directly on the
boundary of the bound set (see Theorem 3.1). This has been possible since
the right-hand side has been considered more regular; the Floquet problem
with an upper semicontinuous r.h.s. has been studied there.

Combining previous result with Scorza-Dragoni type technique allowed
to impose related conditions strictly on the boundaries of bound sets also in
the case of Floquet problem with less regular upper-Carathéodory r.h.s. in
[18] (see Theorem 3.2). The combination of Scorza-Dragoni approach with
the bound sets technique has been applied also for the Dirichlet problem with
upper-Carathéodory r.h.s. in [73].

4.2 Non-impulsive boundary value problems for second-
order differential inclusions on compact intervals
in abstract spaces

Papers dealing with this topic are the following:

[14] J. Andres, L. Malaguti, M. Pavlackova, A Scorza-Dragoni approach to
second-order boundary value problems in abstract spaces. Appl. Math.
Inf. Sci. 6 (2) (2012), 177-192.

[15] J. Andres, L. Malaguti, M. Pavlackovd, Dirichlet problem in Banach
spaces: the bound sets approach. Bound Value Probl 2013, 25 (2013).
https://doi.org/10.1186/1687-2770-2013-25

[16] J. Andres, L. Malaguti, M. Pavlackova, On second-order boundary
value problems in Banach spaces: a bound sets approach. Topol. Meth.
Nonlin. Anal. 37 (2) (2011), 303-341.

[17] J. Andres, L. Malaguti, M. Pavlackova, Scorza-Dragoni approach to
Dirichlet problem in Banach spaces. Bound Value Probl 2014, 23
(2014). https://doi.org/10.1186/1687-2770-2014-23

The papers [12], [13], [18], [23], [24], and [73] have dealt with the bound-
ary value problems in R". Besides this, we have been also studying the
problems in abstract spaces. In [16], the existence and localization of strong
(Carathéodory) solutions has been obtained for the second-order Floquet
problem in a Banach space, i.e. for the problem
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() + A(t)z(t) + B(t)x(t) € F(t,;(t),j:(t)),_ for a.a. t € [0,T], } (51)

where
e [ is a Banach space satisfying the Radon-Nikodym property,
e A B:[0,T] — L(F) are Bochner integrable,
e [ [0,T|x Ex E — FE is an upper-Carathéodory multivalued mapping,
o M, N e L(E).

The result in [16] has been obtained by combination of continuation prin-
ciple in abstract spaces (see Theorem 2.2) and bounding functions approach
(see Proposition 3.3). The main theorem for upper-Carathéodory inclusions
has been in [16] separately improved for Marchaud inclusions (see Theorem
3.5).

Using the Scorza-Dragoni approach, the results from [16] has been sub-
sequently improved in [14], where the existence and localization of strong
solutions of the second-order Floquet boundary value problems for upper-
Carathéodory differential inclusions in Banach spaces has been obtained by
strictly localized bounding functions (see Theorem 3.6).

The Dirichlet problem in abstract spaces, i.e. the problem

(t) € F(t,x(t),&(t), fora.a. t€[0,T), }

where
e F is a Banach space satisfying the Radon-Nikodym property,

e F':[0,T)|x Ex E —o E is an upper-Carathéodory mapping or a globally
upper semicontinuous mapping with compact, convex values,

has been studied by the combination of the continuation principle in ab-
stract spaces together with the bounding-functions approach and the Scorza-
Dragoni technique in [15] and [17]. Moreover, the main existence and local-
ization result has been in [17] applied to a partial integro-differential equation
involving possible discontinuities in state variables.
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4.3 Impulsive boundary value problems for vector second-
order differential inclusions on compact intervals

Papers dealing with this topic are the following:

[74] M. Pavlackovd, V. Taddei, A bounding function approach to impulsive
Dirichlet problem with an upper-Carathéodory right-hand side. Elec. J.
Diff. Eqns 12 (2019), 1-18.

[75] M. Pavlackovd, V. Taddei, On the impulsive Dirichlet problem for
second-order differential inclusions, El. J. Qual. Th. Diff. Eqns 13
(2020), 1-22. https://doi.org/10.14232/ejqtde.2020.1.13

All up to now mentioned papers have dealt with the non-impulsive problems.
Recently, we have started to develop the bound sets technique also for the
Dirichlet impulsive problem

(53)

where

o [1:]0,7] x R* x R" —o R™ is an upper-Carathéodory or a globally
upper semicontinuous multivalued mapping,

e 0=th<th1 <...<tp, <tpp =T, peEN,
e A, B;, i=1,...,p, are real n X n matrices.

I

o z(at) = tl_l}(g z(t).

In [74], the existence and localization result for a vector impulsive Dirich-
let problem with multivalued upper-Carathéodory right-hand side has been
obtained by combining the continuation principle for impulsive problems (see
Proposition 2.1) with a bound sets technique (see Proposition 3.1). The main
theorem has been in [74] illustrated by an application to the forced pendulum
equation with viscous damping term and dry friction coefficient.

The most recent paper [75] has been devoted to a vector impulsive Dirich-
let problem with multivalued upper-Carathéodory or globally upper semicon-
tinuous right-hand side. Its advantage in comparison with the previous paper
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[74] lies in the usage of strictly localized bounding functions (see Theorem
3.3 and Theorem 3.4).

As for further research, we have started recently together with Italian col-
leagues to study also different types of boundary conditions in the impulsive

problem (53). Moreover, we are also planing to developed the bound sets
theory for impulsive problems in abstract spaces in the future.
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1. Introduction

Asymptotic boundary value problems (b.v.p.s) for second-order differential equations, inclusions and systems, occur
naturally in many applications. Among the most popular asymptotic problems are those related to the following equations:

X = sh x (Boltzmann-Poisson),
V/t% = +/x3 (Thomas-Fermi),
@(t)% = xP (Emden-Fowler).
Some further applications concern, for instance, population genetics, combustion models, power law fluids, unsteady flows
of gas through semi-infinite porous media etc.
An investigation of linear oscillators with weak interactions leads to vector second-order systems. If the friction

(damping) is not viscous, but dry (i.e. when the isotropic Coulomb’s law holds), then the mathematical model can be
described by the system

X+Asgnx+ Bx=P(t), xe€R",

where A, Bare regular (n x n)-matrices and P is a locally Lebesgue integrable vector forcing term. Because of discontinuity
aty = 0insgny, we can only consider Filippov solutions which can be identified as Carathéodory solutions of the inclusion

X+Bx e P(t) —ASgnx, xe€R",
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where
-1, fory <0,
Sgny = [[—1,1], fory =0,
1, fory > 0.

Another stimulation comes from asymptotic control problems

X=f(t,x % u), t €lty,00), ueU,
X €eS,

where S is a suitable constraint (e.g. asymptotic boundary conditions) and u € U are control parameters such that u(t) € R",
for all t > t,. Defining the multivalued mapping F (¢, x,y) = {f(t, x, y, ) },cu, solutions of the original problem coincide
with those of

X € F(t,x,X),

x eS.

Systems like two models described above will be the objects of our investigation in this paper. By their solutions, we shall
always understand functions x : I — R" belonging to AC,},C (I, R"), where I is a real (possibly noncompact) interval. For
further practical motivations, see, for example, [1,2].

Although boundary value problems for second-order vector systems have been systematically studied since the 70’s,
there are only a few papers devoted to asymptotic ones (see, e.g., [3-9], and the references therein). There are essentially
two ways to attack asymptotic b.v.p.s: (a) sequentially which concerns mainly bounded solutions or (b) directly which is
associated with multivalued operators in Fréchet spaces. The difficulties related to first-order asymptotic problems (cf.[10-
17]) are, in principle, of the same sort as for second-order problems. We can simply say that degree arguments in Fréchet
spaces are always very delicate (cf. [18-20,12,21,16,17,22]).

The main purpose of the present paper is to verify the localization of solutions in given sets by means of a continuation
principle in Fréchet spaces. General methods are developed in Section 3. The main existence and localization results are
formulated in Section 4, where two illustrating examples are also supplied. Finally, we add one concluding remark.

2. Preliminaries

In the entire text, all spaces are at least metric. Our problems under consideration naturally lead to the notion of a Fréchet
space. Let us recall that by a Fréchet space, we mean a complete (metrizable) locally convex vector space. Its topology can be
generated by a countable family of seminorms or by a metric (see, e.g., [13, Chapter I.1]). Nevertheless, a topology of non-
normable Fréchet spaces brings some problems. For instance, a contractivity of a given operator with respect to a metric
need not follow from a contractivity with respect to each seminorm (for the related counter-example, see [13, Example
11.2.12]). Other difficulties related to Fréchet spaces concern bounded subsets of non-normable Fréchet spaces which always
have empty interiors. For more details concerning Fréchet spaces see, e.g.,[20,12,13,16,17]. Let us note that if a Fréchet space
is normable, then it becomes a Banach space. Fréchet spaces in our considerations below will be, in particular, the following:

e the space C(I, R") of continuous functions x : I — R" with the family of seminorms p;(q) : C(I, R") — R defined by
pi(g) == max |q(t)],
tek;

where {K;} is a sequence of compact subintervals of I such that

[e¢]
Uki=1. (1)
i=1

Ki C Kiyq, forallie N, (2)
o the space C!(I, R™) of smooth functions x : I — R" with the system of seminorms pi Q) : C'(I,R") — R defined by

p; () == max|q(t)| + max [g(t)],
tek; tek;

where {K;} is a sequence of compact subintervals of I satisfying (1) and (2),
e the space AC, (I, R") of functions x : I — R" with locally absolutely continuous first derivatives endowed with the

family of seminorms p;"(q) : AC} (I, R") — R defined by
pif (@) = max|q(t)| + max |[g(®)| + [ 1§(®)| dt,
tek; tek; K;
where {K;} is a sequence of compact subintervals of I satisfying (1) and (2).
The topologies in Fréchet spaces mentioned above can be generated by the metrics

N1 pix—y)
4.) '_;Zf 1+ pix—y) 3)
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or
— 1  pix—y
dooy) =) o “)
2 1+pix—y)
or
N1 pix—y)
dxy)t =) = 5)
i=12 1+p1 (X—J’)
respectively.

Lemma 2.1. If I C Ris arbitrary, then any subset A C C(I, R") orA C C'(I,R") or A C AC,})C (I, R™) is bounded with respect
to the metric defined by (3) or (4) or (5), respectively.

Proof. Foranyf,g € A C C(I, R"), it holds that

— 1 p(f-2 o 1
df,g9)=) — - — =2 <y _ <1,
e ;2 1+p( -2 ;2

Quite analogous estimates can be obtained for f,g € AC C'(I,R") orf,g €A C AC,LC (LR, 0O

We also recall some geometric notions of subsets of metric spaces. If (X, d) is an arbitrary space and A C X, by Int(A), A
and 0A we mean the interior, the closure and the boundary of A, respectively. For a subset A C X and ¢ > 0, we define the
set N,(A) ;= {x € X|JaeA:d, a) < ¢}, ie. N.(A) is an open neighborhood of the set Ain X. A subset A C X is called a
retract of X if there exists a retraction r : X — A, i.e. a continuous function satisfying r(x) = x, for every x € A. Similarly, A
is called a neighborhood retract of X if there exists an open subset U C X such that A C U and A is a retract of U.

We say that a nonempty subset A of a space X is contractible if there exist a point x, € Aand a homotopyh : Ax[0,1] — A
such that h(x, 0) = x and h(x, 1) = xq, for every x € A. Anonempty set A C X is called an Rs-set if there exists a decreasing
sequence {A,};2; of compact, contractible sets such that

o0
A= ﬂAn.
n=1

Note that any Rs-set is nonempty, compact and connected and that any convex compact set is obviously an Rs-set.

A nonempty, compact subset A of a space X is called co-proximally connected if, for every ¢ > 0, there exists§ = §(¢) > 0
such that, for every n € N and forany map g : dA"™ — N;s(A), there exitsamap g : A" — N, (A) such that g(x) = g(x), for
every x € A", where A" := {x € R™! | |x| = 1} and A" := {x € R™! | |x| < 1}. On neighborhood retracts of Fréchet
spaces, the notions of co-proximally connected sets and Rs-sets coincide. For more details about the above subsets of metric
spaces, see, e.g., [13,23].

We also employ the following definitions and statements from the multivalued analysis in the sequel. Let X and Y be
arbitrary metric spaces. We say that F is a multivalued mapping from X to Y (written F : X — Y)if, for every x € X, a
nonempty subset F(x) of Y is prescribed. We associate with F its graph Iz, the subset of X x Y, defined by

I'r ={(x,y) eXxY|yeFkx))}

A multivalued mapping F : X — Y is called upper semicontinuous (shortly, u.s.c.) if, for each open U C Y, the set
{x € X | F(x) C U} isopen in X. Every upper semicontinuous map with closed values has a closed graph.

The reverse relation between upper semicontinuous mappings and those with closed graphs is expressed by the following
proposition.

Proposition 2.1 (cf, e.g, [13,23]). Let X,Y be metric spaces and F : X — Y be a multivalued mapping with the closed graph such
that F(X) C K, where K is a compact set. Then F is u.s.c.

A multivalued mapping F : X — Y is called compact if the set F(X) = |,y F(x) is contained in a compact subset of Y
and it is called closed if F(B) is closed in Y, for every closed subset B of X. We say that a multivalued mapping F : X — Y is
an Rs-mapping if it is a u.s.c. mapping with Rs-values.

We say that a multivalued map ¢ : X — Y is a J-mapping (written, ¢ € J(X,Y)) if it is a u.s.c. mapping and ¢(x) is
oo-proximally connected, for every x € X. If the space Y is a neighborhood retract of a Fréchet space, then ¢ € J(X,Y),
provided ¢ is an Rs-mapping, as already mentioned (cf. [13,23]).

Let Y be a separable metric space and (£2, U, v) be a measurable space, i.e. a nonempty set £2 equipped with a suitable
o-algebra U of its subsets and a countably additive measure v on U. A multivalued mapping F : 2 — Y is called measurable
if{fw € 2 |F(w) CV} e U, foreachopensetV C Y.

We say that mapping F : I x R™ — R", where I C R, is an upper-Carathéodory mapping if the map F(-,x) : [ — R" is
measurable on every compact subinterval of I, for all x € R™, the map F(t, -) : R™ — R" is u.s.c., for almost all (a.a.)t € I,
and the set F(t, x) is compact and convex, for all (t, x) € I x R™.
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Proposition 2.2 (cf, e.g, [24]). Let F : [0, a] x R™ — R" be an upper-Carathéodory mapping satisfying |y| < r(t)(1 + |x|),
forevery (t,x) € [0,a] x R™, and everyy € F(t, x), wherer : [0, a] — [0, o) is an integrable function. Then the composition
F(t, q(t)) admits, for every q € C([0, a], R™), a single-valued measurable selection.

IfXNY #WPandF : X —- Y, thenapointx € X NY is called a fixed point of F if x € F(x). The set of all fixed points of F
will be denoted by Fix(F), i.e.

Fix(F) :={x e X |x € F(x)}.

Assume that X is a retract of a Fréchet space E and D is an open subset of X. Let G € J(D, E) be locally compact, let Fix(G)

be compact and let the following condition hold:

Vx € Fix(G) daset UyopeninD, x € Uy, suchthat G(Uy) C X. (6)
The class of locally compact J-mappings from D to E with a compact fixed point set and satisfying (6) will be denoted by
Ja(D, E).

We say that Gy, G, € Ja(D, E) are homotopic in Jo(D, E) if

1. there exists a homotopy H € J(D x [0, 1], E) such that H(-, 0) = Gy and H(-, 1) = G5,
2. for every x € D, there exists an open neighborhood V, of x in D such that H|y, «[0,1] iS a compact mapping,
3. forevery x € D and every t € [0, 1], the following condition holds:

If x € H(x, t), then there exists a set U, openinD, x € Uy, suchthat H(U, x [0, 1]) C X. (7)

Remark 2.1. Note that condition (7) is equivalent to the following one:

If {xj}fi] C D convergestox € H(x, t), forsomet € [0, 1], then H({x;} x [0, 1]) C X, forj sufficiently large. (8)

Remark 2.2. If E = X is a Banach space, then condition (7) can be reduced to
Fix(H) N dD = @,
forallt € [0, 1], where Fix(H) .= {x e D | x € H(x, t)} (see, e.g., [11]).
The following proposition, which will be applied for the existence of a solution of the b.v.p., immediately follows from a
result in [12,13].

Proposition 2.3. Let X be a retract of a Fréchet space E, D be an open subset of X and H be a homotopy in J4(D, E) such that

(i) H(-, 0)(D) C X,
(ii) there exists Hy € J(X) such that Hy|p = H(-, 0), Hy is compact and

Fix(Hp) N (X \ D) = @.

Then there exists x € D such that x € H(x, 1).

As a direct consequence of Proposition 2.3, we obtain the following result.
Corollary 2.1. Let X be a retract of a Fréchet space E, H be a homotopy in J4(X, E) such that H(x, 0) C X, forevery x € X, and
H(-, 0) be compact. Then H(-, 1) has a fixed point.

It will be also convenient to recall the following results.
Lemma 2.2 (cf. [25, Theorem 0.3.4]). Let [a, b] C R be a compact interval. Assume that the sequence of absolutely continuous
functions x, : [a, b] — R" satisfies the following conditions:

(i) the set {x(t) | k € N} is bounded, for every t € [a, b],
(ii) there exists a function « : [a, b] — R, integrable in the sense of Lebesgue, such that

|, (t)] < a(t), fora.a.t € [a,b]andforallk € N.

Then there exists a subsequence of {xy} (for the sake of simplicity denoted in the same way as the sequence) converging to an
absolutely continuous function x : [a, b] — R" in the following way:

1. {xx} converges uniformly to x,
2. {%} converges weakly in L'([a, b], R") to X.

The following lemma is a slight modification of the well-known result.

Lemma 2.3 (cf. [26, p. 88]). Let [a, b] C R be a compact interval, E;, E, be Euclidean spaces and F : [a, b] X E; — E; be an
upper-Carathéodory mapping.
Assume, in addition, that for every nonempty, bounded set B C E, there exists v = v(B) € L'([a, b], [0, 00)) such that

[F(t,x)| < v(b),
foraa.t € [a,b]and every x € B.
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Let us define the Nemytskii operator M : C([a, b], E;) — L'([a, b], E,) in the following way:
Ne(x) == {f € L'([a, b], E) | f(t) € F(t,x(t)), ae. on[a,b]},

for every x € C([a, b, E1). Then, if sequences {x;} C C([a, b], E1) and {f;} C L'([a, b, E2), f; € M (x;), i € N, are such that
x; — xin C([a, b], E1) and fi — f weakly in L' ([a, b], E), then f € Mg(x).

3. General methods

In this section, we consider the second-order b.v.p.

X(t) € E(t, x(t), x(t)), foraa.tel,
X €E€S,

(9)

where I is a given (possibly noncompact) real interval, F : I x R" x R" — R" is an upper-Carathéodory mapping and
S CACL (I, R").
For the main result of this section (cf. Theorem 3.1), the following proposition is crucial.
Proposition 3.1. Let H : [ x R" x R" x R" x R" — R" be an upper-Carathéodory map and assume that
(i) there exists a subset Q of C'(I, R") such that, for any q € Q, the set T(q) of all solutions of the b.v.p.

X(t) € H(t, x(t), k(t), q(t), 4(t)), foraa.t e 1,} (10)
xeSs

is nonempty,
(ii) there exist a point tq € I and constants My > 0, M; > 0 such that |x(tp)| < My and |x(tp)| < My, forany x € T(Q),
(iii) there exists a nonnegative, locally integrable function « : I — R such that
IH(t, x(t), x(t), q(£), g(£))] < e (©)(1 + [x(0)] + [x(D)]),
ae.inl, forany (q,x) € Ir.
Then T(Q) is a relatively compact subset of C1(I, R"). Moreover, the solution operator T : Q — S is w.s.c. with compact values
if and only if the following condition is satisfied:
(iv) for each sequence {qy, x,} C I'r satisfying {(qx, qx, Xx)} — (q, q, x) uniformly on compact intervals, where q € Q, it holds
that x € S.

Proof. Lett, ty € I be arbitrary. We begin by showing the integral form of a solution of the inclusion

X(t) € H(t, x(t), x(t), q(t), q(t)). (11)
Integrating (11) in the sense of Aumann (see, e.g., [27]), we obtain

t

x(t) — x(to) € / H(s, x(s), X(s), q(s), q(s)) ds, (12)

to
and consequently

t N
x(t) — X(to) - (t — to) — x(to) € / / H(z, x(z), X(1), q(1), q(r)) drds. (13)
to Jtp

Moreover, integrating (13) by parts, we get

s t t
x(t) — x(to) - (t — to) — x(tp) € [s/ H(r,x(r),k(r),q(r),fz(r))dr] —/ sH(s, x(s), X(s), q(s), q(s))ds
£

0 to to

and, therefore,

t
x(t) € x(to) + x(to) - (t — to) +/ (t —s) - H(s, x(s), X(5), q(s), 4(s)) ds (14)
to

is the integral form of a solution of the inclusion (11).

It follows from the well-known Arzela-Ascoli lemma that the set T(Q) is relatively compact if and only if it is bounded,
and functions in T(Q) as well as their first derivatives are equicontinuous. The set T(Q) is bounded in C!(I, R") with respect
to the metric defined by (4), according to Lemma 2.1. Hence, for the relative compactness of T(Q), it is sufficient to show
that all elements of T(Q) and their first derivatives are equicontinuous.

Nevertheless, it will be also convenient to have explicit estimates of solutions of (11) and their derivatives w.r.t. each
seminorm in C'(I, R"). Let x € T(Q) be arbitrary, to € I be such that [x(tg)] < My and |x(ty)| < My, forallx € T(Q),
and [tq, t;] C I be an arbitrary compact interval such that ty € [t1, t;]. Then, according to (12) and (14), and (iii), we have,
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foraa.t € [ty, ],

Ix(O] + [x(O)] < [x(to)| + [x(to)] - |t — to] + + [X(to)|

t
/ [t —s| - |H(s, x(s), X(s), q(s), 4(s))| ds
to

+ / IH(s, x(s), X(s), q(5), 4(5))| ds

to

< My + M- |t —t|+ |t —to- + M,

t
/ a(s) (14 [x(s)| + |x(s)|) ds

fo

4 / a(s)(1+ x(5)] + [X©)]) ds

to

¢
SMo+M-[1+ 1t —t1]] +[1+ |t — f1|]/ a(s)(1+ [x(s)| + |x(s)|)ds
3]
t

5]
SMo+M;- [T+ —t|]+[1+]6— t1|]f a(s)ds+[1+ [t — t1|]/ a(s)(x(s)| + |x(s)]) ds.

f f

By the Gronwall lemma (cf. [28]), we obtain

_ t _ 0
(O] + X(O)] < Ky g €107 @O 8 < g el Tl @ ds (15)
where
)
Kit;,651 = Mo + [1+ [t — t3]] {M1 +/ a(s) ds} .
t

Since [tq, t;] C I is arbitrary, it immediately follows from the estimate (15) that T(Q) is bounded in each seminorm.

Now, let us check the equicontinuity w.r.t. the family of seminorms of all elements of T(Q) and their first derivatives, as
mentioned above. Let x € T(Q) be arbitrary, let ty € I be such that |x(ty)| < My and |x(to)| < My, forallx € T(Q), and let
t1, t; € I be arbitrary. Then, according to the integral representation (14), we obtain

x(t1) — x(t2)] =< [x(to)| - |t1 — L]

tq t
+ (t; — 8) - H(s, x(s), x(5), q(s), q(s)) ds—/ (&2 — ) - H(s, x(s), x(5), q(s), q(s)) ds
to to
= [x(to)] - |t1 — &
tq t
+ (ty — 8)- H(s, x(s), X(s), q(s), 4(s)) ds—/ (t — 8) - H(s, x(s), x(s), q(s), q(s)) ds
to to
t %)
+ (tz —s) - H(s, x(s), X(s), q(5), 4(s)) ds — [ (tz —s) - H(s, x(5), X(5), q(5), q(s)) ds
to to

< [x(to)| - |t — ta]

t1 5]
+ (tl - tZ) : H(57 X(S), k(S), q(S), q(s)) ds + / (tz - S) : H(S, X(S)’ )’((5), q(S), q(S)) ds
to f
< [x(to)] - |t1 — &2
tq 5]
+ / |t1 — 2| - [H(s, x(5), X(5), q(5), 4(s))| ds| + / |t — s| - [H(s, x(s), X(5), q(5), q(s))| ds
to 5}
t
< M-t — b+ / tr — ta| - () (1 + [x(5)| + |x(s)]) ds
to
[5)
+ f lta = s| - a(s)(1 + [x(s)| + [x(s)]) ds
3]
f [H»It]*tol]"ftt1 a(r) dr‘
< M-t =t + [t1 — ta] - ot($) | 1+ Kimin{tg,t,}, maxito.t1}] € 0 ds
to
ty _ ) ty
+ / |t2 - 5| : 05(5) <1 + K[min[tl,tz}, max({ty,ty}] e[]th al |ft] o dT‘) ds‘ . (]6)
8]
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Moreover, according to (12) and (iii), we have

5]

/1H@m@xﬂﬁﬂcxmwnm—/'H@m@xﬂﬂu@xa®>m

to to

[5)
f [H(s, x(s), x(5), q(s), q(s))| ds

f

|x(t1) — x(t2)]

IA

IA

=

[5)
/ a(s)(1+ [x(s)| + [x(s)]) ds
f

ty 1)
[1+]ty—t1]]- (r)d
= / () <]+K[min(t1,tz), maxiey €2 irec 4) ds" an
f

Taking into account estimates (16) and (17), x and x are equicontinuous, for each x € T(Q), because a(-) € L,loC (I, R).
Thus, T(Q) is relatively compact.

Now, we show that the graph I'r of the operator T is closed. Let {(qx, xx)} C It be such that {(q, gk, )} — (q, G, X),
uniformly on compact intervals. Let [t, t;] C I be an arbitrary compact interval such that ty € [ty, t;]. According to (12)
and (iii), we have, fora.a.t € [ty, ;] and all k € N,

X (O] = [xk(to)] +

t
/UMJM%MQ%@@MM“
to

t
/ a($)(1+ [x(s)| + [x(s)]) ds

to

< |%(to)| +

Moreover, it follows from condition (iii) that, for each [ty, t,] C I, there exists a constant Ly, +,j such that | f[? a(s)ds| <
Lit, t,)- Therefore, in view of the assumption (ii) and estimate (15), we have, fora.a.t € [t1, t;] and allk € N,
(D) < My + Lty eyiPry a1 (18)
where
Piyyy =1+ {MO + (14|t -t (M] 4 L[tl,rz])} el 2=t 65

By condition (iii) and estimates (15) and (18), the sequence {yy := X} satisfies the assumptions of Lemma 2.2. Therefore,
there exists a subsequence of {x,}, for the sake of simplicity denoted in the same way as the sequence, uniformly convergent
toxon [ty, t;] and such that {X;} converges weakly to X in L'([t;, t;], R").

If we set z; = (X, Vi), then z, = (i, V) = (., X)) — (%, X), weakly in L'([t;, tz], R"). Let us now consider the
following system
Z(t) € H*(t, zi (1), q(t), qi(t)), foraa.t € [ty, ], (19)
where

2 (t) = (xe(0), yi(t))
and
H*(t, i (£), qe(), G () = (k(6), H(E, x(), Xk (€), qr(£), Gie(£)))-
Using Lemma 2.3, for f; .= Z, f = (%, X), x; := (Z. qx, qx), it follows that
(x(6), X(t)) € H*(t, x(t), x(t), (1), 4(t)),
foraa.t € [ty, t2], i.e.
X(t) € H(t, x(t), x(t), q(t), q(t)), foraa.t € [ty, tz].
Since [tq, t;] is arbitrary,
X(t) € H(t, x(t), x(t), q(t), q(t)), foraa.tel.

Condition (iv) implies that x € S, by which It is closed. Moreover, it follows immediately from Proposition 2.1 that the
operator T is uw.s.c.

Since T is a compact mapping, T(q) is, for each g € Q, a relatively compact set. Moreover, the operator T has a closed
graph which implies that T(q) is, for each g € Q, closed, and so T has compact values. 0O

Remark 3.1. The estimate for the solution can sometimes imply the one for its derivative, provided the right-hand side
(r.h.s.) of a given inclusion satisfies suitable growth restrictions. For instance, if the r.h.s. is entirely bounded by a constant,
then the boundedness of derivatives follows directly from the boundedness of solutions by means of the well-known Landau
inequality:

K(D)] < 2 [Ix(0)] [}KO]? .
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As the main result of this section, we are ready to formulate the following theorem.

Theorem 3.1. Let us consider the b.v.p. (9), where I is a given real interval, F : I x R" x R" — R" is an upper-Carathéodory
mapping and S is a subset of AC,LC (I, R™).
Let H:I x R" x R" x R" x R" x [0, 1] — R" be an upper-Carathéodory mapping such that

H(t,c,d,c,d, 1) C F(t,c,d), forall(t,c,d) €l xR"x R". (20)
Assume that

(i) there exists a retract Q of C'(I, R") and a closed subset Sy of S such that the associated problem

X(t) € H(t, x(t), X(t), q(t), 4(t), ), foraa.t e 1,}
(21)
XeS

is solvable with an Rs-set of solutions, for each (q, 1) € Q x [0, 1],
(ii) there exists a nonnegative, locally integrable function « : I — R such that

[H(t, x(t), x(t), q(£), q(t), V)| < a(O)(1 + x| + [x(©)]), aein],
forany (q, A, x) € I't, where T denotes the multivalued map which assigns to any (g, A) € Q x [0, 1] the set of solutions

of (21),
(iii) T(Q x {0} CQ,
(iv) thereexist apoint ty € I and constants My > 0, My > Osuch that |x(ty)| < Mg and |x(t)| < My, foranyx € T(Q x[0, 1]),
(v)ifg,q€Q, g — q, q € T(q, A), then there exists jo € N such that, for everyj > jo, 8 € [0, 1] and x € T(q;, 6), we
havex € Q.
Then the b.v.p. (9) has a solution in S; N Q.
Proof. At first, we show that all the assumptions of Proposition 3.1 are satisfied. Conditions (i), (ii) and (iv) in Proposition 3.1
guarantee conditions (i), (ii) and (iii) in Proposition 3.1.

Let {(qk, M, %)} C I'r, (Q, Ak, Xk) — (q, A, X), (q, X)) € Q x [0, 1] be arbitrary. Then, since x, € Sq,xx — x and S;
is closed, it holds that x € S;. Therefore, condition (iv) from Proposition 3.1 holds as well. Thus, T : Q x [0, 1] — Sj is,
according to Proposition 3.1, a compact u.s.c. mapping with compact values.

According to assumption (i), T has Rs-values, and so it belongs to the class J(Q x [0, 1], C1(I, R")). Assumption (v) implies
that T is a homotopy inJ4(Q, C'(I, R")). From Corollary 2.1, it follows that there exists a fixed point of T (-, 1) in Q. Moreover,
by the inclusion (20) and since S; C S, the fixed point of T(-, 1) is a solution of the original b.v.p. (9). O

Remark 3.2. According to Proposition 3.1, the solution operator T has compact values. Therefore, the condition concerning
Rs-values in Theorem 3.1 is satisfied if, e.g., T(q, 1) is, for all (g, A) € Q x [0, 1], convex or contractible.

Remark 3.3. Let us note that in the single-valued case of Carathéodory ordinary differential equations, we can only assume
in Theorem 3.1 (i) that the associated problems are uniquely solvable.

4. Main existence and localization results

Let us consider the b.v.p.

X(t) + A(t)x(t) + B(t)x(t) € F(t, x(t), x(t)), foraa.t e 1,} (22)

xes,

where

(i) I CR,
(ii) A,B € L,loc(l, R"™ x R™) are such that |[A(t)| < a(t) and |B(t)| < b(t), for a.a. t € I and suitable locally integrable
functionsa, b : I — [0, 00),
(iii) F : I x R" x R" — R" is an upper-Carathéodory mapping,
(iv) S is a subset of AC; (I, R™).

If the problems associated to (22) are fully linearized, we obtain the following result.

Theorem 4.1. Let us consider the b.v.p. (22) and assume that
(i) there exists a nonnegative, locally integrable function o : I — R such that
[F(¢, q(t), ()] < a(t), aeinl,
forany q € Q, where Q is a retract of C'(I, R"),
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(ii) there exist a point to € I and constants My > 0, My > Osuch that |x(ty)| < Mg and |x(ty)| < My, foranyx € T(Q x[0, 1]),
where T denotes the mapping which assigns to each (q, A) € Q x [0, 1] the set of solutions of fully linearized problems

X(t) + A(x(t) + B(t)x(t) € LF(t, q(t), q(t)), foraat e I,} (23)

X €Sy,

(iii) Sy is a closed convex subset of S,

(iv) T(g, A) # @, forall (g, A) € Q x [0,1],and T(Q x {0}) C Q,

(v) (“pushing ” condition) if q;,q € Q, q; — q, q € T(q, 1), then there exists jo € N such that, for every j > jo, 6 € [0, 1]
andx € T(q;, 0), we havex € Q.

Then the b.v.p. (22) has a solution in S N Q.
Proof. Let (q, 1) € Q x [0, 1], and ty € I be arbitrary. If x;, x, are solutions of problem (23), then it follows from the integral

representation of a solution (cf. the proof of Proposition 3.1) that, for a.a. t € I, we have

¢
x1(t) € x1(to) + x1(to) - (t — to) + / (t —5) - [=A(S)x1(s) — B(s)x1(s) 4 C(s, q(5), 4(s), 1)] ds,

t
X2(t) € x2(to) + X2(to) - (t — to) + / (t —s) - [A($)x2(5) — B(s)x2(s) + C(s, q(s), q(s), A)] ds.
to

Let 0 € [0, 1] be arbitrary. Then
0x1(6) + (1 = 0)x2(t) € 6 - x1(to) + (1 — 0) - X2(to) + [0 - X1(t0) + (1 = 0) - X2(to)] - (¢ — to)

+ / (t =)0 - [=A(S)x1(5) — B(s)X1(5) + C(s,q(5), 4(5), 1)] ds

t
+ / (t—=5) - (1=0) - [—A(S)x2(s) — B(5)X2(s) + C(s, q(s), 4(s), A)] ds
to
=0 -x1(to) + (1 —0) - x2(to) + [0 - X1(to) + (1 — 0) - X3(to)] - (t — to)

+ / (t =) {=AE)[0x1(s) + (1 = 0)x2(5)] — B()[0x1(s) + (1 — 0)x2(5)] + C(5, q(5), 4(5), M)} ds.

Moreover, because of convexity of S, we obtain that
Ox1 4+ (1—0)x, €8,
i.e., forany (q, ) € Q x [0, 1], the set of solutions of (23) is convex.
Since all assumptions of Theorem 3.1 are satisfied, the problem (22) has a solutioninS; N Q. O
Remark 4.1. If the set Q is convex, then the “pushing” condition (v) of Theorem 4.1 can be replaced by
(v') if 0Q x [0, 1] D {(gj, Aj)} converges to (g, ) € 3Q x [0, 1], ¢ € T(q, 1), then there exists j, € N such that, for every
j>joandx; € T(q;, Aj), we havex; € Q.
Remark 4.2. If the associated problems (23) are uniquely solvable, for each (g, A) € Q x [0, 1], then, by continuity of T,
we can reformulate the “pushing” condition (v') from Remark 4.1 as follows:

(v") if {(xj, A)} is a sequence in S; x [0, 1], with A; — X € [0, 1) and x; converging to a solution x € Q of (23), for ¢ = x
and A = A, then x; belongs to Q, for j sufficiently large.

As an application of Theorem 4.1, we can give the following nontrivial example, where the “pushing” condition (v") will
be employed. It is a vector generalization of an illustrating example briefly indicated in [17].

Example 4.1. Let us consider the second-order b.v.p.

X(t) + x(t) = F(t, x(t)), foraa.t € [0, c0),
x(0) =0, (24)
lim x(t) = 0,
t—00
whereF = (F1, F,, ..., F,;) : [0, 00) x R" — R" is a Carathéodory function satisfying:

1. there exists a constant M > 0 such that, for each x = (x1, X2, ..., X,) € R" with |x;| > M, it holds that F;(t, x) - sgn x; > 0,
foreacht € [0, 00),
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2. there exists a constant N > 0 such that if

ag (t) = sup [F(t, x)|,

x| <K

then
o0

f ag(t)ydt <N -K

0
and

lim ag(t) =0,

t—00
forallK > 0.

At first, let us show that all solutions x(t) = (x1(t), x2(t), ..., x,(t)) of the b.v.p. (24) must satisfy |x;(t)|] < M, for all
te[0,00)andalli =1, ..., n. Assume by a contradiction that there exist ty € [0, c0) andi € {1, 2, ..., n} such that

xi(to)| = max [xj(t)] > M.
te[0,00)

Then x;(to) = 0 and, according to assumption 1,
0 > Xi(to) - sgn xi(to) = Fi(to, x(to)) - sgn xi(to) > 0,

which is a contradiction. Therefore, all possible solutions x(-) = (x1(-), x2(+), . .., X,(-)) of the b.v.p. (24) satisfy, forall t € [0, c0)
andalli € {1,2,...,n},

Ixi(O)] <M,

as claimed.
Let us define a closed, convex set Q in the following way

Q= {q e €'([0, 00), RM)| [lgll =  max lq(t)| < v/n(M + 1)}

and let us consider the associated linear problems

X(t) = H(t, x(t), x(t), q(t), q(t), A), foraa.t € [0, 0),

x(0) =0, (25)
Jim X =0,

where, foreach (q, 1) € Q x [0, 1]and t € [0, 00), the function H : [0, 00) x R*" x [0, 1] — R" takes the form

H(t, x(t), x(t), q(t), 4(t), 1) == AF(t, q(t)) — x(¢).
For each (g, A) € Q x [0, 1], the b.v.p. (25) has the unique solution x = x(q, 1) given, for a.a. t € [0, 00), by the formula

x(t) = —X |:/OOF(1:, q(t))dr +et </t e’F(z, q(tr)) dt — /OO F(t,q(1)) dr>j| .
¢ 0 0

Therefore, for all t € [0, 00),

o] t
MO = (1= [ e @ dr+e [ € 4 Dy dr = . (26)
t 0
Moreover, y(0) = 0 and lim;_, , ¥ (t) = 0. Observe that, for A = 0 and an arbitrary q € Q, x(t) = 0 is the only solution
of (25).
Furthermore,

|%(t)| = ’A (e’t /oo F(r,q(r))dr —e™" /t e'F(z, q(t)) dr)‘
0 0

<

= y1(b).

[ee} t
e’t/ o gy (0) dT + e’t/ e 1) (7) dt
0 0
Therefore, all possible solutions of the b.v.p. (25) are located in the set
S1 = {x € C'([0,00),R") | [x(D)| < y (1), |X(1)] < y1(t), forallt € [0, 00)} .

Since Q and Sy are convex, bounded, closed subsets of C1([0, co), R"), it only remains to verify the “pushing” condition (v")
from Remark 4.2, in order to apply Theorem 4.1.
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Let {(¥, ;) 1 C S1 x [0, 1] be an arbitrary sequence such that A; — A and ¥ — x* wherex* = (x},x5,...,x})isa

solution of the b.v.p.
X(t) + x(t) = AF(t, x(t)), foraa.t €0, 0),

x(0) =0, (27)
tlLrglo x(t) =0.

Since y(0) = lim; y(t) = 0, there exist points to, t; € [0, c0) such that X)) < y@) < /nM + 1), for all
t € [0, ty) U (t;,00) and j € N. On the other hand, {¥'} converges uniformly to x*, on the compact interval [ty, t;], and an
estimate similar to the one obtained above for the solutions of (24)yields that |x,-A ()] <M, forallt € [0,00)andi=1,2,...,n.

Therefore, |X(t)| < /n(M + 1), forallt € [ty, t;] and j € N sufficiently large, which implies that ¥ < Q, for j large enough.
Now, all assumptions of Theorem 4.1 are satisfied, by which problem (24) admits a solution in Q N S;.

Observe that condition (v) in Theorem 4.1 holds if S; C Q by which Theorem 4.1 can be simplified in the following way.

Corollary 4.1. Let us consider the b.v.p. (22), where I is a given real interval, F : | x R" x R" — R" is an upper-Carathéodory
mapping and S is a subset of AC. (I, R").
Assume that

(i) there exists a retract Q of C'(I, R") such that the associated problem

X(t) € F(t, q(t), q(t)), foraa.tel,
xeSNAQ } (28)

is solvable, for each q € Q,
(ii) there exists a nonnegative, locally integrable function « : I — R such that

IF(t, q(®), g(O)| < a(t), ae.inl,

forany (q, x) € I't, where T denotes the multivalued map which assigns to any q € Q the set of solutions of (28),

(iii) T(Q) C S,
(iv) there exist a point ty € I and constants My > 0, My > 0 such that |x(ty)| < My and |x(to)| < My, forany x € T(Q).

Then the b.v.p. (22) has a solutionin S N Q.

Example 4.2. Let us consider the second-order target problem

X(t) € F(t,x(t)), foraa.t € [0, oo),} (29)

lim x(t) =1,
t—>00

where F : [0, 00) X R — R is an upper-Carathéodory mapping and | € R".
Moreover, let

(o]
/ tag(t)dt <K —|I|,
0

forsome K > 0, where ak (t) := supyx |F(t, X)|.
In order to apply Corollary 4.1, let us define the set Q of candidate solutions as

Q == {q e C'([0,00),R) | q(t) <K, forallt € [0,00)},

and let us consider the family of associated problems

X(t) € F(t, q(t)), foraa.t € [0, 0c0),
Jlim () =L } (30)

Let q € Q be arbitrary. Then F(t, q(t)) admits, according to Proposition 2.2, a single-valued selection fy(t), measurable on
every compact subinterval of [0, c0). The problem

X(t) =fy(t), foraa.t € [0, 00),
lim x(t) =1 }

t—>00

(31)
admits the unique solution

x(®) =z+/ (s — 1) fy(s) ds,
t

which belongs to Q. Therefore, the set of solutions of (30) is a non-empty subset of Q.
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Assumptions (iii) and (iv) in Corollary 4.1 hold as well, because all solutions of (30) belong, for arbitrary q € Q, to the following
closed, bounded subset of C1([0, 0o), R", namely

o0
{x € C'([0,00), RM | [x(t) — 1| < / s -ak(s) ds; [x(6)] < t-ax (), t €0, 00)} :
t
All assumptions of previous corollary are satisfied, by which the target problem (29) admits a solution in Q.

5. Concluding remarks

Remark 5.1. The parameter set Q of candidate solutions can be taken everywhere, without any loss of generality, as a subset
of AC,})C (I, R™), where I C R is either an arbitrary interval or can be specified according to the context. On the other hand,
if Q is only taken as a subset of C(I, R"), then the solution derivatives can behave in a more liberal way. This can be an
advantage if, for instance, the growth conditions concerning generating multivalued vector fields (r.h.s.) are independent
of derivatives, provided we are exclusively interested in solutions, but not necessarily in their derivatives. Moreover, the
obtained results need not be then available by means of methods developed for equivalent first-order differential systems,
where derivatives are taken into account automatically.
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1. Introduction

Cauchy (initial value) problems for ordinary differential equations are, according to the result of
Orlicz, generically solvable in a unique way. For the exceptional cases (non-uniqueness), Kneser firstly
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Rs-sets. The analogous result was obtained for upper-Carathéodory differential inclusions by De Blasi
and Myjak in [13]. For more details, historical remarks and related references, see [4, 111.12.2].

Topological structure of solution sets to Cauchy problems on non-compact and, in particular, infi-
nite intervals was studied by various techniques, e.g., in [1,4,9,12,16,21,28,29].

For boundary value problems, the situation is much more delicate and the related results are still
very rare; see, e.g., [4, Chapter III.3], [8,14,24]. So far, topological structure of solution sets was inves-
tigated exclusively (as far as we know, with only one exception [19]) to boundary value problems on
compact intervals. Moreover, because of the counter-examples in [2,16], [4, Example 11.2.12], demon-
strating the impossibility of asymptotic analogies to the situation on compact intervals, the main
theorem in [19] might be empty. These troubles are due to an “unpleasant” related topology of non-
normable Fréchet spaces. For instance, a contractivity of a given operator with respect to a metric
need not follow from a contractivity with respect to each seminorm. Moreover, bounded subsets of
non-normable Fréchet spaces have always empty interiors, etc.

Despite these difficulties, there is a chance to obtain some results for at least particular asymptotic
problems like Kneser-type (Thomas-Fermi) problems. The key tool is for us the inverse limit method,
sometimes also called the projective limit (see, e.g., [2-4,9,15,18,25]). We elaborated this technique
for the needs of multivalued analysis in [1,2], [4, Chapter I1.2]. We believe that this approach can
bring further impulses in the field reflected in the title.

2. Preliminaries

At first, we recall some geometric notions of subsets of metric spaces, in particular, of retracts. For
more details, see, e.g., [4,10,17].

For a subset A C X of a metric space X = (X,d) and € > 0, we define the set N.(A) :={xe X |
da € A: d(x,a) < ¢}, i.e. No(A) is an open neighborhood of the set A in X. A subset A C X is called
a retract of X if there exists a retraction r: X — A, i.e. a continuous function satisfying r(x) = x, for
every x € A.

We say that a metric space X is an absolute retract (AR-space) if, for each metric space Y and every
closed A C Y, each continuous mapping f : A— X is extendable over Y. Let us note that X is an AR-
space if and only if it is a retract of some normed space. Moreover, if X is a retract of a convex set in
a Fréchet space, then it is an AR-space. So, in particular, the spaces C(J,R"), C1(J,RM), AC}OC(], R™)
are AR-spaces as well as their convex subsets, where J C R is an arbitrary interval. The foregoing
symbols denote, as usually, the spaces of functions f: J] — R" which are continuous, smooth and
those with locally absolutely continuous first derivatives, respectively, endowed with the respective
topologies.

We say that a nonempty subset A of a metric space X is contractible if there exist a point xp € A
and a homotopy h: A x [0,1] — A such that h(x,0) = x and h(x, 1) = xg, for every x € A. A nonempty
set A C X is called an Rj-set if there exists a decreasing sequence {A,}>° ; of compact, AR-spaces (or,
despite of the hierarchy (1) below, compact, contractible sets) such that

o0
A= ﬂ Ap.
n=1

Note that any Rs-set is nonempty, compact and connected. The following hierarchy holds for
nonempty subsets of a metric space:

compact + convex C compact AR-space C compact + contractible C Rs-set, (1)

and all the above inclusions are proper.
We also employ the following definitions and statements from the multivalued analysis in the
sequel. Let X and Y be arbitrary metric spaces. We say that F is a multivalued mapping from X to Y
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(written F : X — Y) if, for every x € X, a nonempty subset F(x) of Y is prescribed. We associate with
F its graph I, the subset of X x Y, defined by

Ie={x,y)eXxY|yeF®x}.

A multivalued mapping F : X — Y is called upper semicontinuous (shortly, u.s.c.) if, for each open
UCY,the set {xe X | F(x) C U} is open in X. Every upper semicontinuous map with closed values
has a closed graph.

The reverse relation between upper semicontinuous mappings and those with closed graphs is
expressed in the following proposition.

Proposition 2.1. (Cf, e.g, [4,17].) Let X, Y be metric spaces and F : X — Y be a multivalued mapping with
the closed graph such that F (X) C K, where K is a compact set. Then F is u.s.c.

A multivalued mapping F : X — X with bounded values is called Lipschitzian if there exists a
constant L > 0 such that

du(F(x), F(y)) < Ld(x,y),
for every x, y € X, where
dn(A, B) :=inf{r > 0| A C Ny(B) and B C N;(A)}

stands for the Hausdorff distance; for its properties, see, e.g., [4,17].

We say that a multivalued mapping F : X — X with bounded values is a contraction if it is Lips-
chitzian with a Lipschitz constant L € [0, 1).

Let Y be a separable metric space and (£2,U,v) be a measurable space, i.e. a nonempty set £2
equipped with a suitable o -algebra I/ of its subsets and a countably additive measure v on /. A mul-
tivalued mapping F : £2 — Y is called measurable if {w € 2 | F(w) C V} €U, for each open set V C Y.

We say that mapping F : | x R™ — R", where | C R, is an upper-Carathéodory mapping if the map
F(-,X) : ] — R" is measurable on every compact subinterval of J, for all x € R™, the map F(t,-):
R™ — R" is u.s.c., for almost all (a.a.) t € J, and the set F(t, x) is compact and convex, for all (t, x) €
J xR™,

We will employ the following selection statement.

Proposition 2.2. (Cf, e.g, [6].) Let F : [a,b] x R™ — R" be an upper-Carathéodory mapping satisfying
lyl <r@)(1 + |x]), for every (t,x) € [a,b] x R™, and every y € F(t,x), where r : [a,b] — [0, o0) is an
integrable function. Then the composition F(t, q(t)) admits, for every q € C([a, b], R™), a single-valued mea-
surable selection.

If XNY#@and F: X —Y, then a point x€ XNY is called a fixed-point of F if x € F(x). The set
of all fixed-points of F will be denoted by Fix(F), i.e.

Fix(F):={xe X |[xe F®)}.
It will be also convenient to recall the following results.

Proposition 2.3. (Cf. [26].) Let X be a closed, convex subset of a Banach space E and let ¢ : X — X be a
contraction with compact, convex values. Then Fix(¢) is a nonempty, compact AR-space.

Lemma 2.1. (Cf. [7, Theorem 0.3.4].) Let [a, b] C R be a compact interval. Assume that the sequence of abso-
lutely continuous functions x; : [a, b] — R" satisfies the following conditions:
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(i) the set {xx(t) | k € N} is bounded, for every t € [a, b],
(ii) there exists a function « : [a, b] — R, integrable in the sense of Lebesgue, such that

|%(®)| <a(t), foraa.tela,b]andforallkeN.

Then there exists a subsequence of {x;} (for the sake of simplicity denoted in the same way as the sequence)
converging to an absolutely continuous function x : [a, b] — R" in the following way:

1. {xx} converges uniformly to x,
2. {X} converges weakly in L'([a, b], R") to x.

The following lemma is a slight modification of the well-known result.
Lemma 2.2. (Cf. [30, p. 88].) Let [a, b] C R be a compact interval, E1, E be Euclidean spaces and F : [a, b] x
Eq1 —o E be an upper-Carathéodory mapping.

Assume in addition that, for every nonempty, bounded set 3 C E1, there exists v = v(BB) € L'([a, b],
[0, 00)) such that

|F(t,x)| <v(t),

fora.a. t € [a, b] and every x € B.
Let us define the Nemytskii operator N : C([a, b], E1) — L([a, b, E3) in the following way:

Np(x):={f e L'([a,b], E2) | f(t) € F(t,x(1)), a.e.on[a,bl},

forevery x € C([a, b], E1). Then, if sequences {x;} C C([a, b], E1) and {f;} C L'([a, b], E2), fi € Nr(x;), i € N,
are such that x; — x in C([a, b], E1) and fi — f weakly in L' ([a, b, E2), then f € Np(x).

3. Topological structure on compact intervals
Before investigating the asymptotic problems, it will be useful to study the topological structure of

related solution sets on compact intervals.
At first, let us consider the problems for fully linearized systems

X() + A)x(t) + B(t)x(t) e C(t), fora.a.te[0,m], )
XxeSm, 2)

X(t) + A)x(t) + B(t)x(t) e C(t), fora.a.te[0,m], 3
(x,%) € Spy, (3)

where

(i) A, B:[0,m] — R™" are integrable matrix functions such that |A(t)| < a(t), |B(t)| < b(t), for a.a.
t €[0,m] and suitable nonnegative functions a, b € L'([0, m], R),

(ii) Sm is a closed, convex subset of AC!([0, m], R") (S;, is a closed, convex subset of AC'([0, m],
R") x AC([0, m], R™)),

(iii) C:[0,m] — R" is an integrable mapping with convex closed values such that |C(t)| < c(t), for
a.a. t €[0,m] and a suitable nonnegative function c € L1([0, m], R),

(iv) there exist to € [0,m] and constants Mg, M1 such that |x(tg)| < Mo and |x(to)| < M1, for all
solutions of problem (2) (all solutions of problem (3)).
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Lemma 3.1. Under the above assumptions (i)-(iv), the solution set of problem (2) (the set of solutions and their
first derivatives of problem (3)) is convex and compact.

Proof. Let us prove that the set of solutions and their first derivatives of the b.v.p. (3) is convex and
compact. By the similar reasoning, it is possible to obtain that the solution set of problem (2) is
convex and compact as well.

Let us denote by P(t, x(t), x(t)) := C(t) — A(t)x(t) — B(t)x(t). If x1, x, are solutions of problem (3),
then it follows from the integral representation of a solution and its derivative that, for a.a. t € [0, m],
we have

t
X1 (t) € x1(to) + X1 (to) - (t —to) + /(t —5) - P(s,x1(s), %1 () ds,

to

t
x2(t) € X2(to) + X2(to) - (t —to) + f(t —5) - P(s,x2(5), %2(5)) ds

to
and
t
k() € &1 (to) + / P(s. x1 (). %1 (5)) ds,

to

t

X2(t) € X(to) + / P(s,x2(s), k2(s)) ds.

to

Let 6 € [0, 1] be arbitrary. Then

0x1(t) + (1 —0)x,(t)

€ 0 -x1(to) + (1 —6) - x2(to) + [0 - X1 (to) + (1 — 6) - ka(to) ] - (t —to)
t t

+/(t—s)~9 . P(s,x1(s),>'<1(s))ds+/(t—s) (1 =0) - P(s,x2(5), %2(5)) ds

to to

=6 -x1(to) + (1 —0) - x2(to) + [0 - X1 (to) + (1 — 0) - k2 (t0) ] - (t — to)

t
—+ /(t —S)- P(s, 0x1(5) + (1 — 0)x2(5), 6%1(s) + (1 — 0)x2(5)) ds.

fo

Moreover,
0x1(t) + (1 — 0)x2(t) € Ox1(to) + (1 — 0)X2(to)

t
+ / P(s,0x1(s) 4+ (1 — 0)x2(5), 0%1(s) + (1 — 0)k2(s)) ds.
to
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Finally, because of convexity of S;,, we obtain that
(0x1 + (1 — O)x2,0%1 4+ (1 —0)x2) € Sy,

and, therefore, the set of solutions of (3) and their derivatives is convex.

Let us also prove that the set of solutions of (3) and their derivatives is relatively compact. It
follows from the well-known Arzela-Ascoli lemma that the set of solutions is relatively compact
in C1([0,m],R") if and only if it is bounded and all solutions and their first derivatives are equi-
continuous.

At first, let us show that the set of solutions of (3) is bounded in C1([0, m], R"). Let x be a solution
of (3) and let t € [0, m] be arbitrary. Then

t
/|t—s| [P (s, x(s), X(s))| ds

to

|x(0)] + |x(@®)| < |x(to)| + |x(to) | - It — to] + + |x(to)|

+

t
/|P(s, X(s), x(s))| ds
to

t
/ c(s) 4+ a(s)|x(s)| + b(s)|x(s) | ds

fo

< Mo+ Mq-|t—to|+ |t —tol- + M1

t
/c(s) + a(s)|x(s)| 4+ b(s) |x(s)| ds

to

+

t
< Mo+ My (14 ml+ (14 m) [ €9 +a)i(9)] + bs) (o] ds
0

m t
< Mo+ M -[1+m]+1 +m]/c(s)ds+[1+m]/k(s)(|x(s)\+]5c(s)|)ds,
0 0

where, for all s € [0, m], k(s) := max{a(s), b(s)}.
By the Gronwall lemma (cf. [22]), we obtain that

x(0)] + [x(0)] < K - elTHm o k) ds, (4)

where

m

K := Mo+ [1 +m]{M1 +/C(S)d5].

0

Therefore, the set of solutions of (3) and their derivatives is bounded in C!([0, m], R).
Let us now show that all solutions of (3) and their first derivatives are also equi-continuous. Let x
be a solution of (3) and t,, t3 € [0, m] be arbitrary. Then, we have
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|x(t3) — x(t2)|

< Jx(to)| - [t3 — t2] +

t3 ty
/(t3 —5) - P(s,x(s), x(s)) ds — /(tz —5) - P(s,x(s), x(s)) ds
to to

= |x(to)] - Its — t2] +

t3 t3
/(t3 —5) - P(s,x(s), X(s)) ds — f(tz —5) - P(s,x(s), X(s)) ds
to to

t3 ty
+ /(tz —5) - P(s,x(s), X(s)) ds — /(tz —5)- P(s.X(5), %(s)) ds
to to

t3 5]
< |x(to)| - 1t3 — 2] + /(t3 —t2) - P(s,X(5), X(s)) ds| + /(tz —5) - P(s,x(s), X(s)) ds
to t3
t3 ty
< |x(o)| - It3 — 2] + /|t3—t2|-|P(s,x(s),>’c(s))yds + /|t2—s|.yP(s,x(s),fc(s))\ds
to t3

t3
<Mj-|t3 —ta] + / lt3 — 2] - (c(s) + k(s) - K - el o kwdu) gg

to
to
+ /|t2—s|.(c(s)+k(s).1<.e“+’"]fi§"’<<“>d”)ds. (5)
t3
Moreover,
t3 t2
|X(t3) — x(t2)| < /P(s,x(s),k(s))ds—/P(s,x(s),)'((s))ds
to to
)
< /|P(s,x(s),k(s))|ds
t3
t
< /(c(s) +k(s) - K-e[”m]fgnk(”)d”) ds|. (6)
t3

Taking into account estimates (5) and (6), x and x are equi-continuous, because c(-),k(:) €
L1([0, m], R). Thus, the set of solutions of (3) and their derivatives is relatively compact.

We will still show that the set of solutions of (3) and their derivatives is closed. Let {x;} be a
sequence of solutions of (3) such that (xi, X;) — (x, X). For all k € N and a.a. t € [0, m], we have
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%(®)| < & (to)| +

t
f‘P(s, X (), X (5)) | ds
to

t
/ (c(s) + k(s) - K - el1+ml o’ kawdu) gg

to

<Mi+

Since c(-), k(-) € L1([0, m], R), there exists a constant L such that, for a.a. t € [0, m],

t
/(C(S) +k(s)- K- e[1+m](/gﬂk(u)du)ds

to

<L

Therefore, for all k € N and for a.a. t € [0, m],
% (6)] < M1+ L. (7)

Moreover, since, for all k € N and a.a. t € [0, m], |X,(t)| < c(t)+k(t)-K cel1+ml g’ kwdu the sequence
{yr := X} satisfies all assumptions of Lemma 2.1.

Thus, applying Lemma 2.1 to the sequence {X,}, we get that there exists a subsequence of {X;}, for
the sake of simplicity denoted in the same way as the sequence, which converges uniformly to X on
[0, m] and such that {¥;} converges weakly to ¥ in L1([0, m], R").

If we set zy := (X, yx), then Zx = (X, yx) = (%, ¥) — (%, X) weakly in L1([0, m], R"). Let us now
consider the system

Z(t) e H(t, z(t)), foraa.te[0,m], (8)

where 2 (£) = (% (t), yr()) and H(t, zx (1)) = (Y (©), P (€, X (), Y (D))).
Applying Lemma 2.2, for f;:=z, f:= (%, X), xj := z, it follows that

(®(0), X(®)) € H(t, x(t), X(t)),
for a.a. t € [0, m], i.e.
X(t) € P(t,x(t),x(t)), foraa.te[0,m].

Moreover, since the set S, is closed, (x, X¢) € Sp,, for all ke N, and (x, X) — (x, X), it also holds
that (x,x) € S;,. After all, the set of solutions of (3) and their derivatives is convex and compact, as
claimed. O

Remark 3.1. If still k- B(t) € C(t), for a.a. t € [0,m], and k = (k1,k2, ..., kn) € S, then constant k is
obviously a solution of (2), and consequently the set of solutions of (2) is also nonempty. Nontrivial
examples of solvability of (3), where S;, corresponds to Kneser-type boundary conditions, are, for
instance, in the scalar case (n = 1) the conditions A(t) =1, C(t) — B(t)x > 0, for t € [0, m], x € [0, 00)
(cf. [20]) or C(t) =0 and B(t) #£0, B(t) <0, for t € [0,m] (cf. Hartman-Wintner type results, e.g.,
in [27]).

Furthermore, let us study the structure of a solution set, on a compact interval, to a semi-linear
problem.
Hence, let m € N and let us consider the b.v.p.
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X(t) + ADOX(t) + BO)x(t) € C(t, x(t), x(t)), foraa.te[0,m],

I(x, %) =0, (Pm)

where

(i) A, B € L'([0,m], R™™) are such that |A(t)] <a(t) and |B(t)| < b(t), for all t € [0, m] and suitable
integrable functions a, b : [0, m] — [0, c0),
(i) 1: c1([0,m], R") x C([0, m], R") — R?" is a linear bounded operator,
(iii) the associated homogeneous problem

X(t) + Ax() + B(t)x(t) =0, fora.a.te[0,m],
I(x,%) =0
has only the trivial solution,
(iv) C:[0,m] x R" x R" — R" is an upper-Carathéodory mapping,

(v) there exists an integrable function « : [0, m] — [0, c0), with f(;"a(t) dt sufficiently small, such
that

dy (C(t, x1, y1), C(t, X2, ¥2)) <o(®) - (Ix1 — X2 + [y1 — y2l),

for a.a. t € [0,m] and all x1, X2, y1, y2 € R",
(vi) there exist a point (xo, yo) € R?" and a constant Cy > 0 such that

}C(LXO? y0)| < CO (X(t)

holds, for a.a. t € [0, m] (22 |C(¢, x, y)| :=sup{|z| | z € C(t, X, y)} < a(t)(Co+[xol +|yol + x| +1y])
holds, for a.a. t € [0, m] and all x, y € R").

Lemma 3.2. Under the above assumptions (i)—(vi), the set of solutions of the b.v.p. (Py,) is a nonempty, compact
AR-space.

Proof. Problem (Pp,) is equivalent to the first-order problem

E() +D(OEM) e K(t, &), foraa.te[0,m], (B)
1) =0, "
where
EOmx1 = (x(©),%(D),
D(t) —( 0 - )
2nx2n = B(t) A(t)
and

K(t, &)anx1 = (0,C(t, %, %)

Similarly, the associated homogeneous problem (Hp,) is equivalent to the first-order problem
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E(t)+ D()E(t) =0, foraa.te[0,m], .

(Hm)
I(¢)=0.

The Fredholm alternative implies (see, e.g., [22]) that there exists the Green function G for the
homogeneous problem (Hp) such that each solution £(-) of (Pm) can be expressed by the formula
Et) = f(;n G(t, s)k(s)ds, where k(-) is a suitable measurable selection of K(-, £(-)) (cf. Proposition 2.2).

If we denote by G the block matrix

o (Gl G o
2nx2n = 62] &22 s

nxn nxn
then each solution x(-) of (P;;) and its derivative x(-) can be expressed as

m

x(r):/é”(t,s)c(s)ds
0
and
k(r)=/622(t,s)c(s)ds,

0
where c(-) is a suitable measurable selection of C(-, x(-), X(-)). Moreover, in view of (v) and (vi),

|x(®)] + [x(@®)| < f{|612(r,s)| +[G%(t, )|} (s)[Co + X0l + |yol + |x(s)| + [x(s)|] s,
0

for a.a. t € [0,m]. If we denote by G := sup s)cjo.mjx[o.m {|G 2 (t, )| +1G?2(t, s)|}, then

max {|x(©)] + [*©} <5/a(5)[co+l)<o| + Iyl + max {[x(©)] + }k(t)l}]ds.
0

Therefore,
_ m
tg0%§]{|x(t)| + x|} < G'(COJ;'fO'EJ}}YZZ; ({2 a@ds
provided
i 1
/a(s)ds<6, (10)

0

Therefore, if f(;"a(s) ds is small enough, namely if the inequality (10) holds, then the set of solu-
tions of (Pp,) is equal to the set of solutions of the problem
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X(t) + A)x(t) + B(t)x(t) € C*(t, x(t), k(t)), fora.a.t € [0,m], } (R)

I(x,x) =0,
where C* satisfies conditions (iv)-(v) in Lemma 3.2 with C replaced by C*, but this time

Ct,x, ), for |x| < M and |y| < M,

C*(t,x, y) :={ .
C(t, Mg, M1), otherwise,

where Mg, M; are suitable vectors such that |[Mg| = [M1| = M. It follows immediately from its defini-
tion that C* satisfies

|C*(t. %, y)| == sup{lz| | z€ C*(t,x, y)} = sup{lz| | z € C(t,x, y), where x| <M, |y| <M}
<a)(Ch+ x|+ |v§| +2M) := B(b), (11)

where (x5, yg) € R2" is such that |C*(t, x5, yo) < Cga(t), for a.a. t € [0, m].
Let us denote by G(, ) := G'2(.,-) the Green function associated to the second-order homoge-
neous problem (Hy;) and define the Nemytskii operator

N:C'([0,m],R") — C'([0,m], R")

by the formula

Nx:= :h e c'([o,m], R") ‘h(-) =/G(-,s)f(s)ds, where f € L'([0, m], R"),
0

ft) e CH(t,x(t), x(t)), foraa.t € [0, m]}.

Let us note that Nx # @, for all x € C1([0, m], R"), because, for all x € C1([0, m],R"), C*(t, x(t), X(t))
possesses a measurable selection (again, according to Proposition 2.2).

It is evident that the set of solutions of problem (R;;) is equal to the set of fixed-points of the
operator N. In order to show that Fix(N) is, by means of Proposition 2.3, a nonempty, compact AR-
space, we will proceed in several steps.

(1) At first, let us show that the operator N has convex values. If hi, hy € Nx, then there exist
integrable selections f1(-), f2(-) of C*(-, x(-), X(-)) such that, for a.a. t € [0, m],

m

hq(6) =/G(t,s)f1 (s)ds
0

and

m

hy(t) = / G(t,s) f2(s)ds.

0
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Let A € [0, 1] be arbitrary. Then, for a.a. t € [0, m],

m

Ahy(t) + (1 = Mha(t) = / G(t, 9)[Af1(s) + (1 = 1) f2(s)] ds.

0

Since mapping C* has convex values, A f1(s) + (1 — A) fo(s) € C*(s, x(s), X(s)), for a.a. s € [0, m]. There-
fore, Ah1 + (1 — A)hy € Nx, i.e. the operator N has convex values, as claimed.

(2) Secondly, let us show that the operator N has compact values. Let x € C!([0, m], R") be arbi-
trary and let v be an arbitrary integrable function such that v(t) € C*(t, x(t), x(t)), for a.a. t € [0, m].
Let us consider the element h of Nx defined, for a.a. t € [0, m], by

h(t) := / G(t,s)v(s)ds.
0
If t, T € [0, m] are arbitrary, then
|h(@®) —h(D)| = /G(t,s)v(s)ds—/G(r,s)v(s)ds
0 0

< /[c(t,s) - G(1,9)] - |v(s)yds</\c(t,s)—G(r,s)y - B(s)ds. (12)
0 0

Since B(-) is, by the definition, an integrable function, estimate (12) implies the equi-continuity of h.
Moreover, it immediately follows from condition (11) and properties of the Green function that h is
also bounded. Therefore, the well-known Arzela-Ascoli lemma implies that the set Nx is relatively
compact.

The relative compactness of values follows also alternatively from the contractivity of N which will
be proved in the next step (3). It is namely well known that contractivity implies condensity.

The closedness of values follows from the fact that, according to [23], N can be expressed as
the closed graph composition of operators ¢ o Scx, where Sc¢= : C1([0,m], R") — L1([0, m], R") and
¢ : L1([0,m], R") — C1([0, m], R") are defined by

Sc-(x):={f e L'([0,m], R") | f(t) € C*(t, x(t), X()), fora.a.t € [0,m]}

and

m

o(f):= {h € C1([O,m],R”) ’h(t) :/G(t, s)f(s)ds, fora.a.t € [0, m]}.

0

(3) In order to show that the operator N is a contraction, let us consider the Banach space
Cc1([0,m], R") endowed with the norm

},

Xl := sup {[x(®)] + |x()
te[0,m]
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where | - | stands for the Euclidean norm in R If x, y € C!([0, m], R") are arbitrary, then there exist
hx € Nx, hy € Ny and integrable selections fx(-) of C*(-,x(-),x(-)) and fy(-) of C*(-, y(-), ¥()) (cf.
Proposition 2.2) such that

dy(Nx, Ny) = |hy — hy|c1

= /G(t,s)fx(s)ds—/G(t,s)fy(s)ds
0 0 c
m m a
= sup { /G(t,S)[fx(S)—fy(S)]ds + /a—G(t,S)[fx(S)—fy(S)]dS]
te[0,m] ; / t

r 3
< sup /{!G(t,s)|+‘8—6(t,s) }-!fx(S)—fy(S)Ids
te[O,m]O t
< sup {[x@®) — y@©] + |x(t) — y(®)|}
te[0,m]

0
sup {|C(t,3)|+’—G(t,s)
(t,s)€[0,m]x[0,m] ot

}«/(x(t)dt
0
]-/a(t)dt-lx—yk].
0

d
sup {IG(t,s)|+‘—G(r,s)
(t,s)€[0,m]x[0,m] at

If the integral fom a(t)dt is small enough, namely if

d
£= sup I|G(t,5)|+‘—6(t,s)
(t,s)€[0,m]x[0,m] ot

}-/oz(t)dt<1, (13)
0

then the operator N is a desired contraction with a Lipschitz constant £ € [0, 1).

Finally, since N is a contraction with compact and convex values, the set Fix(N) is, according to
Proposition 2.3, a nonempty, compact AR-space which completes the proof. O

Remark 3.2. The conclusion of Lemma 3.2 can be deduced from the main result for first-order systems
in [8]. Our proof is, however, much more transparent and especially allows us to express explicitly the
smallness of the integral f(;” a(t)dt in conditions (v) and (vi). It is given by the identical inequalities
(10) and (13), namely

m

1
/a(t)dt < 5 . (14)
" SUP(t,s)e[0,m]x[0,m] 1| G (£, )| + 15 G(E, 9)I}

Remark 3.3. If the mapping C(t, -, -) is Lipschitzian with a sufficiently small constant L, i.e. if condition
(v) takes the form
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(v") there exists a sufficiently small constant L > 0, such that
dy (C(t, x1, ¥1), C(t. X2, ¥2)) <L+ (Ix1 — x2| + [y1 — ¥21).
for a.a. t € [0,m] and all x1, X2, y1, y2 € R", then the same conclusion holds, provided

1

L< m 3 .
SUP¢e[0,m) fo |G(t,s)| + |§G(t, s)|ds

Example 3.1. Let us consider the Dirichlet problem

X(t) € C(t,x(t), x(t)), foraa.te][0,1],
x(0)=0, x(1)=0,

where C:[0,m] x R" x R" — R" is an upper-Carathéodory mapping such that

dy (C(t,x1, y1), C(t, X2, y2)) < a(t) - (1x1 — X2| + |y1 — y21),

(15)

(16)

for a.a. t € [0, 1], and all x1, X2, y1, y2 € R", where « € L1([0, 1], [0, 00)) is such that (for better con-

ditions, see [14,24] and cf. also [4, Theorem II1.3.18])

1

1

0

Moreover, let there exist Cyp > 0 such that

|C(t,0,0)| < Co-ax(t), foraa.tel0,1].

(17)

(18)

We will show that, under the above assumptions, the set of solutions of (16) is a nonempty,

compact AR-space. The homogeneous problem associated to (16), i.e.

X(1t)=0, foraa.tel0,1],
x(0)=0, x(1)=0,

has only the trivial solution and the related Green function G and its derivative % take the forms

t—1)s, 0<t<s<1,
G(t,s):=
(s—Dt, 0<s<E<1,
and
aG(t,s) {s, 0<t<s«<1,
a  |s—1, 0<s<t<1
Since

d
sup {|G(t,5)|+.—G(t,s)
(t,$)€[0,1]x[0,1] at

|2

condition (17) ensures that the problem (16) is, according to Lemma 3.2 (cf. condition (14)), solvable

with a compact AR-space of solutions.
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4. Topological structure on non-compact intervals

Because of counter-examples (see [1], [4, Example [1.2.12], [16]), there is no chance to make a
straightforward extension of Lemma 3.2 to b.v.p.s on non-compact intervals. On the other hand, the
information concerning the solution sets on compact intervals can be sometimes useful for obtaining
the topological structure of the set of solutions to asymptotic problems.

One of the efficient methods which can be used for studying b.v.p.s on non-compact intervals is
an inverse limit method. Let us recall that by the inverse system, we mean a family S = {Xa,no’?, X},
where X is a set directed by the relation <, X, is, for all @ € X, a metric space and 7{5 1 Xg = Xo
B_V
T

is a continuous function, for all o, 8 € X such that o < 8. Moreover, 75 =idy, and 7, =), for

all @ < B < y. The limit of inverse system S is denoted by lim._ S and it is defined by

ling:: {(xa) € l_[ Xy ‘ﬂg(Xﬁ):Xa, for all o gﬂ}.

aeX

If we denote by m :lime S — X, the restriction of the projection py : [[ycx Xo — Xo onto o-th
axis, then it holds 7y, = m’fnﬂ. for all o < B.

Let us now consider two inverse systems S = {X, nf, XY}and §'={Yy, n(f,/ X'}, By a multivalued
mapping of the system S into the system S’, we mean a family {0, ¢ ()} consisting of a monotone
function o : ¥’ — ¥ and multivalued mappings ¢s (/) : Xo (@) — Yo such that, for all o’ < g/,

B a(g)
Ty Po(p) = (pg(a')ﬂ'g(a/) .
Mapping {0, 95} induces a limit mapping ¢ :lim— S — lim S’ satisfying, for all o’ € X,
TP = Po (@) To (')

We will make use of the following result. For more details about the inverse limit method, see,
e.g., [2-49,15].

Proposition 4.1. (Cf. [3,18,25].) Let S = {Xm, wh, N} and S’ = (Y, 5, N} be two inverse systems such that
Xm CYm. If @ :lim S —o lim_ S’ is a limit map induced by a mapping {id, ¢m}, where ¢p, : Xm — Y, and
if Fix(¢m) are, for allm € N, R;-sets, then the fixed-point set Fix(¢) of ¢ is an Rs-set, too.

The following corollary is a direct consequence of Proposition 4.1.

Corollary 4.1. Let us consider the sequence of b.v.p.s {(Km)}o-_;, where

) (Km)
k(X7 X) |[’€[[’0,[’0+m] = Oa

X(t) + A(DX(t) + BOx(t) € C(t, x(t), X(t)),  fora.a.t € [to, to +m], }
and let us assume that each problem (Ky;), m € N, has an Rs-set of solutions which corresponds to a fixed-
point of the associated integral operator. Moreover, let the boundary condition be such that, for all m € N, the
following holds:

If x : [to, to + m] — R" is a solution of problem (Km), then X|ity,cg+m—1] : [to,to +m— 1] - R" isa
solution of problem (Kiy—1).
Then the set of solutions of the problem

() + ADX(E) + BOX(E) € C(t, X(), X(t)),  fora.a.t € [tg, o), } K)

k(x,X)=0

is an Rs-set.
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As an illustration, we can give the following simple example.

Example 4.1. Consider the problem

() € C(t,x(t), k), foraa.te[0,00), } (19)

x(0)=0, x(1)=0,
where C: [0, 00) x R" x R" —o R" is an upper-Carathéodory mapping such that
du (C(t,x1, y1), C(t, X2, y2)) < a(t) - (1x1 — X2| + |y1 — ¥21),

for a.a. t € [0, 1], and all x1, x2, y1, y2 € R", where « € L1 ([0, 11, [0, c0)) is such that

1

/a(t)dt < % (20)

0
Moreover, let there exist Cg > 0 such that
|C(t,0,0)| < Co-ax(t), foraa.te[0,1]. (21)
We will show that, under the above assumptions, the set of solutions of (19) can be expressed as

a special union of R;-sets.
In order to solve (19), we will consider separately the Dirichlet problem

X(t) € C(t,x(t), x(t)), foraa.te][0,1], 22)
x(0)=0, x(1)=0
and the Cauchy (initial value) problem
X(t) € C(t,x(t), x(t)), foraa.te[l,00), 23)
x(1)=0, x(1)=x1.

According to Lemma 3.2, the b.v.p. (22) is solvable with an Rs-set of solutions (cf. Example 3.1). In
fact, the set of solutions of (22) is, according to Lemma 3.2, a nonempty, compact AR-space.

Let x(-) be a solution of the Dirichlet problem (22) and let us put x; := x(1). Now, let us consider,
for this inter-face value of the derivative, the problem (23). The Cauchy problem, considered on an
arbitrary compact interval [1,m], m € N, has an R;-set of solutions (cf. [13]). Using the inverse limit
method, we can conclude that, for the fixed x; = x(1), the Cauchy problem (23) has, according to
Corollary 4.1, an Rs-set of solutions on [1, co) which, in particular, implies that the related solution
set is nonempty. If we denote by xp : [0, 1] — R" the solution of the Dirichlet problem (22) satisfying
Xp(1) =x1 and by x5 : [1, o0o] — R" the solution of the Cauchy problem (23), then

X(0) = {xD(t), forallt € [0, 1],
T x(), forallte[1,o0),

is the solution of the original problem (19).

Although the solution set of each separate problem was proved to be an Rs-set, the solution set
of the whole problem can be more complex. Nevertheless, if, for instance, the Dirichlet problem is
uniquely solvable, then the solution set of the whole problem is an R;-set, too.
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Combining Corollary 4.1 with Lemma 3.1, we obtain immediately the following result.

Proposition 4.2. Let us consider the problems for fully linearized systems on compact intervals (2) and (3)
together with the asymptotic problems

X(t) + A(t)x(t) + B(t)x(t) e C(t), fora.a.t e [0, 00), 24
xeSs, (24)

X(t) + A()x(t) + B(t)x(t) € C(t), fora.a.te[0,00), 95
x,x)eS, (25)

where

(i) A, B: [0, 00) — R™ M are locally integrable matrix functions such that |A(t)| < a(t), |B(t)| < b(t), for

a.a. t € [0, o0) and a suitable nonnegative functions a, b € L}OC([O, 00), R),

(ii) S and Sm are, for all m € N, closed, convex subsets of AC} ([0, c0), R") and AC!([0,m],R") (S’

loc
and S;, are, for all m € N, closed, convex subsets of AC}OC([O, 00), R") x ACjc([0, 00), R™) and
ACL([0,m], R") x AC([0, m], R")),
(iii) C:[0, co) — R is a locally integrable mapping with convex closed values such that |C(t)| < c(t), for a.a.
t € [0, m] and a suitable nonnegative function c € L}OC([O, 00), R),
(iv) there exists tg € [0, 00) such that, for all m € N, we are able to find constants Mp,, Mm, such that

[x(to)| < Mm, and |x(to)| < Mpm,, for all solutions x(-) of problem (2) (all solutions x(-) of problem (3)).

Moreover, let, for all m € N, the set of solutions of (2) (the set of solutions of (3) and their derivatives) be
nonempty and correspond to fixed-points of the associated integral operator. Furthermore, let the boundary
condition be such that, for allm € N, the following holds:

Ifx:[0,m] — R belongs to Sm, then x|j0.m—1] : [0, m — 1] — R" belongs to Spy—_1.

(If (x, %) : [0,m] x [0, m] — R?" belongs to S/, then (x|j0.m—1], Xljo.m—17) : [0,m — 1] x [0, m — 1] — R?"
belongsto S;,_,.)

Then the set of solutions of the problem (24) (the set of solutions of the problem (25) and their derivatives)
is an Rs-set.

As an application of Proposition 4.2, let us consider the second-order asymptotic (Kneser-type)
b.v.p. with a multivalued vector perturbation

X(t) +x(t) +b(t)x(t) € F(t), fora.a.te[0,00),
x(0) =1, (P)
x(t) >0, x(t)<0, forallte][0,00),

where

e b:[0,00) > R is a locally integrable function such that |b(t)| < a(t), for all t € [0, c0), where
ael} ([0,00),R),

e F:[0,00) — R is a locally integrable mapping with convex closed values such that |F(t)| < «(t),
for all t € [0, 00), where o € L1 ([0, 00), R) and that

loc

—b(t) ¢ F(t), foralltin aright neighbourhood of 0.

Moreover, let v(t) — b(t)x > 0, for all t € [0, 00), x € [0, 1] and each measurable selection v(-) of F(-).
We will prove the following theorem.



144 J. Andres, M. Pavlackovd /]. Differential Equations 248 (2010) 127-150

Theorem 4.1. Under the above assumptions, the set of solutions of (P) and their first derivatives is an Rs-set.

Proof. Together with the b.v.p. (P), let us consider the family of associated problems on compact
intervals

X(t) +x(t) + b(t) -x(t) € F(t), foraa.te[0,m],
x(0)=1, (Pm)
x(t) >0, x(t)<0, forallte[0,m],

where m e N.

It was shown in [11] (see Lemma 2.1 in [11] and the remarks below) that under the above as-
sumptions imposed on b, the following two norms in AC!([0,m], R), where m > 0 is arbitrary, are
equivalent:

m
Il ;= sup |x(t)|+ sup |x(t)] +/|}€(t)|dt;
te[0,m] te[0,m] 0

X1 := : s{gp ]|x(t)| + /|}é(t) +b(t) - x(t) + x(t)| dt.
el,m
0

If x is a solution of the b.v.p. (Py;), for some m € N, then

m

||x||*=1+fa(t>dr — M,
0

because « is a locally integrable function.

Since sup;c(g my IX(t)| < ||, and the equivalence of norms ||x||, and ||x||, there exists the sequence
{km} of positive numbers such that all solutions of the b.v.p. (Py), for fixed m € N, satisfy |x(t)| <
km - Mp,.

Since the sets

Sp = {(x.% € AC'([0,m], R) x AC([0,m], R), x(0) =1,
x(t) >0, x(t) <0, forallt € [0,m]},
§":={(x. %) € AC|,([0, 00), R) x ACioc([0, 00), R), x(0) =1,

x(t) =0, x(t) <0, forallt €[0,00)}

are closed and convex, the b.v.p.s (P), (Py) satisfy assumptions (i)-(iv) of Proposition 4.2 (with
Mm, =1, Mim, =km - Mi).

The non-emptiness of the set of solutions of (Pp) follows from Corollary 2 in [20] and the fact
that F(-) admits (according to Proposition 2.2) a single-valued measurable selection v(-) such that
v(t) —b(t)x >0, for all t € [0, o0) and x € [0, c0).

If we denote by P(t, x(t), x(t)) := F(t) — b(t)x(t) — x(t), then x(-) is a solution of (P,) if and only
if, for a.a. t € [0, m],

t
X(t) € x(u) — |x(u)| + 1+ X(0) - t + /(t —5)- P(s,X(5), X(5)) s, (26)
0
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t
X(t) € X(u) + |*(u)| + X(0) +/P(s, X(s), X(s)) ds, (27)
0

for each u € [0, m], provided
—b(t) ¢ F(v), (28)

on a subset of [0, m] with a non-zero measure. Indeed. Since the constraint in (P;;) can be equiva-
lently expressed as

x(0) =1,

, , (29)
x(u) — [xw)| =0, x(u)+ |xu)

=0, forallue[0,m], }

every solution x(-) of (Py;) and its derivative x(-) obviously satisfy (26) and (27). Reversely, derivating
(26) and (27), we obtain

t

x(t) € x(0) + / P(s,x(s), x(s)) ds,

0
X(t) € P(t, x(t), X(1)).

Moreover, x(0) € x(u) — |x(u)| + 1, x(0) € x(u) + |x(u)| + x(0), for each u € [0, m], i.e. X(u) + |x(u)| =
0 and, in particular, for u =0, |x(0)| = 1. Thus, for x(0) = 1, we also have x(u) — |x(u)| = 0, by
which (29) (i.e. the constraint in (Pp,)) is satisfied. On the other hand, if x(0) = —1, we arrive at
x(u) — |x(u)| = -2, i.e. x(u) = —1, for all u € [0, m], and subsequently —b(t) € F(t), for a.a. t € [0, m],
which is a contradiction with (28).

The set of solutions of (P;;) and their first derivatives is a fixed-point set of the map ¢ :
c1([0,m], R) x C([0,m],R) — C'([0,m],R) x C([0, m], R), where, for all t € [0, m],

t
m(x, X)(t) 1= {( U x(u) — |x(u)| +1+5<(0)-t+/(t—s)-f(s)ds,
0

uel[0,m]

t
U x(u) + |x(u)| +%(0) + / f(s)ds) ‘ feL'([0,m],R") and
0

uel[0,m]
f(s) € P(t.x(s),%(s)), foraa.s € [0, m]}.

It can be easily seen that {¢y};> ; is a map of the inverse system
{c'(10,m], R) x C([0,m],R), wh, N}

into itself, where, for all p >m, x € C1([0, p], R) x C([0, p],R), mh(x,%) = (x1[0,m], X|[0,m])- Mappings
{¢m}3>_, induce the limit mapping ¢ : C1([0, 00), R) x C([0, 00), R) — C1([0, 00), R) x C([0, 00), R),
where, for all t > 0,
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t
Px,X)(t) == [( U x(u) — |x(u)| +1+5<(0)~t+/(t—s)-f(s)ds,
0

ue(0,00)

t
U x(u) + |x(w)| +>‘<(0)+/f(s)ds> ‘feﬂ([O,m],R”)and
0

uel0,00)

f(s) € P(t,x(5),%(s5)), foraa.s € [0, oo)}.

The fixed-point set of the mapping ¢ is the set of solutions and their derivatives of the prob-
lem (P). Applying Proposition 4.2, the set of solutions and their first derivatives of the original
problem (P) is therefore an Rs-set, as claimed. O

Remark 4.1. One can readily check that if (1,...,1) - B(t) € C(t), for a.a. t € [0, 00), then constant
vector (1,...,1) is a stationary solution of the Kneser-type asymptotic problem

X() + A)x(t) + B(t) - x(t) e C(t), fora.a.te]0,c0),

xi(0)=1, forallie{1,2,...,n}, (Ph)
xi(t) >0, x;(t)<0, forallie{1,2,...,n}andt €0, c0),

where

o A:[0,00) — R™" js a locally integrable matrix function such that |A(t)| < a(t), for all t € [0, 00),
where a € L] ([0, ), R),

e B:[0,00) — R™" is a locally integrable matrix function such that |B(t)| < b(t), for all t € [0, 00),
where b e L} ([0, 00),R),

e C:[0,00) —R" is a locally integrable mapping with convex closed values such that |C(t)| < c(t),
for all ¢ € [0, c0), where c € L! ([0, c0), R).

loc

If still
(—=1,...,=1)-B(t) ¢ C(t), fora.a.tin aright neighborhood of 0,

then it can be proved quite analogously as in Theorem 4.1 that the set of solutions of (P!) and their
first derivatives is an Rs-set.

Remark 4.2. Similarly, if a,b € L,]OC([O, o0), R) are locally integrable functions such that b(t) <0, for

aa. t € [0,00), and b(t) #0, for a.a. t in a right neighborhood of 0, then (cf. Remark 3.1) it can be
proved quite analogously as in Theorem 4.1 that the set of solutions of the Kneser-type asymptotic
problem

X(t) +at)x(t) +b(t) -x(t) =0, foraa.te[0,c0),
x(0)=1,
x(t) >0, x(t)<0, forallte]l0,o0),

and their first derivatives is an Rs-set.
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Remark 4.3. As a particular case of Corollary 4.1, we are theoretically able to obtain the result which
can be proved combining Lemma 3.2 and Proposition 4.1. In such a case an integrable function « in
condition (v) in Lemma 3.2 should however satisfy conditions (cf. (14))

to+m

a(t)dt < !

. , (30)
SUP(t,s)e[to,toer]x[to,t0+m]{|Gm (tv S)| + |%Gm(tv S)|}

to
for sufficiently large m € N, which is probably not very realistic.

5. Application to existence result

As we could see, the investigation of a topological structure of solution sets to asymptotic problems
is sufficiently interesting itself. Nevertheless, the main advantage consists in its further application to
existence results for nonlinear asymptotic problems.

This application will be demonstrated here by means of the following proposition developed by
ourselves in [5, Theorem 3.1 and Corollary 4.1].

Proposition 5.1. Let us consider the b.v.p.

X(t) € F(t,x(t), x(t)), foraa.te ],

31
xeSs, (1)

where | is a given (possibly infinite) real interval, F : | x R" x R" — R" is an upper-Carathéodory mapping
and S is a subset of AC] (J,RM).
Let H: ] x R" x R" x R" x R" — R" be an upper-Carathéodory map such that

H(t,c,d,c,d) C F(t,c,d), forall(t,c,d)e J] x R" x R".

Assume that

(i) there exists a retract Q of C'(J, R") such that the associated problem

X(t) € H(t, x(t), X(t), q(t),q(t)), foraa.te ], } (32)

xeSNQ,

is solvable with an R;-set of solutions, foreach q € Q,
(ii) there exists a nonnegative, locally integrable function o : | — R such that

|H(t, (D), x(1), q(t), 4(©)) | < c(®)(1 + [x(®)| + | x(0)

), ae.in],

forany (q, x) € I'r, where T denotes the multivalued map which assigns to any q € Q the set of solutions
of (32),

(iii) T(Q) C S,

(iv) there exist a point tg € | and constants Mg > 0, My > 0 such that |x(tg)| < Mg and |x(to)| < My, for
anyx e T(Q).

Then the b.v.p. (31) has a solutionin SN Q.
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Hence, let us consider the second-order nonlinear (Kneser-type) asymptotic b.v.p.

X(t) + x(t) + B(t, x(t), X(t)) - x(t) € F(t, x(t), x(t)), foraa.te[0,00),
xi(0)=1, forallie({1,2,...,n}, (33)
xi(t) >0, x;(t)<0, forallie{1,2,...,n}andt € [0, c0),

where

o X(t) = (x1(t), x2(t), ..., xn (1)),
e B:[0,00) x R%" — R™*" is a diagonal Carathéodory matrix function, i.e.

by (t, x(t), X(t)) 0 .. 0
0 by (t, x(t), x(t)) ... 0
B(t, x(t), x(t)) =
0 0 oo bt x(8), X(1))

with [B(t, x, )| < B(®)(1 +|x]), for all (x, y) € R?" and t € [0, 00), where B € L} ([0, 00), R),

o F = (F1,Fy,...,Fy) : [0,00) x R¥" — R" is an upper-Carathéodory mapping such that
[F(t, x, V)| <a(t)(1+ |x]), for all (x, y) € R2" and t € [0, 00), where o € L} ([0, 00), R), and that

loc

—bi(t,x,y) ¢ Fi(t,x,y), forallie{1l,...,n}, (x,y)€[0,1]" x (—o0, 0]"

and for ¢ in a right neighbourhood of 0.
For applying Proposition 5.1, let us define the set of candidate solutions as follows

Q :={(x1,.... %) € C'([0,00), R") | x(0) =1, x(t) >0, X;(t) <O,
forallie{1,...,n}, t €[0,00)}.

Let us still consider the associated problems

X(t) +x(t) + B(t,q(), q(t)) - x(t) € F(t,q(t),q(t)), foraa.te [0, 00),
xi(0)=1, forallie{l,2,...,n}, (Pg)
xi(t) >0, x;(t)<0, forallie{1,2,...,n}andt € [0, c0).

If vi(t) — bi(t,q(t),q(t))-x; >0, forallie{1,2,...,n},qe Q, t €[0,00),x; € [0,1] and each mea-
surable selection v;(t) of F;(t,q(t),q(t)), then we will check that the b.v.p. (33) has a solution.

More concretely, let us verify, that the b.v.p. (Pq) satisfies, for all g € Q, all assumptions of Propo-
sition 5.1.

ad (i) Since (Pq) represents n separate problems on a diagonal, it can be proved exactly in the same
way as in Theorem 4.1 that the b.v.p. (P¢) has, for each q € Q, an Rs-set of solutions.
ad (i) |F(t,q(®),4(®) — B(t,q(®),4(®)) -x — y| <a®) (1 +/n) + B©) - 1+ /n) - [x] + |y|, for aa. t e
[0,00), all (x,y) €eR2" and q € Q.
ad (iii) Since the set S := Q is closed and each solution of the b.v.p. (P4) belongs to Q, it holds that
T(Q) C S, where the map T is the solution mapping that assigns to each q € Q the set of
solutions of (Pg).
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ad (iv) Let to = 0. Then each solution x(-) of (Pg) satisfies, for an arbitrary q € Q, |x(0)| = +/n. More-
over, the fact that x(-) is a solution of (Pq) implies that x(-) is also a solution of the b.v.p.

X(t) +x(t) + B(t.q(t), (1)) - x(t) € F(t, q(t), q(t)), foraa.te[0,1],
xi(0)=1, forallie{1,2,...,n}, (Pg.1)
xi(t) >0, Xxj(t)<0, forallie{1,2,...,n}andt €0, 1].

Thus, it follows from the arguments in the proof of Theorem 4.1 that |%(0)| < k1 - M1, where
kq is a suitable positive constant and M1 := /n + ]01 a(t)dt.

Since all assumptions of Proposition 5.1 are satisfied, we are ready to formulate the last theorem.

Theorem 5.1. Under the above assumptions, the b.v.p. (33) admits a solution x(-) = (x1(-), ..., Xp(+)) such
that 0 < x;(t) <1, forallie{1,2,...,n}andt € [0, 0c0).
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1. Introduction

In this paper, we will formulate a general principle for the solvability of the second-order boundary value problem (b.v.p.)

X(t) € F(t,x(t), x(t)), foraa.te],xe€S, (1)
where | = [tg, t1] is a compact interval, F : ] x R" x R" — R" is an upper-Carathéodory mapping and S is a subset of
ACY(J,R™).

Moreover, for the Floquet semi-linear problem
X(t) + A(D)x(t) + B(t)x(t) € F(t, x(t), x(t)), foraa.t €], (2)

x(t1) = Mx(to),

X(t1) = Nx(to),
where A, B : | — R" x R" are integrable matrix functions and M and N are real n x n matrices with M non-singular, the
viability result will be obtained by means of a bound sets technique.

Vector second-order boundary value problems for differential equations were studied by many authors (see, e.g., [6,
11,12,17,19,20,25,31,34,37,38]). The papers dealing with multivalued second-order vector problems are a little more rare
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(see[14,16,18,21,23,26,27,29,30,32,36]). For multivalued vector second-order Dirichlet problems, the existence results were
obtained, e.g., in [21,32] and generalized to the case when F takes its values in a Hilbert space in [36]. Second-order
differential inclusions with Sturm-Liouville boundary conditions were studied in [18]. In [16,23,26,27,30], second-order
multivalued problems with general nonlinear boundary conditions which include the classical Dirichlet, Neumann and
periodic boundary conditions were under consideration.

The bound sets approach which we use in Sections 4 and 5 of our paper was initiated by Gaines and Mawhin in [22] for
obtaining the existence of periodic solutions of first-order as well as second-order systems of differential equations (see also
the references therein). For periodic boundary value problems associated with second-order differential equations, i.e. for F
single-valued and M = N = I, various approaches (such as an upper and lower solutions technique) were employed in [11,
12,25,31]. In these papers, a ball centered at the origin plays in fact the role of a bound set and a bounding function is of class
C2. A bound sets technique was also applied for single-valued periodic problems in [33].

Bound sets theory for multivalued first-order Floquet problems was employed in [3-5]. For single-valued Floquet second-
order problems with continuous right hand sides, see, e.g., [17,38].

In this paper, we consider at first b.v.p. (1) and develop a continuation principle for its solvability using the fixed point
index arguments (cf. Theorem 1). One of the assumptions which must be satisfied in order the continuation principle can be
applied is so-called transversality condition (cf. hypothesis (v) of Theorem 1). It requires that the related solution operator
has no fixed points on the boundary of a set of candidate solutions. The transversality condition can be guaranteed by
means of Liapunov-like bounding functions to which the second part of the paper is devoted. In the third part of our paper,
we investigate the Floquet problem (2). The existence result (cf. Theorem 2) is obtained when combining the bound sets
approach with the mentioned continuation principle developed in the previous sections.

The paper is organized as follows. In the second section, we recall suitable definitions and statements from multivalued
analysis and fixed point index theory. Subsequently, in Section 3, we develop by means of fixed point index arguments a
general method for the solvability of multivalued vector second-order b.v.p. (1). In Section 5, the general method is combined
with a bound sets technique (developed in Section 4), and the viability result is obtained in this way for the Floquet problem
(2). Finally, an illustrative example is supplied.

2. Preliminaries

Let us start with notations we use in the paper. In the entire text, all spaces are at least metric and all multivalued
mappings F : X — Y have at least nonempty values, i.e. F : X — 2" \ {#}. At first, we recall some geometric properties
of metric spaces, in particular, the notions of retracts. If X is an arbitrary space and A C X, by Int A, A and A, we shall
mean the interior, the closure and the boundary of A, respectively. For a subset A C X and ¢ > 0, we define the set
N.(A) :={x € X | da € A : d(x,a) < &}, i.e. N.(A) is an open neighborhood of the set A in X. A subset A C X is called a
retract of X if there exists a retractionr : X — A, i.e. a continuous function satisfying r(x) = x, for every x € A. Similarly, A
is called a neighbourhood retract of X if there exists an open subset U C X such that A C U and Ais aretract of U.

Let X, Y be two spaces. We say that X is an absolute retract (AR-space) if, for each Y and every closed A C Y, each
continuous mapping f : A — X is extendable over Y. If f is extendable over some neighborhood of A, for each closedA C Y
and each continuous mapping f : A — X, then X is an absolute neighborhood retract (ANR-space). Let us note that X is an
ANR-space if and only if it is a retract of an open subset of a normed space and that X is an AR-space if and only if it is a
retract of some normed space. For more details, see, e.g., [13].

We say that a nonempty subset A C X is contractible if there exist X, € A and a homotopy h : A x [0, 1] — A such
that h(x, 0) = x and h(x, 1) = x¢, for every x € A. A nonempty subset A C X is called an Rs-set if there exists a decreasing
sequence {A,}>2, of compact, AR-spaces such that

A=nN{A;n=1,2,...}.
Note that any Rs-set is nonempty, compact and connected. The following hierarchies hold for nonempty subsets of a metric
space:
convex C AR C ANR, (3)
compact + convex C compact AR C compact+contractible C Rs-set, (4)

and all the above inclusions are proper. For more details, see, e.g., [1,2,24].

For a given compact real interval J, we denote by C(J, R") (by C!(J, R™)) the set of all functions x : ] — R" which are
continuous (have continuous first derivatives) on J. By AC'(J, R"), we shall mean the set of all functions x : | — R" with an
absolutely continuous first derivative on J. Aset S C C'(J, R") is called bounded if there exists a function ¢ € C(J, R) such
that

|x(t)] < @(t) and |x(t)] < ¢(t), forallx € Sandallt €.

Functions in S are called equi-continuous on J if, for all t € J and every ¢ > 0, there exists § = §(t, ¢) > 0 such that, for all
t* € J satisfying

[t —t*] <8,
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it holds that
Ix(t) — x(t)| < &,

forallx € S.

In the sequel, we shall also need the following definitions and notions from multivalued analysis. Let X, Y be two spaces.
We say that F is a multivalued mapping from X to Y (written F : X — Y) if, for every x € X, a nonempty subset F(x) of Y is
given. We associate with F its graph IF, the subset of X x Y, defined by

I ={xy)eXxY|yeFX)}

A multivalued mapping F : X — Y is called upper semi-continuous (shortly, u.s.c.) if, for each open set U C Y, the set
{x e X| F(x) C U}isopeninX.

The relationship between upper semi-continuous mappings and mappings with closed graphs is expressed by the
following propositions (see, e.g., [2,24,28]).

Proposition 1. Let X, Y be metric spaces and F : X — Y be a multivalued mapping with the closed graph such that F(X) C K,
where K is a compact set. Then F is u.s.c.

Proposition 2. Let X, Y be metric spaces and F : X — Y be an upper semi-continuous multivalued mapping with closed values.
Then the graph Ir of F is a closed subset of X x Y.

A multivalued mapping F : X — Y is called compact if the set F(X) = |,y F(x) is contained in a compact subset of Y
and it is called closed if the set F(B) is closed in Y, for every closed subset B of X.
A multivalued mapping F : X — X with bounded values is called Lipschitzian if there exists a constant k > 0 such that,

forevery x,y € X,
du(F(x), F(¥)) < kd(x,y),
where
dy(A,B) :=inf{r > 0| A C N;(B) and B C N;(A)}

stands for the Hausdorff distance.

Let Y be a metric space and (§2, U, v) be a measurable space, i.e. a nonempty set §2 equipped with a o-algebra U
of its subsets and a countably additive measure v on U. A multivalued mapping F : 2 — Y is called measurable if
{w e 2 | Flw) C V} € U, foreachopensetV C Y.

IfXNY #@andF : X — Y, thena pointx € X NY is called a fixed point of F if x € F(x). The set of all fixed points of F
is denoted by Fix(F), i.e.

Fix(F) := {x € X | x € F(x)}.

For more details concerning the topics of multivalued analysis, see, e.g., [2,7,8,24,28].

Now, we recall the notion of an appropriate fixed point index which will be used in the sequel. Let X be an ANR-space
and let G : X — X be a compact Rs-mapping, i.e. a compact u.s.c. mapping with Rs-values.

Let D C X be an open subset of X with no fixed points of G on its boundary dD. Then it is possible to define an integer
ind(G, X, D), called a fixed point index over X w.r.t. D. In the following proposition, we collect the most important properties
of such a fixed point index. For more details, see, e.g., [1,2,10,24].

Proposition 3 (Properties of the Fixed Point Index).

(i) (Existence) If ind(G, X, D) # 0, then G has a fixed point in D.
(ii) (Localization)If D' C D is an open subset of X such that Fix(G) C D', then

ind(G, X, D) = ind(G|p, X, D).

(iii) (Homotopy) If there exists a compact homotopy H : X x [0, 1] — X (in the same class of mappings under consideration)
with H(-,0) = Gy and H(-, 1) = G, and if aD is fixed point free w.r.t. H, then

ind(Gy, X, D) = ind(G,, X, D).
(iv) (Normalization) If X = D, then
ind(G, X, D) = ind(G, X, X) = A(G),

where A(G) is a generalized Lefschetz number of G (for its definition, see, e.g., [1,2,24]).
(v) (Contraction)If X' C X are ANR-spaces such that G(X) C X' and G|y is a compact Rs-mapping such that Fix(G|x) N d(DN
X'y =@, then

ind(G, X, D) = ind(Gly', X', D N X').
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Remark 1. If G : X — X is a compact Rs-mapping and X is an AR-space, then A(G) = 1 (see, e.g., [1,2,24]).

Now, it will be convenient to recall some results which are needed in the sequel.
Lemma 1 (Cf. [7, Theorem 0.3.4]). Let K C R be a compact interval. Assume that the sequence of absolutely continuous functions
x¢ : K — R" satisfies the following conditions:

(i) the set {x(t) | k € N} is bounded, for every t € K,
(ii) there exists a function « : K — R, integrable in the sense of Lebesque, such that

|x.(t)] < a(t), fora.a.t e K andforallk € N.
Then there exists a subsequence of {xi} (for the sake of simplicity denoted in the same way as the sequence) converging to an
absolutely continuous function x : K — R" in the following way:
(iii) {xx} converges uniformly to x,
(iv) {%} converges weakly in L' (K, R") to x.
Lemma 2 (Mazur’s Lemma, Cf. e.g.,,[40, p. 120]). Let E be a normed space and let the sequence {x;} C E be weakly convergent to
x € E. Then, foreach i € N, there exists N(i) € N such that a sequence {y;} of linear combinations of {x;},

N(i) N(@@)
Vi = Za,-ka, where a;, > 0, foreachi < k < N(i), and Z a, =1,
k=i k=i

is strongly convergent to x.

The following lemma is well-known for a Banach space E = E; = E, (see, e.g., [39, p. 88]). For the sake of completeness, we
shall prove its slight modification for E; not necessarily equal to Es.

Lemma 3. Let [a, b] C R be a compact interval, let E{, E, be Banach spaces and let F : [a, b] X E; — E; be a multivalued
mapping satisfying the following conditions:

(i) F(-, x) has a strongly measurable selection, for every x € Eq,
(ii) F(t,-)isus.c, fora.a.t € [a, b],
(iii) the set F(t, x) is compact and convex, for all (t, x) € [a, b] x E;.

Assume in addition that, for every nonempty, bounded set 2 C E;, there exists v = v(2) € L'([a, b], RT) such that
[F(t,x)| < v(b),

fora.a.t € [a, b] and every x € 2.
Let us define the Nemytskii operator Nr : C([a, b], E1) — L'([a, b], E,) in the following way

Ne(x) ={f € L]([a, bl, E;) | f(t) € E(t, x(t)), a.e.on[a, b]},

for every x € C([a, b, E1). Then, if sequences {x;} C C([a, b], E;) and {f;} C L'([a, b], E2), fi € Nr(x;), i € N, are such that
xi — xin C([a, b], E1) and f; — f weakly in L'([a, b], E>), then f € Nr(x).

Proof. According to Mazur’s Lemma, the weak convergence of {f;}{°; to f implies the existence of a sequence of nonnegative
numbers {a;,}{°; such that

o > .a;, =1, foralli €N,
o foreveryi € N, there exists a number ko (i) such that a;, = 0, for all k > ko (i),
o the sequence {f;};°,, where f; are defined by

f®) =" afi(®),
k=i

converges to f with respect to the norm of the space L!([a, b], E,).

Passing to a subsequence, if necessary, we can assume that {fl 20, converges to f almost everywhere on [a, b] (see, e.g.,
[15, p. 34]).

It follows from assumption (ii) that, for a.a. t € [a, b], and for a given ¢ > 0, there exists an integer iy = ig(¢, t) such
that

F(t, x;(t)) C N.(F(t, x(t))), foralli> ig.
Then
fi(t) € N.(E(t, x(t))), foralli> iy,
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and hence also

fi(t) € N.(F(t, x(t))), foralli> i.
Therefore,

f() € E(t,x(t)), foraa.t € [a,b],
iie.f e N;(x). O

3. General method

In this section, we consider the second-order boundary value problem of the following general form
X(t) € F(t,x(t), x(t)), foraa.te],xeS, (5)

where ] = [tp, t1] is a given compact interval, F : | x R" x R" — R" is an upper-Carathéodory mapping, i.e. the map
F(-,x,y) : ] — R"is measurable, for all (x,y) € R" x R", the map F(t,-, ) : R" x R" — R" is u.s.c., for almost all t € J,
and the set F(t, x, y) is compact and convex, for all (t, x, y) € ] x R" x R". Furthermore, we assume that S C AC'(J, R").
By a solution of problem (5), we mean a function x : | — R" belonging to AC'(J, R") and satisfying (5), for almost all
te].
For the main result of this section (see Theorem 1), the following proposition is crucial.

Proposition 4. Let | = [ty, t1], G : ] Xx R" x R" x R" x R" — R" be an upper-Carathéodory mapping and let S be a nonempty
subset of AC'(J, R"). Assume that
(i) there exists a subset Q of C'(J, R") such that, for any q € Q, the set T(q) of all solutions of the boundary value problem
X(t) € G(t, x(t), x(t), q(t), q(t)), foraate],xeS (6)

is nonempty,
(ii) there exist constants My > 0, M; > 0 such that |x(ty)| < Mg and |x(tp)| < M, for any x € T(Q),
(iii) there exists a nonnegative, integrable function « : | — R such that

G(t, x(t), X(t), q(t), 4(t))| == sup{ly| | y € G(t, x(t), X(t), q(t), §(t))} < (t), a.e.in] forany (q,x) € Is.
Then ¥(Q) is a relatively compact subset of C'(J, R"). Moreover, the multivalued operator ¥ : Q — S is u.s.c. with compact
values if and only if the following condition is satisfied:
(iv) for each sequence {qy, x,} C I% satisfying {(qx, G, Xx)} = (q, g, X), where q € Q, it holds that x € S.
Proof. We begin with showing the integral form of a solution of the inclusion
x(t) € G(t, x(0), X(1), q(t), q(1)). (7

Integrating (7) in the sense of Aumann (see, e.g., [8,28]), we get

t
x(t) — X(to) 6/ G(s, x(s), X(5), q(s), 4(s))ds, (8)

to

and consequently

X(6) — &(to) - (¢ — to) — x(to) € / f G(z. x(0), (7). q(r), §(x))dds. )

Moreover, integrating (9) by parts, we obtain

t

s t
x(t) — x(to) - (t — to) — x(tp) € [5/ G(t,X(r),k(f),q(r),c}(r))dr} —/ sG(s, x(8), X(s), q(s), q(s))ds (10)
to to to

and, therefore,

t
x(t) € x(to) + x(to) - (t—to)+/ (t —s) - G(s, x(5), X(), q(s), 4(s))ds (11)
to

is the integral form of a solution of the inclusion (7).
It follows from the well-known Arzela-Ascoli lemma that the set T(Q) is relatively compact in C!([a, b], R") if and only
if it is bounded and functions in ¥(Q) and their first derivatives are equi-continuous.
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At first, we show that the set £(Q) is bounded. Let x € T(Q) and t € [to, t1] be arbitrary. Then, according to (11) and (iii),
we have

t
[x(©)| < |x(to)| + [X(to)| - It — to +[ [t = s| - 1G(s, x(s), X(5), q(s), q(s))|ds
to

t
< M0+M1-|t1—t0|+|t1—t0|f a(s)ds. (12)
to
Furthermore, according to (8) and (iii),
t t
[X(6)] < |x(to)] +/ IG(s, x(5), X(5), q(5), 4(s))|ds < M +/ a(s)ds. (13)
to to

It immediately follows from estimates (12) and (13) that ¥(Q) is bounded.

Therefore, for the relative compactness of T(Q), itis sufficient to show that all elements of T(Q) and their first derivatives
are equi-continuous.

Let x € T(Q) and t,, t3 € J be arbitrary. Then, according to (11), we obtain

[X(t3) — x(2)| < |%(to)| - |t3 — 2]

t3 5}
+ (ts —5) - G(s, x(5), X(s), q(5), 4(5))ds — / (t2 —5) - G(s, x(5), X(s), q(s), q(s))ds
= |x(to)| - |t3 — £
+ (t3 — 8) - G(s, x(5), X(5), q(5), (s))ds — [ (2 —s) - G(s, x(5), X(5), q(S), q4(s))ds
+ (tz —5) - G(s, x(5), X(5), q(5), (s))ds — [ (t2 — ) - G(s, X(s), X(5), q(s), q(s))ds
to to

< |x(to)] - [t3 — 2]

t3 )
+ 176 = 1) 6. x(5). K(5). 4(5). 4(9))ds| + / (& — ) - G5, X(5), X(5). 4(5), 4())ds
to t3
< |x(to)| - [t3 — t2]
t3 5}
+ / 1ts — 6] - 1G(s, x(5). X(5). 4(5), 4(5))ds + / 6z — 1 - 1G(s. X(5), X(5), q(s). §(5))ds
to 3
t3 5]
5M1-|r3—t2|+/ |r3—rz|-a<s>ds+/ tz — | - (s)ds| . (14)
to 3
Moreover, according to (8), we have
t3 5}
5(t5) — ()] < f G(5. X(), %(5). q(s). d(5))ds — / G5, x(5), X(5), 4(5), 4(s))ds
to to
t )
- / 1G(s. x(5). &(5). q(5). (5))[ds| < f a(s)ds| . (15)
t3 t3

Taking into account estimates (14) and (15), x and x are equi-continuous, for each x € T(Q), because «(:) € L'(J, R). Thus,
T(Q) is relatively compact.

We now show that the graph of the operator ¥ is closed. Let {(qy, xx)} C Iz be such that {(qx, qx, xx)} — (q, g, X), where
g€ Q.Forallk e Nand a.a.t € [tp, t1], we have

t t
k(O] < lato)] + f 1605, %69, %()s Gi(5). (s 1ds < [Ke(to)] + / a(s)ds.
to to

From condition (iii), it follows that there exists a constant K, ¢, such that

3]
/. ot(S)ClS < K[[O,[ll'

to
Therefore, for all k € N and for a.a. t € [tg, t1],

8]
% ()] < [X(to)] +/ a(s)ds < M + Ky 61 (16)

to
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according to assumption (ii). By conditions (iii) and (16), the sequence {y; := x,} satisfies assumptions of Lemma 1.

Thus, applying Lemma 1 to the sequence {y, := X}, we get that there exists a subsequence of {X;}, for the sake of
simplicity denoted in the same way as the sequence, which converges uniformly to x on [ty, t;] and such that {X,} converges
weakly to X in L([to, t1], R™).

If we set z, = (X, &), then zy = (X, i) = (X, Xx) — (%, X) weakly in L' ([to, t;], R™). Let us now consider the system

Zk(t) € H(t7 Zk(t)7 Qk(t), Qk(f)), foraa.t e [tO’ t]], (17)

where 2 (t) = (X (t), y(t)) and H(t, z,(t), qi(t), §i(t)) = i (t), G(t, Xk (£), Xk (£), (), Gi(t)))-
Applying Lemma 3, for f; .= zy, f = (%, X), X; := (Zx, qx, qx), it follows that

(x(t), X(t)) € H(t, x(t), X(t), q(t), 4(1)),
foraa.t € [tg, t1], i.e.
X(t) € G(t, x(t), x(t), q(t), q(t)), foraa.t € [tg, t1].

Condition (iv) implies that x € S, and therefore I is closed. Moreover, it immediately follows from Proposition 1 that the
operator ¥ is u.s.c.

Since ¥ is a compact mapping, T(q) is, for each g € Q, a relatively compact set. Moreover, the operator ¥ has a closed
graph which implies that ¥(q) is, for each q € Q, closed, and therefore ¥ has compact values. O

Remark 2. Sometimes, the estimate for the solution can imply the one for its derivative, provided the right-hand side
(shortly, r.h.s.) of a given inclusion satisfies suitable growth restrictions. For instance, if the r.h.s. is entirely bounded by
a constant, then the boundedness of derivatives follows from the boundedness of solutions by means of the well-known
Landau inequality:

X(D)] < 2 []XO]%(0)]]? .

The same conclusion holds if, more generally, the r.h.s. satisfies the Bernstein-Nagumo type condition. For more details
about these conditions, see, e.g., [11] for periodic b.v.p., [ 18] for Sturm-Liouville b.v.p. or [34] for Dirichlet b.v.p.

As the main result of this section, we can now formulate the following theorem ensuring the existence of a solution of
the boundary value problem (5).

Theorem 1. Let us consider the boundary value problem (5), where ] = [to, t1] is a compact interval, F : ] x R" x R" — R"is
a multivalued upper-Carathéodory mapping and S is a subset of AC'(J, R").
Let G:] x R" x R" x R" x R" x [0, 1] — R" be an upper-Carathéodory map such that

G(t,c,d,c,d, 1) CF(t,c,d), forall(t,c,d) €] x R" x R", (18)

and assume that
(i) thereexists aretract Q of C'(J, R") such that Q\9Q is nonempty and a closed subset Sy of S such that the associated problem
X(t) € G(t, x(t), x(t), q(t), q(t),A), foraa.te],x €S (19)

is solvable with an Rs-set of solutions, for each (q, \) € Q x [0, 1],
(ii) there exists a nonnegative, integrable function o : ] — R such that

|G(t, x(t), x(t), q(t), q(t), M)| < a(t), ae. in],

for any (q, A, x) € I%, where T denotes the multivalued mapping which assigns to any (q, A) € Q x [0, 1] the set of
solutions of (19),

(iii) T(Q x {0} CQ,

(iv) there exist constants My > 0, My > 0 such that |x(ty)| < My and |x(to)| < My, forany x € T(Q x [0, 1]),

(v) the solution map < has no fixed points on the boundary 0Q of Q, forevery (q, X) € Q x [0, 1].

Then problem (5) has a solution.

Proof. At first, we show that all assumptions of Proposition 4 are satisfied. Conditions (i), (ii) and (iv) guarantee the
assumptions (i), (ii) and (iii) of Proposition 4.

Let {(qk, Ak, Xk)} C T, {(Qrs Aks X))} — (q, A, %), (q, X)) € Q x [0, 1] be arbitrary. Then, since x; € Sy, X, — x and Sy is
closed, it holds that x € S;. Therefore, assumption (iv) from Proposition 4 is satisfied as well. Thus, ¥ : Q x [0, 1] — C!(J, R")
is, according to Proposition 4, a compact u.s.c. mapping with compact values. Moreover, according to assumptions (i) and
(v), € has Rs-values and it does not have fixed points on the boundary of Q.

Since Q is a retract of the space C‘(L, R"), there exists an extension € : C'(J,R") x [0, 1] — C'(J, R") of mapping
T :Q x [0,1] — C'(J, R"). Precisely, € can be defined in such a way that it is a compact u.s.c. mapping with Rs-values
without any fixed points on dQ and such that ¥|o«(0.1; = T and T(C'(J, R"), {0}) C Q.
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Since % is a homotopy, we obtain, using the homotopy property of the index (cf. condition (iii) in Proposition 3), for
X=C'(J,R"), D=intQ and H(:, --) = (-, --), that
ind(2(-, 1), C'(J, R"), int Q) = ind(Z(-, 0), C'(J, R"), int Q).

Moreover, thanks to the contraction property of the index (cf. condition (v) in Proposition 3), for X = C'J, R, X' =
Q,D =intQ and G(-) = Z(-, 0), we have

ind(Z(-, 0), C'(J, R"), intQ) = ind(Z(-, 0), Q, int Q).

Using the localization property of the index (cf. condition (ii) in Proposition 3), for D = D’ = int Q, X = Q and
G(-) = Z(-, 0), we get

ind(%(-, 0), Q, int Q) = ind(Z(:, 0)int o, Q. int Q).
Applying the localization property once again, this time for D’ = int Q, D = X = Q and G(-) = (-, 0), we obtain
ind(Z(-, 0)linc @, Q, int Q) = ind(Z(-, 0), Q, Q).

Since Q is a retract of the Banach space C'(J, R"), i.e. an AR-space, and (-, 0) is a compact, u.s.c. mapping with Rs-values,
we arrive at

ind(Z(-, 1), C'(, R"), int Q) = ind(T(-, 0), Q, Q) = A(T(-, 0)) = 1.
Existence property of the index (cf. condition (i) in Proposition 3) implies that there exists a fixed point of (-, 1) inint Q,

i.e a fixed point of T(-, 1). By inclusion (18), it is a solution of problem (5) which completes the proof. O

Remark 3. The condition that Q is a retract of C'(J, R") in Theorem 1 can be replaced by an assumption that Q is an absolute
neighborhood retract and ind(%(-, 0), Q, Q) # 0. It is therefore possible to assume alternatively that Q is a retract of a
convex subset of C'(J, R") or of an open subset of C'(J, R") together with ind(Z(-, 0), Q, Q) # 0.

Remark 4. It can be readily checked that the assumption of Theorem 1 concerning Rs-values can be replaced by any of its
particular cases in (4). Moreover, for Dirichlet problems, explicit conditions were obtained in [ 14], and still improved in [35],
for the topological structure of solutions to (19) to be a compact AR-space.

The following corollary deals with the special case when S; C SN Q.
Corollary 1. Let us consider the boundary value problem (5), where] = [to, t1]is a given compact interval, F : | x R" X R" — R"

is a multivalued upper-Carathéodory mapping and S is a subset of AC'(J, R").
Let G: ] x R" x R" x R" x R" — R" be an upper-Carathéodory map such that

G(t,c,d,c,d) CF(t,c,d), forall(t,c,d) €] xR" xR", (20)
and assume that
(i) there exists a retract Q of C'(J, R") such that the associated problem
X(t) € G(t, x(t), x(t), q(t), q(t)), foraa.te],xeSNQ (21)
is solvable with an Rs-set of solutions, for each q € Q,
(ii) there exists a nonnegative, integrable function « : ] — R such that
IG(t, x(t), x(¢), q(t), q(1))| < e(t), aein],
forany (q, x) € I'x, where < denotes the multivalued map which assigns to any q € Q the set of solutions of (21),

(iii) T(Q) C S,
(iv) there exist constants Mg > 0, M; > 0 such that |x(ty)| < My and |x(tp)| < My, for any x € T(Q).

Then problem (5) has a solution.

Proof. Let ¥ : Q — S N Q be the solution operator defined as in Proposition 4. Conditions (i), (ii) and (iv) guarantee the
assumptions (i)-(iii) of Proposition 4. Since T(Q) C S, hypothesis (iv) of Proposition 4 is satisfied as well. Hence, ¥ is,
according to Proposition 4 and assumption (i), a compact u.s.c. mapping with Rs-values. Moreover, since ¥ : Q — Q, where
Q is an AR-space, the generalized Lefschetz number satisfies A(T) = 1 (cf. Remark 1). Applying the Lefschetz Theorem (cf.,
e.g., [2, p. 96]), we conclude that ¥ has a fixed point which is, by inclusion (20), a solution of problem (5). O

Remark 5. Let us note that in the single-valued case of ordinary differential equations, it is sufficient to assume in
Theorem 1(i) and Corollary 1(i) that the related linearized problems are uniquely solvable.
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4. Bound sets for Floquet problem

In this section, we are interested in constructing a Liapunov-like function V, usually called a bounding function,
guaranteeing suitable transversality conditions which assure that there does not exist a solution of the boundary value
problem lying in a closed set K and being tangential at some point of the boundary 0K of K.

Let us consider the Floquet boundary value problem

X(t) + A()x(t) + B(t)x(t) € F(t, x(t), x(t)), foraa.t € [to, t1], (22)
x(t1) = Mx(to), (23)
x(t1) = Nx(to),
where
(i) A, B : [to, t;] — R" x R" are Lebesque integrable matrix functions,

(ii) F : [to, t1] x R" x R™ — R" is an upper-Carathéodory multivalued mapping,
(iii) M and N are real n x n matrices with M non-singular.

Let K C R" be a nonempty open set and let V : R" — R be a continuous function satisfying

(H1) V|3 = 0, _
(H2) V(x) <0, forallx € K.

Definition 1. A nonempty open set K C R" is called a bound set for the b.v.p. (22) and (23) if every solution x of (22) and
(23) such that x(t) € K, for each t € [to, t1], does not satisfy x(t*) € 9K, for any t* € [to, t1].

Proposition 5. Let K C R" be anonempty openset, F : [to, t;] X R" Xx R" — R" be an upper-Carathéodory multivalued mapping
and let A and B be integrable matrix functions. Let M and N be real n x n matrices with M non-singular and such that MoK = 0K.
Assume that there exists a function V € C'(R", R) with VV locally Lipschitzian and satisfying conditions (H1) and (H2). Suppose,
moreover, that there exists ¢ > 0 such that, for allx € K N N.(3K), t € (tp, t1) and v € R", the following condition

limsup (VV(x+ hv), v +hhw) — (W) 24
h—0~

holds, for all w € F(t, x, v) — A(t)v — B(t)x, and that
(VV(My), Nw) - (VV (), w) >0, or (VV(My), Nw)= (VV(y),w) =0, (25)

forally € 9K and w € R". Then all possible solutions x : [ty, t;] — K of problem (22) and (23) are such that x(t) € K, for
everyt € [to, t1], i.e. K is a bound set for the Floquet problem (22) and (23).

Proof. Let x : [ty,t;] — K be a solution of problem (22) and (23). We assume, by a contradiction, that there exists
t* € [to, t;] such that x(t*) € dK. According to the boundary condition (23) and since MoK = 9K, we can take, without any
loss of generality, t* € (to, t1].

Since VV is locally Lipschitzian, there exist a bounded set U C R" with x(t*) € U and a constant L > 0 such that VV|y
is Lipschitzian with constant L. Let § > 0 be such that x(t) € U N N,(0K), foreacht € [t* — §, t*].

Let us define the function g : [ty, t;] — R by the following formula: g(t) := V(x(t)). According to the regularity
properties of xand V, g € C!([to, t;], R). Since g(t*) = 0and g(t) < 0, forall t € [, t;], t* is a local maximum point for g.
Therefore, g(t*) > 0and g(t*) = Owhen t* € (to, t;). Moreover, there exists a point t** € (t* — 3§, t*) such that g(t**) > 0.

According to boundary conditions, if t* = t1, then also x(ty) € 0K and

§(to) = (VV(x(to)), x(to)) < 0.
Moreover, since x(t;) = Mx(tp) and x(t;) = Nx(t), we have
g(t1) = (VV(x(t1)), X(t1)) = (VV(Mx(to)), Nx(to)) > 0.
Condition (25) then implies
(VV(x(to)), x(to)) = (VV(Mx(to)), Nx(to)) = 0.

This is equivalent to g(tp) = £(t1) = 0.
Since g(t) = (VV(x(t)), x(t)), where VV (x(t)) is locally Lipschitzian and x(t) is absolutely continuous on [t* —
8, t*], g(t) exists, fora.a. t € [t* — §, t*]. Consequently,

[*
0= —§() =it~ 8¢ = [ o (26)

t*
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Lett € (t™, t*) be such that g(t) and x(t) exist. Then,
. X(t+h) = k(@)
lim ——~ =
h—0 h

x(t)
and, therefore, there exists a function a(h), a(h) — 0as h — 0, such that, for each h,

x(t + h) = x(t) + h[X(t) + a(h)]. (27)
Moreover, since x € C'([to, t;], R"), there exists a function b(h), b(h) — 0ash — 0, such that, for each h,

x(t + h) = x(t) + h[x(t) + b(h)]. (28)

Consequently, we obtain

#(t) = lim gt+h) —g@) lim su &t +h) —g()
YT h T h
. (VV(x(t + h)), x(t + h)) — (VV(x(1)), (1))
= lim sup p
h—0—
i (VV(x(t) + h[x(t) + b(h)]), x(t) + h[X(t) + a()]) — (VV(x(1)), X(t))
= lim sup 5
h—0—
-1 (VV(x(t) + hx(t)), x(t) + h[X(t) + a(h)]) — (VV(x(t)), x(t))
> lim sup i
h—0—
—L-|b(h)| - [x(t) + hIX(t) + a(h)]]
) (VV(x(t) + hx(t)), x(t) + hx(£)) — (VV(x(1)), (1))
= lim sup

h—0— h
—L-|b(h)| - |x(t) + h[X(t) + a(W)]| + (VV (x(t) + hx(t)), a(h)) .
Since
(VV(x(t) + hx(t)), a(h)) — L - |b(h)| - |x(t) + h[X(t) +a(h)]] = 0 ash — 0,
(VV(x(t) + hx(t)), x(t) + hx(t)) — (VV(x(t)), x(t))

g(t) > limsup >0,
h—0— h

according to assumption (24), which leads to a contradiction with the inequality (26). O

Remark 6. If condition (24) is replaced by the following one

. (VV(x 4+ hv), v + hw) — (VV (%), v)
lim sup >0,
h—o0+ h

(29)

forallx € K NN, (3K), t € (to,t1), v € R*and w € F(t,x, v) — A(t)v — B(t)x, while all the other assumptions of
Proposition 5 remain valid, then the same conclusion holds.

In this case, in fact, we can take, without any loss of generality, t* € [to, t1). By a similar reasoning as in the proof of
Proposition 5, we are able to find a point t*** € (t*, t* 4+ §) such that g(t***) < 0.

Consequently,

PR
0= ") =k g0 = [ Eods (30)
t*
Lett € (t*, t**) be such that g(t) and X(t) exist. Using the same procedure as before, we can prove that
(VV(x(t) + hx(t)), x(t) + hx(t)) — (VV(x(t)), X(t))

g(t) = limsup >0,
h—0Tt h

which leads to a contradiction with the inequality (30).

Definition 2. A function V : R" — R from Proposition 5 satisfying conditions (H1), (H2), (25) and at least one of conditions
(24) and (29) is called a bounding function for the set K relative to (22) and (23).

In the case when V € C%2(R", R), g(t) = (HV (x(t))x(t), x(t)) + (VV(x(t)), X(t)), where H denotes the Hesse second-
order differential operator, and the following corollary immediately follows.
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Corollary 2. Let K C R" be a nonempty open set, F : [tg, t1] X R" x R" — R" be an upper-Carathéodory multivalued mapping
and let A and B be integrable matrix functions. Let M and N be real n x n matrices with M non-singular and such that MoK = 0K.
Assume that there exists a function V € C 2(R", R) satisfying conditions (H1) and (H2). Moreover, assume that there exists ¢ > 0
such that, for allx € K N N, (0K), t € (to, t1) and v € R", condition

(HV(x)v, v) + (VV(X), w) > 0
holds, for all w € F(t, x, v) — A(t)v — B(t)x, and that

(VV(My), Nw) - (VV (), w) >0, or (VV(My), Nw)= (VV(y),w) =0,
forally € 0K and w € R". Then K is a bound set for problem (22) and (23).

Let us now consider the case when, instead of one bounding function V : R" — R, there exists a one-parametric family
of functions V¢ : R" — R, & € 0K, satisfying

(H1') Ve(§) =0, forall & € 9K,
(H2') Ve(x) <0, forallx € K, where x is located in a neighborhood of &.

Insucha case, the proofs remain almost the same, when replacing V by Vy =, and Proposition 5 can be easily reformulated
as follows.

Corollary 3. Let K C R" be a nonempty open set, F : [ty, t;] X R" x R" — R" be an upper-Carathéodory multivalued
mapping and let A and B be integrable matrix functions. Let M and N be real n x n matrices with M non-singular and such
that MOK = K. Assume that, for each § € 9K, there exists a function Vs € C'(R", R) with VV; locally Lipschitzian and
satisfying conditions (H1") and (H2'). Moreover, let

(VViy(My), Nw) - (VV,(y), w) > 0, or (VVjy,(My), Nw) = (VV,(y), w) =0, (31)

forally € 9K and w € R". Furthermore, assume that, for all V¢, & € 9K, x € K with x in a neighborhood of &, t € (to, t;) and
v € R", condition

. (VVe(x + hv), v + hw) — (VVe (%), v)
lim sup >0
h—0— h
holds, for all w € F(t, x, v) — A(t)v — B(t)x. Then K is a bound set for problem (22) and (23).

(32)

Remark 7. Let us note that it is obviously possible to replace condition (32) of the previous corollary by the following one

. (VVe(x + hv), v + hw) — (VVe(x), v)
lim sup >0

,
h—0t h

(33)
where x, £, v and w are the same as in Corollary 3.

Definition 3. A function V¢ : R" — R from Corollary 3 satisfying conditions (H1’), (H2'), (31) and at least one of conditions
(32) and (33) is called a bounding functionfor the set K at & relative to (22) and (23).

We now supply illustrating examples and demonstrate how conditions ensuring the existence of a bound set change in
particular cases.

Example 1. GivenR > 0, put
K={xeR"||x| <R}.

Let the function V : R" — R be defined, for all x € K, as follows:

1
wm:imﬁ—ﬁy (34)
Then V satisfies conditions (H1) and (H2), because
ViE)=0
and
Vx) =0,

for all £ € 8K and all x € K. Moreover, for each x € R",

VV(x) =x
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and
HV(x) =1,

where [ denotes the unit matrix. -
Therefore, condition (24) can be reformulated in the following way: there exists ¢ > 0 such that, forallx € K N
N, (0K), t € (to, t;) and v € R", the inequality

(v,v) + (x,w) >0
holds, for all w € F(t, x, v) — A(t)v — B(t)x.

Example 2. Let K C R" be convex. Geometrically, it means that, for each £ € 0K, there exist an outer normal ng, not
necessarily unique, and a neighborhood U of & such that

(ng, (x—§)) =0,

foreachx € Ug NK.
Let, for each & € dK, V¢ : R" — R be the C2-function defined, for each x € K, by

Ve(x) = (ng, (x — §)).

It follows immediately that V; satisfies, for each & € 9K, conditions (H1’) and (H2').
Moreover, for each £ € 0K,

VVE (X) = ng
and
HV; (x) = 0.

Therefore, condition (32) takes the following form: for all V¢, § € 9K, x € K with x in a neighborhood of £, t € (to, t;) and
v € R", the inequality

(ng, w) >0
holds, for all w € F(t, x, v) — A(t)v — B(t)x.

Remark 8. Let us note that condition (25) depends both on the boundary conditions (23) and on the gradient VV of the
bounding function V. In particular, (25) is trivially satisfied if M = N = I, where I denotes the n x n unit matrix. This case
corresponds to the investigation of periodic solutions of the inclusion (22).

In the case if My = my and Nw = nw, for ally, w € R", where m, n € R, and if V is defined by formula (34), it is easy
to see that condition (25) is satisfied if and only if mn > 0.

5. Floquet boundary value problem

In this section, we investigate the boundary value problem (22) and (23) when combining the bound sets approach,
developed in the previous section, with the continuation principle from Section 3.

For the main result concerning the existence of a solution of the second-order Floquet problem, we need to ensure that
asetQ C C'([to, t1], R™) is a retract of the space C!([to, t;], R") and also that no solution of the given b.v.p. is located on
0Q. Firstly, we show that if Q is defined as follows

Q :={qgeC'(lt, 1], R") | q(t) € K, forallt € [to, t;]} (35)

and if all assumptions of Proposition 5 are satisfied, then no solution of the boundary value problem (22) and (23) belongs
to 0Q.

Proposition 6. Let K C R" be a nonempty open bounded set, F : [tg, t1] X R" x R" — R" be an upper-Carathéodory multivalued
mapping and let A and B be integrable matrix functions. Let M and N be real n x n matrices with M non-singular and such that
MOK = K. Furthermore, let Q C C!([to, t1], R") be defined by formula (35). Assume that there exists a function V € C'(R", R)
with VV locally Lipschitzian and satisfying conditions (H1) and (H2). Suppose, moreover, that there exists ¢ > 0 such that, for
everyx € K NN, (3K), t € (ty, t1) and v € R", condition (24) holds, for all w € F(t, x, v) — A(t)v — B(t)x, and that condition
(25) holds, for ally € 0K and w € R". Then problem (22) and (23) has no solution on 9Q.
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Proof. Let x be a solution of problem (22) and (23). At first, we will show that
x € 0Q = 3ty € [ty, t;] such that x(t,) € oK.

For this purpose, assume that x(t) € K, for each t € [ty, t1], and define the function d : [to, t;] — [0, o0) in the following
way

d(t) = dist(x(t), 9K).

Let t* € [to, t1] be arbitrary and let {t;};2, C [to, t1] be a sequence converging to t* such that d(t;) converges to a real
number [.
Since K is bounded, 0K is compact. Therefore, for each k € N, there exists y, € 0K such that

d(ty) = [x(te) — yil,

and the sequence {y};2; has a subsequence, for the sake of simplicity denoted in the same way as the sequence, which
converges to a point yo € dK. Since yy — yo, ty — t* and d(ty) — I,

= x(t") — yo| = d(t"),

according to the definition of function d.

This means that d is a lower semi-continuous function on [tg, t;] in a single-valued sense, i.e., for each t* € [tg, t1] and
each ¢ > 0, there exists a neighborhood U of t* such that d(t) > d(t*) — ¢, for all t € U. Therefore, d has on [tg, t;] its
minimum dy. Since x(t) € K, foreach t € [ty, t;], do must be positive. Hence, for each t € [ty, t1], B(x(t), do) := {y € R" |
ly — x(t)| < do} C K, and therefore, for ally € C!([to, t;], R") satisfying |y(t) — x(t)| < do, forallt € [ty, t;], it holds that
y € Q. Thus,x € IntQ.

Let us now consider a function x : [to, t;] — K in 8Q. As a consequence of the first part of the proof, there must exist a
point t, € [to, t1] such that x(t;) € 0K. But then x cannot be a solution of problem (22) and (23), according to Proposition 5.

O

As mentioned before, we are also interested in conditions imposed on the set K ensuring that the set Q C C'([to, t;], R")
is a retract of the Banach space C'([to, t;], R™).

Lemma 4. Let K C R" be a nonempty open set whose closure K is a retract of R". Then the set Q defined by formula (35) is a
retract of the space C1([to, t;], R").

Proof. Since K is a retract of R", there exists a continuous function @ : R" — K satisfying & (x) = x, for eachx € K. Let
us define a function @ : C'([to, 11, R™) — Q in the following way: for each x € C'([tg, t;], R"), put @(x) = X, where
X : [to, t1] — K satisfies

x(t) = (x(1)),

foreveryt € [to, t1]. _ .

From the definition of Q and the properties of @ it immediately follows that & is well defined and that ®(q) = g, for
eachq € Q. Let {x}p2, C C'([to, t1], R™) converges to x € C!([to, t;], R"). Since @ is continuous, {@ (xi)};2, converges to
@ (x) in C1([to, t1], R"). Therefore, @ is continuous and Q is a retract of C'([to, t11, R"). O

Remark 9. The set Q defined by formula (35) is an example of an AR-space, because it is a retract of the Banach space
C'([to, t41, R™).

Now, let us specify problem (5) as the Floquet b.v.p. (22) and (23). Under appropriate assumptions imposed on F, A, B, M
and N, we will prove its solvability by means of a continuation principle developed in the form of Theorem 1. Defining the
set Q of candidate solutions by formula (35), we are able to verify, for each (g, 1) € [0, 1) x Q, the transversality condition
(v) of Theorem 1.

Theorem 2. Let us consider the boundary value problem (22) and (23), where F : [ty, t;] x R" x R" — R" is an upper-
Carathéodory mapping, A, B are integrable matrix functions which satisfy |A(t)| < a(t) and |B(t)| < b(t), forallt € [to, t;] and
suitable integrable functions a, b : [to, t;] — [0, 00). Let M and N be real n x n matrices with M non-singular and such that
MoK = oK.

Furthermore, assume that

(i) there exists a nonempty open bounded set K C R" whose closure K is a retract of R",
(ii) there exists an upper-Carathéodory mapping G : [to, t1] X R" x R" x R" x R" x [0, 1] — R" such that

G(t,c,d,c,d, 1) CF(t,c,d), forall(t,c,d) € [to, t1] x R" x R",

(iii) G(t, -, -, 1, 12, A) is Lipschitzian with a sufficiently small Lipschitz constant, for each t € [to, t1], r1 € K, 1, € R" and
A €[0,1],
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(iv) there exists a nonnegative, integrable function « : [to, t;] — R such that
IG(t, x(£), x(t), q(t), q(t), V)| < a(t), ae.in|to, t1],
foreach (q, 1, x) € I'z, where Q is defined by formula (35) and < denotes the multivalued mapping which assigns to any
(q, 2) € Q x [0, 1] the set of solutions of
X(t) + A(OxX(t) + B(t)x(t) € G(t, x(t), x(t), q(t), q(t), ), foraa.t € [to, t1], (36)
x(t1) = Mx(to),
x(t1) = Nx(to),
(v) the associated homogenous problem
X(t) + A()X(t) + B(t)x(t) =0, fora.a.t € [to, t1],
x(t1) = Mx(to),
x(t1) = Nx(to)
has only the trivial solution,
(vi) T(Q x {0}) CQ,
(vii) there exists a function V. € C!(R",R) with VV locally Lipschitzian satisfying conditions (H1) and (H2) such that

(VV(My), Nw) - (VV(y), w) > 0, or (VV(My), Nw) = (VV(y), w) =0, forally € K and w € R",
(viii) there exists ¢ > 0 such that, forall A € [0, 1),x € K NN, (0K), t € (to, t;) andy € R", the following condition

vV hy), hw) —(VV(x),
limsup( (x+hy),y + hw) — (VV(x), y) -0 (37)
h—0~ h
holds, for all w € G(t, x,y, x,y, A) — A(t)y — B(t)x.

Then problem (22) and (23) has a solution in Q.

Proof. We will check that all the assumptions of Theorem 1 are satisfied. Since A and B are integrable matrix functions and
G is an upper-Carathéodory mapping, G(t, x, X, q, g, A) — A(t)x — B(t)x is also an upper-Carathéodory multivalued mapping,
foreach (g, A) € Q x [0, 1].
Problem (36) is equivalent to the following first-order problem:
E(t) + C(DE(D) € H(t, £(0), q(1), 4(0), 1), foraa.t € [to, 1], (38)
§(t1) = D&(to),

where

Enx1 =X Y) = X%,
0 —1
C(t)2n><2n = (B(f) A(t)) s

M 0
Dapson = (0 N)

H(t,€,4,4,4) = (0,G(t,x,y,4,4,A)".
According to assumption (v), the associated homogenous problem to (38)

E(t)+C(t)E(t) =0, foraa.t e [to, 1],
§(t1) = D& (to),

has only the trivial solution. Moreover, the multivalued mapping H : [to, t;] x R** x [0, 1] — R?" has the same properties
as mapping G, i.e. it is an upper-Carathéodory mapping and there exists a sufficiently small constant L > 0 such that, for
eachr; € K, r, e R"and A € [0, 1],

dy(H(t, &1, 11,12, 1), H(t, &3, 11,12, 1)) < L- & — &,

fora.a.t € [to, t;]and every &, & € R?". Itis easy to see that |C(t)| < a(t) +b(t), forall t € [to, t;]. Therefore, we are able
to apply, for each (g, A) € Q x [0, 1], Theorem 4 in [9] (for «(t) = t, LE = £(t;) — DE(tp), 0 = 0) to problem (38) (see also
Theorem 3.3.8 in [2]) and obtain its solvability with a compact AR-space of solutions. Since a Cartesian product of two sets
is an AR-space if and only if both sets are AR-spaces (see, e.g., [13, p. 92]), it follows that the set of solutions of problem (36)
must be also a compact AR-space and, in particular, an Rs-set (cf. (4)), as required.

and
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Let us denote by X the set of all solutions of the b.v.p. (38), for any choice of ¢ € Q and A € [0, 1], and let & € X be
arbitrary. Since £ is a solution of problem (38), there exists h € L' ([ty, t;], R*") such that

h(t) € H(t, £(t), q(t), q(t), 1), fora.a.t € [to, t1], (39)
and that
E(t) + C(HE(t) = h(t), foraa.t € [ty, t1], (40)

&(t1) = D& (to).

Let us define
t
Y = {fl(t) = / h(s)ds | h(-) satisfies (39) and (40), for some & € X} .
fo

We now show that, according to condition (iv) in Theorem 2 (and the definition of H), the set Y < C([to, t;], R*") is
bounded and equi-continuous. In fact, for each h € Y, it holds that

t
/ h(s)ds
to

i.e. Y is bounded. R . “
Now, let us take t, t € [tp, t1]. With no loss of generality, we can assume that t < t. For each h € Y, we obtain

3 t 3 3
f h(s)ds—/ h(s)ds f h(s)ds 5/ a(s)ds.
to to t t

This implies that the set Y is also equi-continuous. Consequently, according to Arzela-Ascoli lemma, Y is a relatively compact
subset of the Banach space C([to, t;], R?").

It is easy to see that problem (38) satisfies all the assumptions required in Lemma 2 in [9]. In particular, for a(t) = ¢,
L& = &(t;) — D&(to) and 6 = 0. According to Lemma 2 in the quoted paper, we obtain that X = X (Y), where X denotes a
continuous operator from C([to, t;], R®") into itself. Therefore, X C K (Y). Since Y is compact, X (Y) is also compact. Thus,
in particular, it is bounded, and consequently X is bounded in C([tg, t;], R*"). Hence, there exists R > 0 such that the set of
all solutions of problem (36) is located in

R t f
|[h(t)| = 5/ a(s)ds 5[ a(s)ds, forallt € [to, t1],

to to

() — ()| =

B(0,R) = [x € C([to, 1], R") | max |x(t)] <R, max |x(t)| < R},
telto,t1] tefto,t1]

for each (g, A) € Q x [0, 1].
Putting
S1 = B(0,R) N {x € AC'([to, 1], R") | x(t1) = Mx(to), X(t1) = NX(to) } ,

it is obvious that assumption (iv) of Theorem 1 is satisfied.
Moreover, according to condition (i) and Lemma 4, Q is a retract of C!([tg, t;], R"). Since Q \ dQ is nonempty, condition
(i) from Theorem 1 holds.
We will now show that condition (v) of Theorem 1 is also satisfied. Let us assume that x € Q is a fixed point of the
mapping (-, 1), for some A € [0, 1]. This implies that x is a solution of the problem
X(t) + A(t)x(t) + B(t)x(t) € G(t, x(t), x(t), x(t), x(t), 1), fora.a.t € [to, t1], (41)
x(t1) = Mx(to),
x(t1) = Nx(to).
Hypotheses (i), (vii) and (viii) guarantee that K is a bound set for problem (41), forall A € [0, 1). Ifx € 9Q is a fixed point of

%(-, 1) (i.e., for A = 1), problem (22) and (23) has, according to assumption (ii), a solution in Q, and we are done. Otherwise,
according to Proposition 6, x ¢ dQ, i.e. condition (v) in Theorem 1 holds as well which completes the proof. O

Remark 10. In some particular cases, e.g. if T(q,0) = {0} € Int Q, for all ¢ € Q, it is convenient to verify directly that
{g€eQ|qe3(q 0} NaQ =@, and then require the hypothesis (viii) only for all A € (0, 1).

Remark 11. Because of the applied method, we have obtained, in fact, the viability result (cf. [7]) for the Floquet problem
X(t) + A()x(t) + B(t)x(t) € F(t, x(t), x(t)), foraa.t € [to, t1],
x(t1) = Mx(to),
x(t1) = Nx(to),
x(t) e K, forallt € [to, t1].
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Let us conclude by the following illustrating example.

Example 3. Let us consider the second-order anti-periodic b.v.p.
X(t) € F1(t, x(t), x(t)) + Fa(t, x(t), x(t)), foraa.t € [to, t1], (42)
x(t1) = —x(to), (43)
x(t1) = —x(to),

where Fy, F, : [to, t1] x R?" — R" are upper-Carathéodory mappings such that
[Fi(t, %, y)| < a1 (t)

and

[F2(E, %, Y)| < (),

for each (t, x, y) € [to, t1] x R?", where a1, az € L'([to, t1], R).
Moreover, assume that F;(t, -, -) is Lipschitzian with a sufficiently small Lipschitz constant L, for all t € [tg, t1].
Let R > 0 and ¢ > 0 be such constants that the inequality

(x,w)+(,y) >0 (44)
holds, for all t € (tg,t1),A € (0,1),y € R",x € R" with |[xl = R — &, where £ € [0, €] is arbitrary, and all
w € A[Fi(t,x,y) + Fa(t, x, )] .

Let us define the set K in the following way:

K:={xeR"||x| <R}
and the set Q by formula (35). In order to apply Theorem 2 for the solvability of problem (42) and (43), let us consider the
associated problem

X(t) € A(Fy(t, x(0), x(t)) + Fa(t, q(t), (1)), foraa.t € [to, t1], (45)

x(t1) = —x(to), (46)

x(t1) = —x(to),
where A € [0, 1]and g € Q.

We show that the assumptions of Theorem 2 are satisfied by means of the C?-function V(x) = %(|x|2 — R?). Since

V(x) = 0, forallx € 0K, and V(x) < 0, for all x € K,V satisfies conditions (H1) and (H2). Moreover, since, for each
x € 0K, VV(x) = xand HV (x) = I, condition (44) ensures the assumption (viii) of Theorem 2, for all > € (0, 1).
Because K is convex, it is an AR-space, and so a retract of R", which guarantee the validity of assumption (i) of Theorem 2.
Since G(t, x, X, q, 4, A) = A(F1(t, x, X) + F»(t, q, q)), it holds that

G(t,c,d,c,d, 1) =Fi(t,c,d) + E(t, c, d),

and so condition (ii) is satisfied as well.
As concerns condition (vii), take y € R"” with |[y| = R, i.e.y € 0K, and w € R". Then

(VV(My), Nw) - (VV(y), w) = (VV(=y), —w) - (VV (), w) = (=y, —w) - {y, w)
= (y, w)?,

which obviously leads to satisfying the required conditions.
Furthermore, the associated homogenous problem

x(t) =0,

x(t1) = —x(to),

x(t1) = —x(to)
has only the trivial solution x(t) = ¥(q, 0) = 0, for each q € Q, and therefore (Q x {0}) = 0 € Int Q, i.e. condition (v),
(vi) and (viii), for A = 0 (cf. Remark 10), are satisfied.

The assumption MoK = 9K is also satisfied, because the positive invariance of 0K with respect to M = —I is equivalent
to the symmetry of K with respect to the origin. Hence, the b.v.p. (42) and (43) admits, according to Theorem 2, a solution.
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1. Introduction

Let us consider the boundary value problem (b.v.p.)

X(t) + ADX(t) + B(Ox(t) € F(t, x(t),x(t)), foraa.te[0,T],

x(T) = Mx(0), x(T)= Nx(0), (1

where

(i) A,B:[0,T] — R™™ are continuous matrix functions,

(ii) M and N are n x n matrices, M is nonsingular,
(iii) F:[0,T] x R" x R"™ —o R" is an upper semicontinuous multivalued mapping with nonempty, compact, convex values,
(iv) there exists an integrable function c: [0, T] — [0, oo) such that

|F(t, %, y)| <c®(1+ IxI +1y))
holds, for a.a. t € [0, T] and all (x, y) € R?".

Mapping F satisfying conditions (iii) and (iv) is said to be a Marchaud map.
By a solution of problem (1), we mean a vector function x: [0, T] — R" with an absolutely continuous first derivative
(ie. x € ACY([0, T],R™)) which satisfies (1), for almost all t € [0, T].
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The main purpose of this paper is to develop a bound sets technique which consists in constructing so-called bounding
(Liapunov-like) functions which make boundaries of prescribed sets of candidate solutions fixed point free. This will be done
for even more general systems than (1) in Section 3. The related transversality condition is namely a typical requirement in
application of topological (relative) degree arguments (cf. [1]).

On the other hand, a nonstrict localization of bounding functions, which is usual for Carathéodory systems (see [3]),
makes parameter sets of candidate solutions “only” positively invariant. To eliminate this unpleasant handicap requires a
completely different approach whose first-order analogy was already employed by ourselves in [4].

Let us note that, unlike the majority of comparable results obtained by other authors (see e.g. [8,10,12,15,17,18,20]), the
main theorem (Theorem 4.1) gives explicitly the additional information concerning the localization of solutions of (1).

In the (single-valued) case of vector differential equations, the classical results in this field were already obtained by
means of C2-bounding functions in the 70s (see [7,13]). The usage of less regular functions is much more delicate (cf. [19]).
Moreover, multivalued generating vector-fields are naturally associated with the notion of a Carathéodory solution. Never-
theless, Theorem 3.1 cannot be simply reduced to the main results in [7,13,19] because of application of different topological
methods.

2. Some preliminaries

Let us recall at first some geometric notions of subsets of metric spaces, in particular, of retracts. If (X, d) is an arbitrary
metric space and A C X, by Int(A), A and 3A we mean the interior, the closure and the boundary of A, respectively. For a
subset A C X and € > 0, we define the set N.(A) :={xe€ X |3Jac A: d(x,a) < &}, i.e. No(A) is an open neighborhood of the
set A in X. A subset A C X is called a retract of X if there exists a retraction r: X — A, i.e. a continuous function satisfying
r(x) =x, for every x € A.

We say that a space X is an absolute retract (AR-space) if, for each space Y and every closed A C Y, each continuous
mapping f: A — X is extendable over Y. If f is extendable only over some neighborhood of A, for each closed A C Y and
each continuous mapping f : A — X, then X is called an absolute neighborhood retract (ANR-space).

Let us note that X is an ANR-space if and only if it is a retract of an open subset of a normed space and that X is an
AR-space if and only if it is a retract of some normed space. In particular, if X is a retract (of an open subset) of a convex
set in a Banach space, then it is an AR-space (ANR-space). So, the space C!(J, R"), where | C R is a compact interval, is an
AR-space as well as its convex subsets or retracts, while its open subsets are ANR-spaces.

A nonempty set A C X is called an Rs-set if there exists a decreasing sequence {A;};2; of compact AR-spaces such that

o0
A= ﬂ An.
n=1

The following hierarchy holds for nonempty subsets of a metric space:

compact + convex C compact AR-space C Rs-set, (2)

and all the above inclusions are proper. For more details concerning the theory of retracts, see [9].

We also employ the following definitions from the multivalued analysis in the sequel. Let X and Y be arbitrary metric
spaces. We say that ¢ is a multivalued mapping from X to Y (written ¢ : X — Y) if, for every x € X, a nonempty subset
@(x) of Y is prescribed.

A multivalued mapping ¢ : X — Y is called upper semicontinuous (shortly, u.s.c.) if, for each open U C Y, the set {x € X |
@(x) C U} is open in X.

Let Y be a metric space and (£2,U,v) be a measurable space, i.e. a nonempty set §2 equipped with a suitable o-
algebra U of its subsets and a countably additive measure v on . A multivalued mapping ¢ : £2 — Y is called measurable
if {w e 2| p(w) C V}el, for each open set V C Y. Obviously, every u.s.c. mapping is measurable.

We say that mapping ¢ : ] x R™ —o R", where | C R is a compact interval, is an upper-Carathéodory mapping if the map
@(-,X) : ] — R" is measurable, for all x € R™, the map ¢(t,-) : R™ — R" is u.s.c.,, for almost all (a.a.) t € J, and the set
@(t, x) is compact and convex, for all (t,x) € J x R™.

A multivalued mapping ¢ : X — X with bounded values is called Lipschitzian if there exists a constant k > 0 such that

di (e ), @(y)) <kd(x, y),
for every x, y € X, where

dy(A, B) := inf{r >0 | ACNy(B) and B C Nr(A)}
stands for the Hausdorff distance.

IfXNY#@and ¢: X —Y, then a point xe X NY is called a fixed point of ¢ if x € ¢(x). The set of all fixed points of ¢

is denoted by Fix(¢), i.e.

Fix(p) == {xe X | x€ p(0)}.
For more information and details concerning multivalued analysis, see, e.g., [1,5,14,16].
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3. Bound sets for Floquet problems

In this section, we are interested in introducing a Liapunov-like function V, usually called a bounding function, verifying
suitable transversality conditions which assure that there does not exist a solution of the b.v.p. lying in a closed set K and
touching the boundary 0K of K at some point.

We proceed in two steps. At first, we take into account only the interior points of the interval [0, T] (see Proposition 3.1
below). Then we also consider the end points 0 and T (see Theorem 3.1 below).

Let K C R" be a nonempty open set and V : R" — R be a continuous function such that

(H1) V]sk =0, _
(H2) V(x) <0, for all xe K.

Definition 3.1. A nonempty open set K C R" is called a bound set for problem (1) if there does not exist a solution x of (1)
such that x(t) € K, for each t € [0, T], and x(tp) € 9K, for some tg € [0, T].

Firstly, we show sufficient conditions for the existence of a bound set for the second-order Floquet problem (1) in the
case of a smooth bounding function V with a locally Lipschitzian gradient.

Proposition 3.1. Let K C R" be a nonempty open set, F : [0, T] x R" x R" —o R" be an upper semicontinuous multivalued map-
ping with nonempty, compact, convex values and A and B be continuous matrix functions. Assume that there exists a function
V e C1(R", R) with a locally Lipschitzian gradient VV which satisfies conditions (H1) and (H2). Suppose moreover that, for all x € 3K,
t € (0,T) and v € R" with

(VV(x),v)=0, (3)
the following condition holds
vV h h
1i,§niglf< e ,:)’H LAY (4)

forall w e F(t,x,v) — A(t)v — B(t)x. Then all solutions x : [0, T] — K of problem (1) satisfy x(t) € K, for every t € (0, T).

Proof. Let x: [0, T] — K be a solution of problem (1). We assume by a contradiction that there exists tg € (0, T) such that
x(tg) € 0K.

Let us define the function g:[—tg, T — tg] = (—o0, 0] in the following way g(h) := V (x(tp + h)). Then g(0) =0 and
g(h) <0, for all h € [—tg, T — to], i.e., there is a local maximum for g at the point 0, and so g(0) = (VV (x(to)), X(to)) = 0.
Consequently, v := x(tg) satisfies condition (3).

Since VV is locally Lipschitzian, there exist a set U C R" with x(tp) € U and a constant L > 0 such that VV|y is
Lipschitzian with constant L.

Let {h};2, be an arbitrary decreasing sequence of positive numbers such that hy — 0% as k — oo, x(tg + h) e U, for all
h e (0, hy).

Since g(0) =0 and g(h) <O, for all h € (0, hy], there exists, for each k e N, h € (0, hy) such that g(hy) <0.

Since x € C1([0, T],R™), for each k € N,

X(to + hif) = x(to) + hi[x(to) + b ], (5)
where b;; — 0 as k — oo.
If we define, for each t € [0, T],
P(t,x(t), X(t)) := —A(DX(t) — B(OX(E) + F(t, x(t), X(1)), (6)

then (1) can be written in the form

X(t) € P(t, x(t),x(t)), foraa.tel[0,T].

Since x([0, T]) and x([0, T]) are compact sets and P is globally upper semicontinuous with compact values, P(t, x(t), X(t))
must be bounded on [0, T], by which X is Lipschitzian on [0, T]. Thus, there exists a constant A such that, for all k € N,

X(to + hg) — x(to)

h;: ~ £
x(to+hy)—x(to)
hy
K(to+h)—X(to)
hi

i.e. the sequence { Je2, is bounded. Therefore, there exist a subsequence, for the sake of simplicity denoted as

the sequence, of { } and w € R" such that



J. Andres et al. / ]. Math. Anal. Appl. 351 (2009) 360-372 363

X(t() + h]{;z - X(t()) Sw (7)
k

as k — oo.
Let & > 0 be given. Then, as a consequence of the regularity assumptions on F, A and B and of the continuity of both x
and x, there exists § = (&) > 0 such that, for each t € (0, T), |t — to| < 8, it follows that

P(t. x(t), X(t)) C P(to, x(to), X(to)) + €Bp,

where B,, denotes the unit open ball in R" centered at the origin. Subsequently, according to the Mean-Value Theorem (see
[5, Theorem 0.5.3]), there exists k. € N such that, for each k > kg,
h* [0+h;:
X(to + hy) — X(t 1 . . -
Orl;—*O) = [ %)ds € P(to. x(t0). X(t0) + £Bn.
k k
to

Since P has compact values and € > 0 is arbitrary,

w € P(to, x(to), X(to)).

As a consequence of property (7), there exists a sequence {a;};2;, a5 — 0 as k — oo, such that

X(to + hj) = x(to) + hi[w +af]. (8)
for each k € N.
Let k > ke be arbitrary. Since h;; > 0 and g(hy) <0, in view of (5) and (8),

0> ghy)  (VV(x(to +hp)). x(to + hy)) — (VV (x(to) + hp[x(to) + bp]), x(to) + hylw +ag]) (9)
hi hi hi
Since b;; — 0 when k — +oo0, it is possible to find ko € N such that, for all k > ko, it holds that x(to) +>'<(to)h;‘; e U. By
means of the local Lipschitzianity of VV, for all k > max{kg, ko},
&hy) < (VV (x(to) + hyx(to)), X(to) + hi[w +a;l)
he = h¥
k k
(VV (x(to) + hyx(to)), X(to) + hyw) . .
= T 7 — LB 36t + hi[w + ]|+ (VV (xtto) + hikceo)). ).
k
Since (VV (x(to) + hix(to)), ag) — L - |bi| - 1x(to) + hi[w +a;]| — 0 as k — oo,

. {VV(x(tg) + hx(t)), x(to) + hw)
i ;

. — L+ |bg - [*(to) + hg[w + af]|

<0. (10)

If we consider, instead of the sequence {hy}72,, an increasing sequence {Ek},f; of negative numbers such that hy — 0~
as k — oo, x(tg + hy) € U, for all k € N, and hy € [—$, 0), we are able to find, for each k € N, ﬁ,’g € (g, 0) such that g(ﬁ,’;) >0.

Therefore, using the same procedure as in the first part of the proof, we obtain, for k € N sufficiently large, that
0> B (VV (ko) +hik(to)), (ko) + hpw)
k k

—L-|b|- |%(to) + hi[w +aj]| +(VV (x(to) + hjx(to)), aF),

where a; — 0, Bl’j — 0 as k — oo and W € P(tg, x(to), x(tp)).
This means that (VV (x(to) + hiX(to)). @) — L - bf| - [X(to) + hi[W +a;]| — 0 as k — oo which implies
(VV (x(to) + hX(to)), X(to) + hw)

liminf <0. (11)
h—0— h

Inequalities (10) and (11) are in a contradiction with condition (4), because x(tg) € 9K, X(to) satisfies condition (3) and
w, W € P(tg, x(tg), X(tp)). O

Theorem 3.1. Let K C R" be a nonempty open set, F : [0, T] x R" x R" — R" be an upper semicontinuous mapping with nonempty,
compact, convex values and A and B be continuous matrix functions. Assume that there exists a function V € C1(R", R) with a locally
Lipschitzian gradient VV which satisfies conditions (H1) and (H2). Furthermore, assume that M and N are n x n matrices with M
regular and satisfying

M@K) = oK. (12)
Moreover, let, for all x € 3K, t € (0, T) and v € R" satisfying (3), condition (4) holds, for all w € F(t, x, v) — A(t)v — B(t)x.
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At last, suppose that, for all x € 9K and v € R" with
(VV(x),v) <0< (VV(Mx),Nv), (13)
at least one of the following conditions

.. AVV(x+hv),v+hwy)
liminf
h—0t+ h

>0 (14)

or

.. AVV(Mx+hNv),Nv +hwy)
l;'mlnf p
—0-

holds, for all wi € F(0,x,v) — A(0)v — B(0)x, or, for all wy € F(T, Mx, Nv) — A(T)Nv — B(T)Mx. Then K is a bound set for
problem (1).

>0 (15)

Proof. Applying Proposition 3.1, we only need to show that if x: [0, T] — K is a solution of problem (1), then x(0) € K and
x(T) € K. As in the proof of Proposition 3.1, we argue by a contradiction. Since x(0) € dK if and only if x(T) € 9K (according
to condition (12) and the regularity of M), we can take, without any loss of generality, a solution of (1) satisfying x(0) € K.
Following the same reasoning as in the proof of Proposition 3.1, for top =0, we obtain

(VV(x(0)), x(0)) <0,
because V (x(0)) =0 and V (x(t)) <0, for all t € [0, T].
Moreover, since V (x(T)) =0, it holds that
0 < (VV(x(T)), x(T)) = (VV (Mx(0)), Nx(0)),

by virtue of the boundary conditions in (1). Therefore, v := %(0) satisfies condition (13). ~
Using the same procedure as in the proof of Proposition 3.1, for to =0, hy — 0T and for to =T, hy — 07, respectively,
we obtain the existence of a sequence of positive numbers {h;}7°,, h; € (0, hy), of a sequence of negative numbers {h;}72,,
i_l;: € (h, 0), and of points wg € P(0, x(0), X(0)), wr € P(T,x(T), %(T)) (P is defined by formula (6)) such that
x(hy) — x(0)
T — wg as k— oo,

and
X(T + ) —X(T)
— " s> wr ask— oo.
hi
By the same arguments as in the previous proof, we get

(VV (x(0) + hx(0)), x(0) + hwyg)

liming <0 16
imis ; 6
and
llim(i)nf (VV(X(T) + hx(f]l")), x(T) +hwr) <o. (17)
h—0—

Moreover, using the boundary conditions in (1), the inequality (17) can be written in the form

. (VV(Mx(0) + hNx(0)), NX(0) + hwr)
1’11m(1)r_1f p <0.

Inequalities (16) and (18) are in a contradiction with conditions (14) and (15), which completes the proof. O

Remark 3.1. Let us note that Theorem 3.1 can be particularly applied, when A(t) or B(t) (or both) are identically equal to
zero matrices. Thus, this theorem gives sufficient conditions to have a bound set for a Floquet b.v.p. associated with a (not
necessarily semi-linear) second-order Marchaud system.

Remark 3.2. If condition (14) holds, for some x € 9K, v € R" satisfying (13) and w; € F(0,x,v) — A(O)v — B(0)x then,
according to the continuity of VV, (VV(x), v) = 0. Similarly, if (15) holds, for some x € 9K, v € R" satisfying (13) and
wy € F(T, Mx, Nv) — A(T)Nv — B(T)Mx, then (VV (Mx), Nv) =0.

Therefore, the validity of (13), (14) and (15) implies, in particular, that

(VV (), v)=(VV(Mx), Nv)=0. (19)
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In the entire text, we deal with problem (1), where M is an invertible matrix satisfying (12). These conditions on M
enable us to simplify some computations. On the other hand, when imposing more restrictions on V, the general case can
be treated as well. More precisely, the following result is true and its proof easily follows from the one of Theorem 3.1.

Corollary 3.1. Consider the b.v.p. (1), where M and N are arbitrary matrices. Let F, A, B, K and V be the same as in Theorem 3.1. Let
condition (4) be valid, forallx € 0K, t € (0, T), v € R" with (3)and w € F(t, x, v) — A(t)v — B(t)x.

Moreover, assume that (14) holds, for all x € 9K, v € R" with (VV (x), v) <0, and w1 € F(0,x, v) — A(0)v — B(0)x, and that
(15) holds, for all x € 0K, v € R" with (VV (x), v) > 0, and wy € F(T, x, v) — A(T)v — B(T)x. Then K is a bound set for problem (1).

Definition 3.2. A function V : R" — R satisfying all assumptions of Theorem 3.1 is called a bounding function for the set K
relative to (1).

If the gradient of a smooth bounding function V is not locally Lipschitzian, then we can give the following corollary.

Corollary 3.2. Let K C R" be a nonempty open set, F : [0, T] x R" x R" — R" be an upper semicontinuous mapping with nonempty,
compact, convex values and A and B be continuous matrix functions. Assume that there exists a function V e C1(R", R) satisfying
conditions (H1) and (H2). Furthermore, assume that M and N are n x n matrices with M regular and satisfying (12). Moreover, let, for
allx e 9K, t € (0, T) and v € R" with

(VV(x),v)=0,
the following condition holds

\A" h hl
liminf L XFA.VERD o (20)
h—0, y—>v,l>w h
forallw e F(t,x,v) — A(t)v — B(t)x.
At last, suppose that, for all x € 9K and v € R" with

(VV(x),v) <0< (VV(Mx), Nv),
at least one of the following conditions

(VV(x+hy), v +hly)

liminf 0 21
h—0t, y—v, l1—>w;q h > (21)
or
vVV(M hNy), N hl
liminf LV (M ANy). Nv +ha) (22)

h—0—,y—>v,L—>w;y h

holds, for all wq € F(0,x,v) — A(0)v — B(0)x, or, for all wp € F(T, Mx, Nv) — A(T)Nv — B(T)Mx. Then K is a bound set for
problem (1).

Proof. Let x: [0, T] — K be a solution of (1). We assume, by a contradiction, that there exists to € [0, T] such that x(ty) € K.
We begin with the case when tg € (0, T). It is easy to see that (VV (x(tg)), X(to)) = 0. Reasoning as in the proof of Proposi-
tion 3.1, for each given decreasing sequence h, — 0T, there exists {hi} with hf € (0, hy), g(hy) <O, for all k e N, such that
(9) is satisfied. Therefore, since a;; — 0 and b; — 0 as k — +oo, we obtain

. (VV (x(to) + hy), k(to) +hl) . . _(VV(x(to) + hi[x(to) + bi]), X(to) + hi[w + af])
liminf < liminf

<0
h—0t, y—>x(tg), l>w h k— 400 h: =

which is a contradiction with (20). By a similar argument, we also get a contradiction with (20) when taking into account
an increasing sequence hy — 0~. Finally, in view of (12) and the boundary conditions in (1), we arrive at a contradiction
with (21) or (22), when taking to=0ortg=T. O

Remark 3.3. If a bounding function V is of class C2, conditions (4), (14) and (15) can be rewritten in terms of gradients and
Hessian matrices. Concretely, (4) takes the form

(HV(x)-v,v)+(VV(x), w)>0,

for all x € 9K, v € R" satisfying (3), t € (0, T) and w € F(t,x,v) — A(t)v — B(t)x.
For the sake of simplicity, in order to discuss (14) and (15), let us restrict ourselves to those V, M and N for which (13)
implies (19). In such a case, it is easy to see that (14) and (15) are equivalent to
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max{(HV (x) - v, v) +(VV(x), w1), (HV (Mx) - Nv, Nv) + (VV (Mx), w)} > 0, (23)

for all x € 9K, v € R" satisfying (13), w1 € F(0,x, v) — A(0)v — B(0)x and w; € F(T, Mx, Nv) — A(T)Nv — B(T)Mx.
In particular, observe that (13) always implies (19) under conditions (14) and (15) (see Remark 3.2). The same is true if
one of the following possibilities takes place:

(i) M =N =1d, i.e. for the periodic problem associated to the inclusion in (1),
(ii) M = N = —Id, i.e. for the anti-periodic b.v.p. associated to the inclusion in (1), and VV (—x) = —VV (x), for all x € 9K,
(iii) M=a-Id, N=b-Id, where a-b >0, and VV (ax) =aVV (x), for all x € 9K.

Sometimes it is convenient to take, instead of one function V : R" — R, the whole family of bounding functions. More
precisely, we will assume that, for each x € 9K, there exists a function V,:R" — R satisfying

(H1') Vx(x) =0, B
(H2") Vi(&§) <0, for all £ € K with & in a neighborhood of x.

In this case, the proofs remain almost the same, after replacing V by V). Therefore, Theorem 3.1 can be easily reformu-
lated as follows.

Corollary 3.3. Let K C R" be a nonempty open set, F : [0, T] x R" x R" — R" be an upper semicontinuous mapping with nonempty,
compact, convex values and A and B be continuous matrix functions. Assume that there exists a family of C!-functions {Vx}xesk,
Vy : R" — R, with locally Lipschitzian gradients satisfying conditions (H1’) and (H2').

Furthermore, assume that M and N are n x n matrices with M regular and satisfying (12). Moreover, let, for all x € 9K, t € (0, T)
and v € R" with

(VVx(x),v)=0, (24)
the following condition holds
\A%
li;lni(r)lf< "(X+hhv)"’+hw> -0, (25)

forallw e F(t,x,v) — A(t)v — B(t)x.
At last, suppose that, for all x € 9K and v € R" with

(VVx(0, v) <O < (VVux(Mx), Nv), (26)
at least one of the following conditions
(VVy(x+hv),v+hwq)

liminf 0 27
Al h > (27)

or
. AVVuyx(Mx+hNv), Nv + hws)
l,l,mmf p
—0-

holds, for all wi € F(0,x,v) — A(0)v — B(0)x, or, for all wy € F(T, Mx, Nv) — A(T)Nv — B(T)Mx. Then K is a bound set for
problem (1).

>0 (28)

Definition 3.3. A function Vy: R" — R satisfying related conditions in Corollary 3.3 is called a bounding function for the
set K at x relative to (1).

The following illustrative example demonstrates how a family of C2-bounding functions can easily guarantee the exis-
tence of a bound set for periodic b.v.p.s.

Example 3.1. Let us consider the periodic b.v.p.

() + A®X(t) + Bt)x(t) € F(t,x(®), x(t)), for aa. t [0, T,

. ) (29)
x(T) =x(0), x(T)=x(0)

and let K C R" be convex. This geometrically means that besides another, for each x € 3K, there exist an outer normal ny,
not necessarily unique, and a neighborhood Uy of x such that

<nx7 - X)> <0,
for each y € K N U,.
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Let, for each x € 9K, Vy:R" — R be the C2-function defined, for each y € K, by

Va(y) = (nx. (y — ).
It immediately follows that V, satisfies, for each x € 9K, conditions (H1") and (H2"). Moreover, for each x € 9K,
VVi(x) =ny
and
HVyx(x)=0.
Therefore, if, for all x € 9K, t € (0, T) and v € R" with
(ny, v) =0, (30)
the following condition holds
(ny, w) >0, (31)
for all w € F(t,x, v) — A(t)v — B(t)x, and if, for all x € 9K and v € R" satisfying (30), at least one of the following conditions
(nx, wi) >0 (32)
or
(nx, wa) >0 (33)

holds, for all wq € F(0, x, v) — A(0)v — B(0)x, or, for all wy € F(T,x,v) — A(T)v — B(T)x, respectively, then K is a bound set
for problem (29).

For our main result concerning the existence and localization of a solution of the Floquet b.v.p., we need to ensure that
no solution of given b.v.p.s lies on the boundary dQ of a parameter set Q of candidate solutions. We will finally show that
if the set Q is defined as follows

Q :={qeC'([0,T1,R") | q(t) € K, for all t [0, T]} (34)

and if all assumptions of Theorem 3.1 are satisfied, then solutions of the b.v.p. (1) behave as indicated.

Proposition 3.2. Let K C R" be a nonempty open bounded set and let Q c C'([0, T], R") be defined by the formula (34). Assume that
M and N are n x n matrices with M regular and satisfying condition (12). Moreover, let there exists a C!-function V : R — R with
locally Lipschitzian gradient and satisfying conditions (H1) and (H2). Furthermore, suppose that, for all x € K, t € (0, T) and v € R"
satisfying (3), condition (4) holds, for all w € F(t, x, v) — A(t)v — B(t)x, and that, for all x € 3K and v € R" satisfying (13), at least
one of conditions (14), (15) holds, for all w1 € F(0, x, v) — A(0)v — B(0)x, or, for all wy € F(T, Mx, Nv) — A(T)Nv — B(T)Mx. Then
problem (1) has no solution on 9Q.

Proof. One can readily check that if x € 3Q, then there exists a point tyx € [0, T] such that x(ty) € K. But then, according to
Theorem 3.1, x cannot be a solution of (1). O

4. Main existence and localization result
The following topological method was developed by ourselves in [3] (cf. also [2]).

Proposition 4.1. Let us consider the b.v.p.

(35)

X(t) € F(t,x(t), x(t)), foraa.te],
xes,

where | = [a, b] is a compact interval, S is a subset of AC'(J,R") and F : | x R" x R" — R™ is an upper-Carathéodory mapping.
Let G: ] x R" x R" x R" x R" x [0, 1] — R" be an upper-Carathéodory mapping such that

G(t,c,d,c,d,1) C F(t,c,d), forall (t,c,d)e ] x R" x R".
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Assume that

(i) there exists a retract Q of C1(J, R") such that Q \dQ is nonempty and a closed subset Sq of S such that the associated problem

(36)

X(t) € G(t, x(t), (1), q(6), 4(t), 1), foraa.te ],
X €Sy

is solvable with an Rs-set of solutions, for each (g, 1) € Q x [0, 1],
(ii) there exists a nonnegative, integrable function « : ] — R such that

|G(t, x(t), X(t), q(0), 4(0), 1) | < @®)(1 + [x(®| + |*©)]), ae.in],

for each (q, A, x) € I't, where T denotes the multivalued mapping which assigns to any (g, A) € Q x [0, 1] the set of solutions
of (36) and I'x its graph,

(iii) T(Q x {0h) c Q,

(iv) there exist tg € J and constants Mg > 0, M1 > 0 such that |x(to)| < Mg and |x(to)| < My, for any x € T(Q x [0, 1]),

(v) the solution map ¥ has no fixed points on the boundary 9Q of Q, for each (g, 1) € Q x [0, 1].

Then problem (35) has a solution in Q.

Remark 4.1. As pointed out in [3], the condition that Q is a retract of C1(J, R") in Proposition 4.1 can be replaced by the
assumption that Q is an absolute neighborhood retract and ind(%(-,0), Q, Q) # 0 (for the definition of the related fixed
point index, see [1]). It is therefore possible to assume alternatively that Q is a retract of a convex subset of C!(J,R") or
of an open subset of c! (J,R™) together with ind(%(-,0), Q, Q) #0.

The solvability of (1) will be now proved, on the basis of Proposition 4.1. Defining namely the set Q of candidate solu-
tions by the formula (34), we are able to verify, for each (g, ) € Q x (0, 1], the transversality condition (v) in Proposition 4.1.

Let us consider the b.v.p. (1), where F : [0, T] x R" x R" — R" is an upper semicontinuous mapping with nonempty,
compact, convex values, and A, B are continuous matrix functions such that |A(t)| < a(t) and |B(t)| < b(t), for all t €
[0, T] and suitable integrable functions a,b : [0, T] — [0, 00). Let M and N be n x n matrices with M nonsingular and
satisfying (12).

Theorem 4.1. Assume that

(i) there exists an upper semicontinuous mapping C : [0, T] x R" x R" x R" x R" — R" with nonempty, compact, convex values
such that
C(t,c,d,c,d) C F(t,c,d), forall(t,c,d)€[0,T] x R" x R",

(ii) C(t,-, -, r1,r2) is Lipschitzian with a sujﬁcientlyfmall Lipschitz constant L, foreacht € [0, T],r1 € K and r; € R", where K C R™
is a nonempty open bounded set whose closure K is a retract of R",
(iii) there exist a point (xg, yo) € R" x R" and a constant Cy > 0 such that

|C(t. %0, y0.71.72)| < Co - L

holds, for a.a.t € [0, T], allr; € K and r, € R,
(iv) the associated homogeneous problem
X(t) + Ax(t) + B(t)x(t) =0, foraa.te[0,T],
x(T) = Mx(0), X(T) = Nx(0)
has only the trivial solution such that 0 € K,
(v) there exists a function V € C1(R", R) with vV locally Lipschitzian and satisfying conditions (H1) and (H2),
(vi) forallx € 0K, t € (0, T), A € (0,1) and v € R" with
(VV().v)=0, (37)
the following condition holds

VV(x+h h
lilgni(l)lf< e+ ;:)’V”L w) o, (38)

forallw e AC(t,x,v,x,v) — A(t)v — B(t)x,
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(vii) forall x € 9K, 1 € (0, 1) and v € R™ with

(VV(x),v) <0< (VV(Mx), Nv), (39)
at least one of the following conditions

(VV(x+hv),v +hwq)

liminf 0 40
mi i : o)
or
v
I’i]minf< V(Mx+hth),Nv+hwz) -0 (an)
—0~

holds, for all wy € AC(0, x, v, x, v) — A(0)v — B(0)x, or, for all wy € —A(T)Nv — B(T)Mx + AC(T, Mx, Nv, Mx, Nv).

Then the b.v.p. (1) has a solution x(-) such that x(t) € K, forall t € [0, T).

Proof. Let us define the set of candidate solution by the formula (34) and let us check that all the assumptions of Proposi-
tion 4.1 are satisfied.
First of all, observe that conditions (ii) and (iii) yield the inequality

|AC (¢, x(t), (). q(£), q(®))| < L(Co + Ixol + |yol + [x(®)| + |x()

), (42)
for each (q,1,x) € I's and a.a. t € [0, T], where ¥ denotes the mapping which assigns to any (g, 1) € Q x [0, 1] the set of
solutions of

X(t) + ADX() + B®)x(t) € AC(t, x(t), X(t), q(t), 4(®)), for aa. t [0, T],

. . (43)
x(T) = Mx(0), x(T) = Nx(0).

This means that condition (ii) in Proposition 4.1 is satisfied with

a(t) := L(max{Co + [xo| + |yol, 1}) + max{a(t), b(®)}.

The properties of A, B and C and assumptions (ii)-(iv) guarantee (cf. [6] or [2, Lemma 3.1 and Remark 3.2]) that the set
of solutions of the problem (43) must be, for all (g, A) € Q x [0, 1], a compact AR-space and, in particular, an Rs-set, as
required.

It follows from the main result in [6] (cf. the proof of Lemma 3.1 in [2]) and conditions (ii) and (iii) that there exists
R > 0 such that the set of all solutions of problem (43) is a subset of

B(0,R) := {x e c'(j0, TL, R")

max [x(t)| <R, max [x(t)] < R},
te[0,T] te[0,T]

for each (q,2) € Q x [0,1].
Putting

S1:=B(0,R) N {xe AC'([0, T],R") | X(T) = Mx(0), %(T) = Nx(0)},

the boundedness of B(0, R) implies the same property for S1, by which condition (iv) in Proposition 4.1 is trivially satisfied.
Furthermore, in view of the properties of K (cf. [3, Lemma 4]), Q is a retract of the space C!([0, T],R"). Since Q \ 9Q
is nonempty and the boundary conditions in (43) define a closed set in C'([0, T], R"), condition (i) in Proposition 4.1 holds.
We will finally show that condition (v) in Proposition 4.1 is satisfied as well. Let us assume that x € Q is a fixed point
of the mapping <(-, 1), for some A € [0, 1]. This implies that x is a solution of the problem

(44)

X(t) + ADX() + BOx(t) € AC(t, x(1), (1), x(t), X(t)), for aa. te[0,T],
x(T) = Mx(0), x(T) = Nx(0).

Properties of K and conditions (v)-(vii) imply that K is a bound set for problem (44), for all » € (0,1). If x€ dQ is a fixed
point of (-, 1) (i.e., for A =1), problem (1) has, according to assumption (i), a solution in Q, and we are done.

Otherwise, according to Proposition 3.2, x ¢ dQ, i.e. condition (v) in Proposition 4.1 holds, for all (q,A) € Q x (0, 1].
Condition (iv) implies that also

Fix(T(Q x {0})) N9Q =4,

and so condition (v) from Proposition 4.1 is satisfied, for all (q,2) € Q x [0, 1], which completes the proof. O
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Remark 4.2. In fact, x € Q N B(0, R) holds for a solution x(-) of the b.v.p. (43), where R > 0 is a suitable constant implied
by conditions (ii), (iii), as pointed out in the proof of Theorem 4.1. It particularly means that maxco, 1] |X(t)| < R. Moreover,
this estimate can be still improved by means of the Nagumo-type inequalities (cf. [10,11,17,20]). Thus, condition (ii) can be
a bit relaxed in this way.

Remark 4.3. For fully linearized problems of the form

X(t) + ADX(t) + B(O)x(t) € AF(t, q(t),q(1)), for a.a. t €0, T],
x(T) = Mx(0), x(T)= Nx(0),
condition (ii) in Theorem 4.1 is obviously trivially satisfied. Moreover, since F is convex-valued, one can easily check that

T(q,A) is, for all g€ Q and XA €[0, 1], a convex set. The compactness of ¥(q, A) follows from the proof of Proposition 4.1.
For more details, see [2,3].

We conclude by two illustrative examples of application of Theorem 4.1.

Example 4.1. Let us consider the anti-periodic b.v.p.

X(t) € Fy(t, x(t), X(t)) + Fa(t. x(t), X(t)), for a.a. te][0, T],} (45)

x(T)=—x(0), x(T)=—x(0),

where Fi, F5: [0, T] x R?* — R" are upper semicontinuous mappings with compact and convex values such that F;(t, -, -)
is Lipschitzian with a sufficiently small Lipschitz constant L, for all t € [0, T]. Moreover, let

|F1(t,0,0)| < Co-L

and

|Fa(t,x, )| < Cq - L(1+1x]),

for each (t,x, y) € [0, T] x R?", where Cg, C; > 0.
Let R > 0 be such that

(x, w) +{v,v) >0 (46)

holds, for all t € [0, T], x € R" with |x| =R, A € (0,1), v satisfying (x, v) =0, and w € A(F1(t, x, v) + Fa(t, x, v)). Put K :=
{xeR" | |x| < R} and let Q be defined by the formula (34).
In order to apply Theorem 4.1, for the solvability of problem (45), let us consider the associated problems

X(t) € A(F1(t, x(t), X(©)) + F2(t, q(0), 4(0))), for aa. t € [0, T], }

. . (47)
x(T) =—x(0), x(T)=—x(0),

where L €[0,1] and g€ Q.

We show that all assumptions of Theorem 4.1 are satisfied by means of the C2-function V (x) := %(|x|2 — R?). Since
V(x) =0, for all xe dK, and V(x) <0, for all xe K, V satisfies conditions (H1) and (H2). Moreover, since, for each x € 3K,
VV(x) =x and HV (x) =Id, where H stands for the Hessian matrix, condition (46) ensures that K is a bound set for the
problem

X(t) € A(Fq(t, x(t), X(®)) + F2(t. x(t), X(®))), for aa. t€[0,T],
x(T) =—x(0), x(T)=—x(0),
for each (ﬂ, X)) eQ x(0,1).

Since K is convex, it is an AR-space, and so a retract of R", as required. Moreover, because C(t,x, X, q,q) = F1(t,x, %) +
Fy(t,q,q), it holds that

C(t,c,d,c,d) =Fq(t,c,d) + Fy(t,c,d), forall (t,c,d) €[0,T] x R" x R",
and so condition (i) is satisfied.
The associated homogeneous problem
X(1t)=0, foraa. te[0,T],
x(T) =—x(0), x(T)=—x(0)
has only the trivial solution x(t) = %(q, 0) =0, for each q € Q, and 0 € K, by which condition (iv) holds.

Assumption (12) is obviously satisfied as well, because the invariance of 4K with respect to M = —Id is equivalent to the
symmetry of dK with respect to the origin. The anti-periodic problem (45) therefore admits a solution in Q.
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Example 4.2. Let us consider the periodic b.v.p.

X(t) € F(t, x(t), X(t)) + Fa(t, x(t), X(t)), for aa.te][0, T],} (48)

x(T)=x(0), x(T)=x(0),

where Fy, F3 : [0, T] x R¥" — R" satisfy the same conditions as in Example 4.1. Given ¢(a) :=3 +e =247 —3e=T — e take
ag > 0 such that

@(ao) #0. (49)

Let K C R" be a bounded open and convex set with 0 € K. For each x € K, let us denote by ny an outer normal of K
at x. Such an outer normal surely exists (see Example 3.1). Assume that, for each x € 9K and v € R" satisfying (30), the
following conditions hold

(nx, w) >0, (50)
forall te (0, T), A€ (0,1) and w € A(F1(t,x, V) + Fa(t, X, v)) +ag(l — A)x and

max {(ny, w), (ny, wa)} > 0, (51)

for all A € (0,1) and wq € A(F1(0,X, v) 4+ F2(0,x,v)) +a2(1 — M)x, wa € A(F1(T, X, v) + F2(T, X, v)) +a3(1 — M)x. Then it is
possible to show that problem (48) is solvable.
Indeed, let us rewrite (48) as follows

X(t) — agx(t) € Fy (£.x(0), X(t)) — azx(t) + F» (t.x(t),x(t)), foraa.te[0,T],
X(T) =x(0), x(T)=x(0)

and let us consider the associated problems
X(t) — agx(t) € A(F1(t, x(0), X(0)) — agq(t) + F2(t, q(0), 4(1))), for aa. t € [0, T], (52)
x(T)=x(0), x(T)=x(0),

where 2 € [0,1] and g € Q which is defined by the formula (34).

We will show that all assumptions of Theorem 4.1 are satisfied when considering the family of C2-bounding functions
Vx(y) := (ny, (y — X)). According to (50) and (51) (see Example 3.1), conditions (vi), (vii) in Theorem 4.1 hold. Moreover, the
family of bounding functions {Vy}xegx satisfies (H1), (H2") which are equivalent, for our aims, to (H1), (H2).

So, it only remains to consider the associated homogeneous problem

X(t) —adx(t)=0, foraa. tel0,T],

. . (53)
x(T) =x(0), x(T)=x(0).
It follows from (49) that the homogeneous problem (53) has only the trivial solution. Moreover, since 0 € K, condition (iv)
is satisfied. Therefore, the periodic problem (48) has a solution in Q.

Let us note that in the special case, when K is a ball centered at the origin of some radius r, the following condition

(x,y) 20,

for all x with |x| =r, v satisfying (30), t € (0, T), y € F1(t,x, v) + Fa(t, X, v), guarantees condition (50) for every A € (0, 1).
Consider w € A(F{(t,x,v)+ Fa(t, x, v)) +a3(1 — A)x with A, t, x and v as above. Then, w = Ay +a5(1 —A)x, and so (x, w) =
Ax,y)+ a%(l — 2)|x|2 > 0. Condition (51) can be reformulated in a similar way.
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1. Introduction

Let us consider the Floquet boundary value problem (b.v.p.)
X(t) + A(x(t) + B(t)x(t) € F(t, x(t), x(t)), foraa.t € [0,T], 1
x(T) = Mx(0),  x(T) = Nx(0), (1)

where

(1;) A,B: [0, T] — R™" are measurable matrix functions such that |A(t)| < a(t) and |B(t)| < b(t), forallt € [0, T] and
suitable integrable functions a, b : [0, T] — [0, 00),

(1) M and N are n x n matrices, M is nonsingular,

(1) F:[0,T] x R" x R" — R" is an upper-Carathéodory multivalued mapping.

By a solution of problem (1), we mean a vector function x : [0, T] — R" with an absolutely continuous first derivative
(i.e. x € ACI([0, T], R™)) which satisfies (1), for almost all t € [0, T].
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Problem (1) was studied by ourselves via a bound sets approach already in [1]. There the conditions concerning
(Lyapunov-like) bounding functions were not imposed directly on the boundaries of bound sets, but at some vicinity of them.

This problem does not occur for Marchaud systems, i.e. for systems with globally upper semicontinuous right-hand sides
(see [2]). On the other hand, the case of upper-Carathéodory systems must be furthermore elaborated, for the same goal, by
means of suitable Scorza-Dragoni type theorems which is the main aim of this paper.

For the first-order systems, the situation is analogous, but less technical (see [3-7] and cf. [8, Chapter II1.8]). Nevertheless,
the second-order systems allow us some more flexibility in the sense that the derivatives need not necessarily be taken into
account.

The original idea of applying the Scorza-Dragoni technique comes from [9], where guiding functions were employed
for vector first-order Carathéodory differential equations. For further references concerning boundary value problems for
second-order systems, see, e.g., [1,2,10-12] and the references therein.

Our main result (see Theorem 3.1) shows the solvability of the b.v.p. (1) in the upper-Carathéodory case with strictly
localized bounding functions. We separated as much as possible the technicalities needed for its proof into Preliminaries.
Its applicability is finally demonstrated by a simple illustrating example for a dry friction problem, when both periodic
(M = N =) and anti-periodic (M = N = —I) solutions coexXist in a given set.

2. Preliminaries

If (X, d) is a metric space and A C X, by A and A, we mean the closure and the boundary of A, respectively. For a subset
A C Xand ¢ > 0, we define the set N,(A) :={x € X | Ja € A: d(x, a) < ¢}, i.e. N.(A) is an open neighborhood of the set A
inX.

The symbol By denotes, as usually, the open ball in R" with radius R > 0 centered at 0, i.e. B; := {x € R" | |x| < R}.

Let us recall the following definitions from the multivalued analysis. Let X and Y be arbitrary metric spaces. We say that
@ is a multivalued mapping from X to Y (written ¢ : X — Y)if, for every x € X, a nonempty subset ¢ (x) of Y is prescribed.

A multivalued mapping ¢ : X — Y is called upper semicontinuous (shortly, u.s.c.) if, for each open U C Y, the set
{x e X | @kx) C U}isopeninX.

Let Y be a metric space and (§2, U, ©) be a measurable space, i.e. a nonempty set £2 equipped with a suitable o -algebra
U of its subsets and a countably additive measure x on U. A multivalued mapping ¢ : 2 — Y is called measurable if
{w e 2 | p(w) C V} € U, for each open set V C Y. In what follows, the symbol p will exclusively denote the Lebesgue
measure on R.

We say that mapping ¢ : ] x R™ — R", where] C R is a compact interval, is an upper-Carathéodory mapping if the map
¢(-,X) : ] — R" is measurable, for all x € R™, the map ¢(t, -) : R™ — R" is u.s.c., for almost all (a.a.) t € J, and the set
@(t, x) is compact and convex, for all (t, x) € ] x R™.

Let X = (X, d) be a metric space. A multivalued mapping ¢ : X — X with bounded values is called Lipschitzian if there
exists a constant L > 0 such that

du(p(x), (y)) = Ld(x,y),
for every x, y € X, where
dy(A,B) .= inf{r > 0| A C N,(B) and B C N;(A)}

stands for the Hausdorff distance. For more information and details concerning multivalued analysis, see, e.g., [8,13-15].
We will also need the following slight modification of the Scorza-Dragoni type result for multivalued mappings.

Proposition 2.1 (cf, e.g, [16, Proposition 8]). Let X C R™ be compact and let F : [a, b] x X — R" be an upper-Carathéodory
mapping. Then there exists a multivalued mapping Fy : [a, b] x X — R"U{@} with compact, convex values and Fy(t, x) C F(t, x),
forall (t, x) € [a, b] x X, having the following properties:

(i) if u, v : [a, b] — R" are measurable functions with v(t) € F(t, u(t)), on [a, b], then v(t) € Fy(t, u(t)), a.e. on [a, b];
(ii) for every ¢ > O, there exists a closed I, C [a, b] such that p([a, b]\ I;) < &, Fo(t,x) # @, forall (t,x) € I, x X, and Fy is
us.c.onl, x X.

It will be convenient to recall some basic facts concerning evolution systems. For a suitable introduction and further
details, we refer, e.g., to [17].

Hence, let C : [a, b] — R™ ™ be a measurable matrix function such that |[C(t)| < c(t), forall t € [a, b], withc €
L'([a, b], [0, 00)) and let f € L'([a, b], R™). Given xo € R™, consider the linear initial value problem

x(t) = C(Ox() +f(1), x(a) = xo. (2)

Itis well-known (see, e.g.,[17]) that, for the uniquely solvable problem (2), there exists the evolution operator {U(t, $)}(,s)ea.
where A := {(t,s) : a <s <t < b}, such that

U, s)| < ek I€OIT forall (¢, 5) € A; (3)
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in addition, the unique solution x(-) of (2) is given by

x(t) = U(t, a)xo +/ U(t,s)f(s)yds, t € ]la,b]. (4)

a

Given the m x m matrix D, the linear Floquet b.v.p.

x(t) = C()x(t) +f(t), )

x(b) = Dx(a)
associated to the equation in (2), satisfies the following property.
Lemma 2.1. If D — U(b, a) is invertible, then (5) admits a unique solution given by

-1 b t
x(t) = U(t, a) [D — U, a)] / U, 0)f (t) dt + / u(t, 0)f (¢) dr. (6)
a a
Proof. In view of (4) and the Floquet boundary condition,
b
U(b, a)xo + / U(b, s)f (s) ds = Dx(a) = Dxg.
a
Thus, if D — U(b, a) is invertible, the foregoing equation is satisfied just for the unique value
1 b
X0 = [D — U, a)] f U (b, )f (1) dr.
a

Substituting it into (4), we arrive at (6). O
Remark 2.1. Denoting

A=el 0% DUkl
we obtain, in view of (3), (6) and the constraint for C(t), the following estimate for the solution x(-) of (5)

b
[x(O)] < A(AT + 1)/ [f ()| ds. (7)
a
It is easy to give a necessary and sufficient condition for the invertibility of D — U (b, a).

Lemma 2.2. Operator D — U(b, a) is invertible if and only if the associated homogeneous problem

x(t) = C(t)x(t), foraa.t € [a,b], 8)

x(b) = Dx(a)

has only the trivial solution.

Proof. Consider the b.v.p. (5) with f € L'([a, b], R™). According to [6, Lemma 5.1], D — U(b, a) is invertible if and only
if (5) is uniquely solvable, for each f € L!([a, b], R™). In the quoted lemma, this equivalence was obtained under the a
priori assumption that D is invertible. It is however easy to see that the invertibility of D is not necessary to conclude.
According to [18, Lemma 2], the property that (8) has only the trivial solution implies the unique solvability of (5), for
each f € L'([a, b], R™). Since the reversed implication is trivial, we have that the unique solvability of (5), for every
f e L([a, b], R™), is, in fact, equivalent to the property that (8) has only the trivial solution which completes the proof. O

Let K be a nonempty bounded subset of R" and put Q := {q € C'([0, T], R") | q(t) € K, forall t € [0, T]}. In the proof
of our main result (Theorem 3.1 below), we shall need to consider the following family of b.v.p.s

(9)

X(t) + A()x(t) + B(t)x(t) € G(t, x(t), x(t), q(t), q(t), »), fora.a.t € [0, T],
x(T) = Mx(0), x(T) = Nx(0),

where A and B satisfy conditions (1;), A € [0, 1] and g € Q. In view of the above considerations, when assuming that the
homogeneous problem associated to (9) has only the trivial solution and that

|G(t,x,y, 11,12, )| < a(t), ae.in[0,T], (10)
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forallx, y, r, € R", A € [0, 1] and r; € K, we are able to show the existence of R > 0 such that |x(t)| < Rand [x(t)| <R,
forallt € [0, T] and every solution x(-) of (9). We can also prove that the constant R does not depend on G, but only on
a(t), A(t), B(t), M, N and T. More precisely, given

C(Oaman = (B?t) A‘(t’)> , (11)

M 0
D2n><2n = <0 N)

and
A= el @O+ B p (T, 0)] 7,

T
n :=21(21f+1)/ a(s) ds, (12)
0

where {U(t, $)}(.s)ea is the evolution operator associated to é(t) = C(t)&(t), we can obtain the following result.

Lemma 2.3. Let us consider the b.v.p. (9) and assume that conditions (1;) and (10) are satisfied. Suppose, moreover, that

(i) the associated homogeneous problem

X(t) + A(t)x(t) + B(t)x(t) =0, foraa.t € [0, T],
x(T) = Mx(0), x(T) = Nx(0)

has only the trivial solution,
(i) G: [0, T] x R*" x [0, 1] — R" is an upper-Carathéodory mapping.

Then each solution x(-) of (9) satisfies |x(t)| < n and |x(t)| < n, forallt € [0, T], with n defined in (12).
Proof. Problem (9) is equivalent to the following first-order one:
E(t) + C()E(t) € H(t, (1), q(t), 4(t), 1), foraa.t e [0,T], (13)
§(T) = D§(0),
where
Ena = (9 = (%D,
matrices C(t) and D were defined above and
H(t,€,4,4,%) = (0,G(t,x,y, 4,4, 2)".
According to the assumption (i), the associated homogeneous problem to (13)
E(t)+C(t)E(t) =0, foraa.tel[0,T],
£(T) = D&(0),

has only the trivial solution. In view of (1;) and the definition of C, |C(t)| < a(t) + b(t) 4+ /n, forallt € [0, T]. Let
E(t) = (x(t), x(t)) be a solution of problem (13) and let us take an arbitrary h(t) € H(t, £(t), q(t), q(t), ). From (10) and
the definition of H, we obtain

|h(t)| < a(t), foraa.t el[0,T].
Lemma 2.2 and (7) then imply that

T
£ < A(AT + 1)/ als) =17
0
which completes the proof. O

3. Main existence and localization result

Now, it is time to consider the Floquet b.v.p. (1). For its solvability, Theorem 3.1 below will be formulated. As we shall
see, the crucial requirement will consist of making a fixed-point free boundary of a parameter set Q of candidate solutions.
In other words, we need to guarantee a transversality condition on the boundary of the associated bound set K. Therefore,
in order to understand the geometric behaviour of trajectories, it is natural to start with the definition of a bound set K and
to indicate two properties (H1), (H2) of the basic tool, a Lyapunov-like bounding function V.
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Hence, let K C R" be a nonempty open bounded set satisfying the following conditions:

(Ki) 0 €K,
(Ki) MOK = 9K,
(Ki;;) the closure K of K is a retract of R".

Moreover, let V : R" — R be a suitable C2-function such that
(H1) V] =0, _
(H2) V(x) <0, forallx € K.

Definition 3.1. A nonempty open set K C R" is called a bound set for the b.v.p. (9) if there does not exist a solution x of the
b.v.p. (9) such that x(t) € K, foreacht € [0, T], and x(tp) € 9K, for some t; € [0, T].

The proof of Theorem 3.1 below will be based on the following proposition developed, in principle, by ourselves in
[1, Theorem 2] jointly with the Scorza-Dragoni technique in Proposition 2.1.

Proposition 3.1 (cf. [1, Theorem 2]). Let us consider the Floquet b.v.p. (1), the set K satisfying conditions (K;)-(Kj;) and assume
that

(P;) there exists an upper-Carathéodory mapping C : [0, T] x R*" x [0, 1] — R" such that
C(t,c,d,c,d, 1) CF(t,c,d), forall(t,c,d) € [0,T] x R" x R",
(Py) foreacht € [0,T], r; € K,r, € R"and A € [0, 1], C(t, -, -, 1y, 12, A) is Lipschitzian with a Lipschitz function L(t) =

L + I(t), where constant L as well as foT I(t) dt are sufficiently small,
(Pji;) there exists a nonnegative, integrable function « : [0, T] — R such that

IC(¢, X, y, 11,12, M)| < a(t), foraa.t €0, T],
forallx,y e R, r; € K, 1, € R"and A € [0, 1],
(P;,) the associated homogeneous problem
X(t) + A(t)x(t) + B(t)x(t) =0, foraa.t € [0, T],
x(T) = Mx(0), X(T) = Nx(0)
has only the trivial solution,
(P,) %(Q x {0}) C Q, where Q is defined by the formula
Q :={q€C'([0,TL,R") | q(t) € K, forallt €[0,T]) (14)
and T denotes the mapping which assigns to any (q, A) € Q x [0, 1] the set of solutions of

X(t) + A()x(t) + B(t)x(t) € C(t, x(t), x(t), q(t), q(t), 1), foraa.t € [0, T],} (15)
x(T) = Mx(0), x(T) = Nx(0),

(Py) th(zre exists ¢ > 0 such that, forall > € (0,1),x € K N N,(3K), t € (0, T) and v € R" satisfying |v| < n with n defined
in(12),
(HV(x)v, v) + (VV(x), w) > 0, (16)
forallw € C(t,x, v, x,v,A) —A(t)v — B(t)x,
(Pyi;) for all x € 0K and v € R" satisfying |v| < n,
(VV(Mx), Nv) - (VV(x),v) >0
or
(VV(Mx), Nv) = (VV(x), v) = 0.

Then the Floquet b.v.p. (1) has a solution x(-) such that x(t) € K, forall t € [0, T].

Remark 3.1. We note that the analogous conclusions in [ 1, Proposition 5], which are crucial for proving [1, Theorem 2], are
true even if conditions (24) and (25) in the quoted proposition are only valid for v satisfying |v| < n, with 5 defined as in
(12). Indeed, checking the proof of the quoted proposition, v plays the role of the solution derivative which, according to
Lemma 2.3, always satisfies the mentioned inequality. Therefore, Proposition 3.1 represents a bit more general version of
[1, Theorem 2]. It differs from the quoted theorem also because a sufficiently small Lipschitz constant L is here replaced by
an integrable function L(t) such that fOT L(t) dt is sufficiently small. This change is quite standard and it already appeared in

[3, Proposition 2]. On the other hand, the bounding function V (taken here, for the sake of simplicity, from the C2-class) can
be only smooth with a locally Lipschitzian gradient VV, as in [1, Theorem 2].
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Remark 3.2. Conditions (P,;) and (P,;;) guarantee that K is a bound set for the b.v.p.

X(t) + A(Ox(t) + B(Hx(t) € C(t, x(t), x(t), x(t), x(t), A), foraa.t € [0, T],} (17)

x(T) = Mx(0), x(T) = Nx(0),
forall A € (0, 1).

Approximating the original problem by a sequence of problems satisfying conditions of Proposition 3.1 and applying the
Scorza-Dragoni type result (Proposition 2.1), we are already able to state the main result of the paper. The transversality
condition is now required only on the boundary 0K of the set K, but not on the whole neighborhood K N N,(9K), as in
Proposition 3.1, whence the title.

Theorem 3.1. Let us consider the Floquet b.v.p. (1) and assume that
(i) there exists an upper-Carathéodory mapping C : [0, T] x R*" — R" such that
C(t,c,d,c,d) CF(t,c,d), forall(t,c,d)€[0,T] xR" x R",

(i) C(t, -, -, 11, 12) is Lipschitzian with a sufficiently small Lipschitz constant L, foreacht € [0, T], r; € K andr, € R",
(iii) there exists a nonnegative, integrable function « : [0, T] — R such that

IC(t,x,y,11,12)| <aft), foraatel0,T],

forallx,y e R",r; € Kandr, € R",
(iv) the associated homogeneous problem

X(t) + A(H)x(t) + B(t)x(t) =0, foraa.t e [0,T],
x(T) = Mx(0), x(T) = Nx(0)

has only the trivial solution,
(v) forallh € (0,1),x € K, t € (0, T) and v € R", it holds that

(VV(x), w) > 0, (18)

forallw € AC(t, x, v, x, v) — A(t)v — B(t)x, B
(vi) there exists h > 0 such that HV (x) is positive semi-definite, for all x € K N Ny (3K),
(vii) forallx € 0K and v € R",

(VV(Mx), Nv) - (VV(x),v) >0
or
(VV(Mx), Nv) = (VV(x), v) =0,
(viii) for all x € 0K, VV(x) # 0.
Then the b.v.p. (1) has a solution x(-) such that x(t) € K, forall t € [0, T].

Proof. According to condition (viii) and since dK is compact, there exists § > 0 such that VV(x) # 0, for all x € N3(9K).
Moreover, there exists ¥ > 0 such that |[VV (x)| > y, forall x € 9K.
Let T € C'(R", [0, 1]) be such that T = 1 on N% (0K) and T = 0 on R™ \ Ns(9K).

Conditions (i), (iii) and (iv) guarantee (cf. Lemma 2.3) that there exists n > 0, defined in (12), such that, forall » € [0, 1]
and g € Q, where Q is defined by formula (14), an arbitrary solution x(-) of

(19)

X(t) + A(t)x(t) + B(t)x(t) € LC(t, x(t), x(t), q(t), q(t)), fora.a.t e [0,T],
x(T) = Mx(0), X(T) = Nx(0)

satisfies |x(t)| < nand |x(t)| < n,forallt € [0, T]. -

Let us consider an open bounded set Ky C R" such that K C Kp. Since C is an upper-Carathéodory mapping and A, B are
measurable matrix functions, we can apply a Scorza-Dragoni type result (cf. Proposition 2.1). Consequently, there exists a
decreasing sequence {6} of subsets of [0, T] and a measurable mapping C : [0, T] x Ky x By, x Ko X By, — R" such that,
for every m € N,

1

m7

e C(t,x,y,u,v) C C(t,x,y, u, v), forall (t,x,y,u, v) € [0, T] x Ko x By, x Ko x By,
e Cisus.c.on ([0, T]\ ) x Ko x By, x Ko x By,

e A, Bare continuous matrix functions on [0, T] \ 6y,.

e [0, T]\ 6y, is compact and u(6,) <
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It is obvious that N>_, O, has zero Lebesgue measure and that limp_, o0 X4, (t) = 0, for every t & N>°_, O;,. Therefore, Cc
is an upper-Carathéodory mapping.
Let us define the mapping C : [0, T] x R** — R" by the formula

C(t,x,y,u,v), for(t,x,y,u,v) €[0,T] x Ko x By, x Ko x By,

Clt.xy,u,v) = {C(t, X,y,u,v), otherwise.

Since Ky is open and 6(t, x,y,u,v) C C(t,x,y,u,v),forall (t,x,y,u,v) € [0, T] x R*, the mapping C is also an upper-
Carathéodory mapping.
Let us define the function p : [0, T] — R by the formula

p(t) = {a(t) + 2a(t)n + b(t) max Ikl}
and, for all m € N, let us consider the mth problem
X(t) + A()x(t) + B(t)x(t) € En(t, x(t), x(t)), foraa.t € [0, T],}
x(T) = Mx(0), x(T) = Nx(0),
where Fy, : [0, T] x R?*" — R" is defined by

1

VV(x)
Fm(taX’Y) = F(tvxvy) + T(X) (P(t)Xem(t) + m)

IVV ()l

Moreover, let us consider the problem (I7,,), associated to (Py,),

X(t) + A(H)x(t) + B(t)x(t) € Cu(t, x(t), X(t), q(t), q(t), ), foraa.t e[0,T],
x(T) = Mx(0), X(T) = Nx(0),

where Gy, : [0, T] x R*" x [0, 1] — R" is defined by

1

A VV(x)
Cn(t,x,y,u,v, 1) = AC(t, X, y,u, v) + T(X) <p(t)xgm(t) + m>

IVV ()l
Let us note that, according to their definitions, the mappings F;;, and Cy, are, for all m € N, upper-Carathéodory mappings.

Let us now prove that there exists my € N such that, for all m € N, m > my, the problem (Pp,) satisfies all assumptions
of Proposition 3.1.

ad (P;) Since 6(t, x,y,u,v) C C(t,x,y,u,v), forall (t,x,y,u,v) € [0,T] x R*, we have, for all m € N and all
(t,x,y) €[0,T] x R¥",

1) W) C Fn(t,x,y).

Cm(tvxays X, ¥, ]) - C(f,X,y, X’y) + T(X) <p(r)X9m(t) + E W

Therefore, mappings F,, and G, satisfy, for all m € N, condition (P;) in Proposition 3.1.

ad (P;) Let us denote by P the Lipschitz constant of 7 (x) \%& . The mapping Cy(t, -, -, 1, 12, A) is, for all t € [0, T],

ri €K, r, € R"and A € [0, 1], Lipschitzian with Lipschitz function L+I(t), where I(t) := P-(p(t) xo,, (t)—i—%).
Since p(-) € L'([0, T], R) and u(6,) < <, it is possible to find m € N such that, for allm € N, m > m, the

m’

integral fOT I(t) dt is sufficiently small.
ad (Py;), (Py) Conditions (Pg) and (P;,) follow immediately from the definition of G, and from assumptions (iii) and (iv).
ad (P,) For A = 0, problem (IT,) reduces to

1 \A%
> *) fora.a.t € [0, T],

X(t) +ADX() + BOX(t) = T(X) (P(f))(sm(f) +— ;
m/) [VV ()
x(T) = Mx(0),  X(T) = Nx(0).

(20)

Let

~a

VU =

i T 1
(AT + 1)/ (p(s)xem(s) + ) ds
0 m
with A and I" defined in (12). Since

VV(x)
[VV(X)]

() (p(t)x@m(o + 1) ’ < P(Ox0, () + ~, foraa.t e [0,T],
m m
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every solution y,, of (20) satisfies, according to Lemma 2.3,
V(O < vmy,  [Ym(®)] < v, forallt € [0, T].

Since w(6n) < % it holds that v,, — 0 as m — oo. Consequently, because 0 € K and K is an open set, it is
possible to find m such that, for all m > m, every solution y,, of (20) satisfies y,;(t) € K, forall t € [0, T].
ad (P,;) Let x,, be a solution of (ITy,). It follows from Lemma 2.3 that
X (O] < N, [Xm(O)] < 1w, forallt € [0, T],
with

T
mm = A (AT + 1)/ (a(s) + p(s) X0, (8) + %) ds,
0

where A and I are defined in (12). Since p(6y) < % it is easy to see that

T
/ (p(s)mm 5) + 1) ds — 0,
0 m

implying n,, — n as m — oo. Therefore, it is possible to find m* € N such that n,, < 2n, forallm € N,
m > m*.
Let us now verify condition (P,;), forallm € N, m > m*. -
- At first, consider an arbitrary t € 0, x € N%(ak) N Ny(0K) NK, L € (0,1), v € R" with |v| < 2n and
w, € Cu(t, x, v,x, v, A) —A(t)v — B(t)x. Then
1\ VV()
Wm = w + 7(x) (p(t)Xe)m(t) + ;) VO]
with w € AC(t, x, v, X, v) — A(t)v — B(t)x and
(HV(X)v, v) + (VV(X), W) = (VV(X), i),
by means of condition (vi). Moreover,

1
(VVX), wn) = (VV(x), w) + 7(%) (P(f))wm(f) + m) VvV

= (VV(®),w) + (p(t) + %) AVV)| = (—IWI +p@) + %) IVV()| > 0,

because |VV(x)| > 0 and since, according to conditions (1;), (iii), we have
lw| < a(t) +a(®)|v] + b®)|x| < a(t) 4+ 2a(t)n 4 b(t) max |k| = p(t).
keK

- Lett € (0,T)\6n, x € 0K, v € R with |v| <2n,A € (0, 1) and wy, € Gyu(t, x, v, X, v, 1) —A(t)v — B(t)x.
Then yg,(t) =0, 7(x) = 1and
(HV(x)v, v) + (VV(X), wm) = (VV(X), wm),
according to condition (vi). Moreover, there exists w € A&(t, X, v, X, v) — A(t)v — B(t)x such that
(VV(x), wn) = (VV(X), w) + % SIVV(X)| > %
by means of condition (v) and reasonings at the beginning of the proof.

According to the Scorza-Dragoni result and since C = C on ([0, T] \ 6,) X K x By, x K x By, the
mapping C is ws.c. on ([0, T] \ 6) x K x By, x K x By,. By the same reason, A, B are continuous on
[0, T]\ 6,n. Moreover, V € C2(R", R), and therefore, there exists k,, > 0 such that

(HV(x)v, v) + (VV (), wy) > 0,
forallt € (0,T) \ Om, x € N,(3K) N K N Npy(3K),v € R" with |[v] < 25,4 € (0,1) and w,, €
Cn(t,x,v,x,v,A) —A(t)v — B(t)x.
Assumption (P,;) is, therefore, satisfied with & = min {2, kp, h}.
ad (P,;) Condition (P,;) follows immediately from assumption (vii).

Therefore, we can apply Proposition 3.1 obtaining, for all m > max{m, m*, m}, the existence of a solution x,, of the mth
problem (P,;) such that x,,(t) € K, for each t € [0, T]. Due to the continuation principle (see, e.g., [1, Theorem 1]) used for
solving (Pp,), X, is indeed a solution of (IT;), for A = 1. Therefore, according to part ad (P,;) of this proof, we obtain that
|xm(t)| < 27, forallm > m* and t € [0, T] with n defined in (12). Hence, (1;), assumption (iii) and the definition of T imply
[Xm ()| < 4na(t) + 2b(t) max, g |k| + 2c(t) + 1.1t is then possible to get x € C'([0, T], R™) with absolutely continuous X
and a subsequence (see, e.g., [ 13, Theorem 0.3.4]), again denoted as the sequence, such that x,, — x, X, — x, uniformly in
[0, T], and %, — ¥, weakly in L' ([0, T], R"), as m — oo. Thus, x satisfies the boundary conditions in (1). Put

VV (xm (1))

1
Om(t) = T (xXn (1)) (P(f)Xé)m () + E) : m
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It is easy to see that
o . . T .
G (), Xm (1) — @m(O)" € (0, C(t, Xm(0), X (£), X (1), xm(t))) — C(t) @ (), X (D),

foraa.t € [0, T], where the 2n x 2n matrix function C was defined in (11). Since |y (t)| < p(t) X6 ) + % foraa.t € [0, T],
and ¢,,(t) — 0asm — oo in [0, T], we have that (X, (t), X (t) — @m(t)) — (%, ¥), weakly in L'([0, T], R"), as m — oo.
Therefore, a standard limiting argument (see [1, Proposition 2]) implies that x is a solution of problem (1). Finally, since
xm(t) € K, forallm € Nand t € [0, T], we obtain that also x(t) € K, forall t € [0, T], which completes the proof. O

As an application of Theorem 3.1, we conclude by the following simple illustrating example.

Example 3.1. Let us consider the vector dry friction b.v.p.

X(t)+a-x(t)+b-sgnx(t) =p(t,x(t)), foraa.tel0,T],
x(T) =x(0),  x(T) =x(0), or } (21)
x(T) = —x(0),  x(T) = —x(0),
wherea < 0,x(t) = (x1(t), x2(t), ..., x,(t))T, sgnx(t) = (sgnx;(t), sgnxx(t), ..., sgnx,(t))Tandp : [0, T xR" — R"is

a Carathéodory function such that |p(t, x)| < p(t) withp e L!([0, T], [0, 00)). Assume that (p(t, x), x) > 0, forallt € (0, T)
and x € R" with [x| = R, where R > 0 is a suitable number such that b € (%, =%)

Because of discontinuity in sgn y, we can only consider Filippov solutions which can be identified (see, e.g.,[8,16,19]) as
Carathéodory solutions of

X(t) +a-x(t) € p(t,x(t)) —b-Sgnx(t), foraa.te[0,T],
x(T) =x(0),  x(T) =x(0), or ] (22)
x(T) = —x(0),  x(T) = —x(0),
where Sgny = (Sgny;, Sgny,, ..., Sgny,)Tand, foralli e {1, 2, ..., n},
-1, fory; <0,
Sgny; = { [-1,1], fory; =0,
1, fory; > 0.

We will show that, under the above assumptions, the dry friction b.v.p. (22) admits both periodic and anti-periodic
solutions.

Defining K := {x € R" | |x] < R} and, forallt € [0, T]and (x,y, u, v) € R*", C(t,x,y,u,v) := p(t,u) — b - Sgn v, the
mapping C : [0, T] x R*" — R" obviously satisfies conditions (i)-(iii) from Theorem 3.1.

Moreover, both the associated homogeneous problems

X(t)+a-x(t)=0, foraa.tel0,T], 23
X(T) =x(0),  X(T) = (0), (23)
X(t)4+a-x(t)=0, foraa.tel0,T], 24
x(T) = —x(0),  %(T) = —X(0) (24)

have only the trivial solution, i.e. condition (iv) from Theorem 3.1 holds as well.
For verifying conditions (v)-(viii), let us define, for all x € R", V(x) := % (|x|2 — Rz). Forallx € R", VV(x) = x and
HV(x) = I.
Therefore, forall A € (0, 1), x = (X1, ...,%,) € 0K, v = (vy,...,vy) € R"andw € A - p(t,x) — A -b-Sgnv —a-x,
(VV(x), w) = Ax, p(t,x)) — A{x, b - Sgnv) — afx, x)
> —|b| (Jx1] + -+ |xa]) —a-R> > —|bjnR—a-R* > 0

since b € (%, =% and (x, p(t,x)) > 0,forallt € [0, T] and x € R" with |x| = R. Thus, condition (v) from Theorem 3.1
holds, too. Assumptions (vi) and (viii) follow immediately from the definition of the function V and the set K.
Condition (vii) is also satisfied, for both periodic and anti-periodic problems, because,forM = N = I,or,forM = N = —I,

(VV(Mx), Nv) - (VV (), v) = (x, v)%;

hence, when x € 9K and v # 0, then (x, v)? > 0 while (VV(Mx), Nv) = (VV(x), v) = Owhen v = 0.

All assumptions of Theorem 3.1 are so satisfied, by which, the dry friction problem (22) admits a periodic solution x1(-)
and an anti-periodic solution x, (-) such that |x;(t)| < Rand |x,(t)| < R,forallt € [0, T]. These solutions represent Filippov
solutions of the original problem (21).

Remark 3.3. The sufficient conditions can be obviously slightly improved in the sense that R > 0 can be such that only
(x,p(t,x)) > |b| -n-R4a-R% for |x| = Rand t € (0, T). Because of transparency, we preferred to present only a special,
but much more explicit, case.
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A SCORZA-DRAGONI APPROACH TO DIRICHLET PROBLEM
WITH AN UPPER-CARATHEODORY RIGHT-HAND SIDE

MARTINA PAVLACKOVA

ABSTRACT. In this paper, the existence and localization result will
be proven for multivalued vector Dirichlet problem with an upper-
Carathéodory right-hand side by using bound sets approach. Since Scorza—
Dragoni type technique will be furthermore applied, the conditions for
bounding functions can be required directly on the boundaries of bound
sets and not at some vicinity of them.

1. Introduction

Boundary value problems (b.v.p.) for second-order differential inclusions
have been studied for many years (see, e.g. [1], [5], [6], [9]-[11], [13]) since to
their applications in several areas, such as physics, control theory or mathemat-
ical economics. In mentioned papers, various methods (like an upper and lower
solutions technique, topological transformations, fixed point technique or tube
solution method) were applied for obtaining the existence results. In this paper,
except for the existence of a solution, also its localization is studied for multi-
valued vector Dirichlet problem. More concretely, let us consider the Dirichlet
multivalued problem

(1) Z(t) € F(t,z(t),x(t)), fora.a.te[0,T],

2010 Mathematics Subject Classification. 34A60, 34B15.
Key words and phrases. Dirichlet problem, upper-Carathéodory differential inclusions,
localization of a solution, strictly localized bounding functions, Scorza—Dragoni technique.
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where F': [0, T]xR™xR™ — R" is an upper-Carathéodory multivalued mapping,
together with the localization condition

(1.2) x(t) € K, forallte|0,T],

where K C R" is given open bounded set containing the null vector O.

Let us note that the notion of a solution will be understood in the strong
sense, i.e. by a solution of problem (1.1)—(1.2) we shall mean a function z: [0, 7
— R™ with absolutely continuous first derivative satisfying (1.1)—(1.2).

Dirichlet viability problem (1.1)—(1.2) was already studied in [7], [12]. In [7],
the multivalued mapping F' was globally u.s.c. and conditions for bounding
functions were imposed directly on boundaries of bound sets, while in [12], F'
was an upper-Carathéodory multivalued mapping but the conditions concerning
bounding functions were imposed at some vicinity of the boundaries of bounds
sets. Since the Scorza—Dragoni type technique is applied in the present paper,
conditions for bounding functions are imposed directly on boundaries of bound
sets also in the case of upper-Carathéodory right-hand side. The obtained result
is at the end of the paper illustrated by the vector dry friction problem.

2. Preliminaries

Let us start with notations we use in the paper. If (X,d) is a metric space
and A C X, by A, Int A, and OA, we mean the closure, the interior, and the
boundary of A, respectively. For a subset A C X and € > 0, we define the set
N.(A) := {z € X | there exists a € A : d(z,a) < €}, i.e. N(A) is an open
neighbourhood of the set A in X.

For a given compact real interval .J, we denote by C(J, R") (by C1(J,R")) the
set of all functions z: J — R™ which are continuous (have continuous first deriva-
tives) on J. By AC'(J,R"), we shall mean the set of all functions z: J — R™
with absolutely continuous first derivatives on J.

We also need following definitions and notions from multivalued theory in
the sequel. We say that F is a multivalued mapping from X to Y (written
F: X —Y) if, for every € X, a nonempty subset F(x) of Y is given. A mul-
tivalued mapping F': X — Y is called upper semi-continuous (shortly, u.s.c.)
if, for each open set U C Y, the set {x € X | F(x) C U} is open in X.

Let Y be a metric space and (2,4, 1) be a measurable space, i.e. a nonempty
set 2 equipped with a suitable o-algebra U of its subsets and a countably additive
measure p on . A multivalued mapping F: 0 — Y is called measurable if
{we Q| F(w) CV}el, for each open set V C Y. In the sequel, the symbol p
will exclusively denote the Lebesgue measure on R.

We say that mapping F': J x R™ — R™ where J C R is a compact interval,
is an upper-Carathéodory mapping if the map F(-,z): J — R™ is measurable,
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for all x € R™, the map F(t, - ): R™ — R™ is u.s.c., for almost all t € J, and the
set F'(t,x) is compact and convex, for all (¢,z) € J x R™.

In the proof of the main result, the following slight modification of Scorza—
Dragoni type technique for multivalued mappings will be employed.

PROPOSITION 2.1 (cf. e.g. [4, Proposition 8]). Let X C R™ be compact and
let F: [a,b] x X —o R™ be an upper-Carathéodory mapping. Then there exists
a multivalued mapping Fy: [a,b] x X — R™ U {0} with compact, convez values
and Fy(t,z) C F(t,x), for all (t,z) € [a,b] x X, having the following properties:

(a) if u,v: [a,b] — R™ are measurable functions with v(t) € F(t, u(t)) on

[a,b], then v(t) € Fy(t,u(t)) almost everywhere on [a, b];
(b) for everye > 0, there exists a closed I. C [a,b] such that p([a,b]\ 1) < €,
Fo(t,z) # 0, for all (t,z) € I. x X and Fy is u.s.c. on [ x X.

The proof of main result, Theorem 3.1 below, will be based (except from
Proposition 2.1) also on the following proposition developed in [12]. Its proof
was based on combination of bound sets approach with the continuation principle
developed in [2]. The key point for application of the continuation principle lied
in the fact that we assigned to the Dirichlet problem (1.1) the family of associated
problems

2.1) Z(t) € AF(t,q(t),4(t)), fora.a.te[0,T],
z(T) = z(0) =0,

where A € [0,1], and

(2.2) q€Q:={qeC0,T],R") | q(t) € K for all t € [0,T]}.
PROPOSITION 2.2 (cf. [12, Theorem 4.1 and Corollary 3.1]). Let us consider

the Dirichlet problem (1.1)—(1.2) where F': [0,T] x R™ x R™ — R™ is an upper-

Carathéodory multivalued mapping. Moreover, assume that

(a) the closure K of the set K is a retract of R",
(b) there exists a nonnegative, integrable function B: [0,T] — R such that

|F(t,q(t),d(®)] < B(t), a.e. in[0,T],

for each q € Q, where Q is defined by (2.2)

(c) there exists a function V € C?(R"™,R) satisfying conditions:
(H1) Vl]sr =0,
(H2) V(z) <0 forallz € K,

(d) there exists € > 0 such that, for allz € KNN.(OK), t € (0,T), A € (0,1]
and v € R™ with |v| < 2f0T B(t) dt, the following condition:

(2.3) (HV (x)v,v) + (VV(z),w) >0

holds, for all w € AF(t,z,v).
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Then the Dirichlet viability problem (1.1)—(1.2) has a solution.

The function V satisfying conditions from Proposition 2.2 is called a (Liapu-
nov-like) bounding function. Its existence guarantees that K is a bound set for
the b.v.p.

Z(t) € NF(t,z(t),2(t)), fora.a. te[0,T],

24
(24) z(T) = z(0) = 0,

for all A € (0,1], i.e. ensures that there does not exist, for any A € (0, 1],
a solution z of the b.v.p. (2.4) such that x(t) € K, for each t € [0,7], and
x(to) € OK, for some ty € [0, 7).

3. Existence and localization result

Approximating the original problem by a sequence of problems satisfying
conditions of Proposition 2.2 and applying the Scorza—Dragoni type result, we
are already able to state the main result of the paper. The transversality con-
dition imposed on the bounding function is now required only on the boundary
OK of the set K, and not on the whole neighbourhood K N N.(9K), as in
Proposition 2.2.

THEOREM 3.1. Let us consider the Dirichlet viability problem (1.1)—(1.2) and
assume that

(a) the closure K of the set K is a retract of R™,
(b) there exists a nonnegative, integrable function o [0,T] — R such that

[F'(t,q(t),4(1)] < at), a.e. in[0,T],

for each q € Q, where Q is defined by formula (2.2),
(c) there ezists a function V € C%(R™,R) satisfying conditions (H1), (H2),
() forallx € (0,1], z € IK, t € (0,T), v € R™ with |v| <2 [ (2a(t)+1)dt,
and w € AF(t,x,v), it holds that
(3.1) (VV(x),w) >0,
(e) there exists h > 0 such that HV (x) is positive semi-definite, for all
r € KNN, (0K).
Then the Dirichlet viability problem (1.1)—(1.2) has a solution.
PROOF. At first, let us consider the family of associated problems (2.1) and
let = be a solution of (2.1) for some (¢,A) € @ x (0,1]. Then it follows from

the boundary conditions that there exists a point £ € (0,T) such that @(§) = 0.
Therefore, according to condition (b),

1£(0)] = |&(€) — £(0)] = ‘/Ogi(t)dt’ </O5 |£v'(t)|dt</:a(t)dt</OTa(t)dt.
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Therefore, for almost all ¢ € [0, T,

t T
|z(¢)] < |2(0)] +/O a(s)ds < 2/0 a(s)ds.

Moreover, for almost all ¢ € [0, T,

o(t)] < |x(0)|—|—/0t |9'c(s)|ds§Z/OT/OTa(s)dsdu:2T/0Ta(s)ds.

Thus, x satisfies |z(t)| < a and |&(t)] < b, for almost all ¢ € [0,T], where

T T
(3.2) a:= ZT/O a(s)ds and b::2/0 a(s)ds.

It follows from condition (d) and from compactness of OK that there exists
d > 0 such that VV(z) # 0, for all x € Ns(0K). Moreover, there exists v > 0
such that |VV (x)| > =, for all z € K.

Let us consider an open bounded set Ky C R™ such that K C K. Since F
is an upper-Carathéodory mapping, we can apply a Scorza—Dragoni type result
(cf. Proposition 2.1). Consequently, there exists a decreasing sequence {6,,} of
subsets of [0,7] and a measurable mapping F: [0,T] x Ko x By, — R™ such
that, for every m € N,

e [0,T]\ 0y, is compact and u(6,,) < 1/m,
o F(t,z,y) C F(t,z,y), for all (t,z,y) € [0,T] x Ko x Bay,
o Fisus.c. on ([0,7]\ 6,) x Ko X Bay.
It is obvious that ﬁl 0., has zero Lebesque measure and that mlgnOo Xo,, (t) =0,
e s

[ee] —_—
for every t ¢ () 6,,. Therefore, F' is an upper-Carathéodory mapping.

m=1

Let us define the mapping F: [0, 7] x R?" — R™ by the formula

o F(tax7y)7 for (t,a:,y) € [OaT] X Ko x ng,
F(t,z,y) :=
F(t,x,y), otherwise.

Since K is open and F(t,z,y) C F(t,z,y), for all (t,z,y) € [0,T] x R?", the
mapping F is also an upper-Carathéodory mapping.

Let 7 € C*(R™,[0,1]) be such that 7 = 1 on Ns/»(0K) and 7 = 0 on
R™\ Ns(0K) and let us consider (for all m € N) the m-th problem

Z(t) € F(t,z(t),%(t)), for a.a. te[0,T],

P
(Prm) z(T) = z(0) = 0,

where an upper-Carathéodory mapping F,: [0, 7] x R?" — R" is defined by

Fult,2,y) = Flt,,y) +7() (a@)x@m (1) + nl) %
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Moreover, let us consider the family of problems (I, 4,»), associated to (Py,),

Z(t) € AP (t,q(t),4(t)), for a.a. t €[0,T],

(
) o(T) = 2(0) = 0.

where ¢ € Q and A € [0, 1].

Let us now prove that there exists mg € N such that, for all m € N, m > my,
the problem (P,,,) satisfies assumptions (b) and (d) from Proposition 2.2.

(b) Since for all m € N,

@) (@00, 0+ 1 ) S| < aOxa, 0+ - <al0) 41,

for almost all ¢ € [0, 7], it holds for all m € N, ¢ € @ and almost all ¢t € [0, 7
that

[F(t, q(t),4(1)] < B(2),
where B(t) := 2a(t) + 1. Assumption (b) from Proposition 2.2 is therefore

satisfied.
(d) If z,,, be a solution of (I, 4 ), then

| (O)] < am, |Zm(t)] < by, forall t € [0,T],

where

G = 2T / ' (a<s> T a(s)x0,, (5) + jl) ds,

by = 2/0T (a(s) +a(s)yo.. (s) + nﬂ) ds.

Since p(6,,) < 1/m and 1/m — 0 as m — oo, it is easy to see that

/OT (a(S)Xem(S) + ;) ds — 0,

implying a,, — a and b,, — b as m — oo, where a and b are defined by (3.2).
Therefore, it is possible to find m* € N such that a,, < 2a and b,, < 2b, for all
m e N, m>m*.

Let us now verify condition (d) for all m € N, m > m*.

At first, consider an arbitraryt € Om, € N5 2(0K)NN(0K) NK, X € (0,1],
v € R™ with |v| < 2f0 (2a(t) + 1) dt and wyy, € AFy,(t, ,v). Then

VV ()
|VV ()|

and

=0+ 7()(a(Oxa, (0 + -

with w € )\ﬁ(t,x, v) and

(HV (2)v,v) + (VV(2),wn) = (VV(z), wn),
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by means of condition (e). Moreover,
(T (@)v0,) = (TV (), 0) + 7(0) (alto, 0+ 2 ) [9V)
— (VV(2),w) + (a(t) + ;) WV (@)

> (= lol + o)+ ) 19V >0,

because |[VV (z)| > 0, and since |w| < «(t).
Let t € (0,T)\ 6y, x € 0K, v € R™ with |v| < 2[5(204@) +1)dt, A € (0,1]
and wy, € AF,(t,z,v). Then xo, (t) =0, 7(z) =1 and

(HV (2)v,v) + (VV(2), wn) = (VV(z), wn),

according to condition (e). Moreover, there exists w € AF (t,x,v) such that
1 gl
\% m) = s . V ,
(VV (@), wm) = (VV(2),w) + — - [VV(z)| >

by means of condition (d) and reasonings at the beginning of the proof.

According to the Scorza-Dragoni result and since F' = F on ([0, T]\f) X K x
Bay, the mapping F is w.s.c. on ([0, T]\6,) x K x Ba,. Moreover, V € C2(R™,R),
and therefore, there exists x,, > 0 such that

(HV (x)v,v) + (VV(x), wp) > 0,

for all ¢ € (0,T)\Om, x € Ny, (OK)NEK NN, (OK), v € R™ with |v] < 2 [ (2a(t)
+1)dt, A € (0,1] and wy, € AF,(t, x,v).

Assumption (d) is, therefore, satisfied with ¢ = min{d/2, K, h}.

Thus, we can apply Proposition 2.2 obtaining, for all m > m*, the existence
of a solution x,, of the m-th problem (P,,) such that x,,(t) € K, for each
t € [0,7T]. Due to the continuation principle (see [2]) used for solving (P,,), zpm,
is indeed a solution of (I, 4.), for A = 1. Therefore, according to the previous
part of this proof, we obtain that |i,,(t)| < 2b, for all m > m* and t € [0,T],
where b is defined by (3.2), and |£,,(t)] < 2a(t) + 1. It is then possible to get
x € C1([0,T],R™) with absolutely continuous i and a subsequence (see e.g. [3,
Theorem 0.3.4]), again denoted as the sequence, such that z,, — z, &, — &,
uniformly in [0, 7], and &, — &, weakly in L1([0,T],R"), as m — oo. Thus, =
satisfies the boundary conditions in (1.1). Put

- LY. YV(n(®)

on(0) = 7l (®) (alOra, 0+ ) - T2
Since |@m(t)| < al(t)xe,, ) + 1/m, for almost all ¢t € [0,7], and @, (t) — 0
as m — oo in [0,T], we have that (Z,,(t),Zm(t) — om(t)) = (&, %), weakly in
LY([0,T],R™), as m — co. Therefore, a standard limiting argument implies that
z is a solution of problem (1.1). Finally, since x,,(t) € K, for all m € N and



246 M. PAVLACKOVA

t € [0,T], we obtain that also x(t) € K, for all ¢t € [0,T], which completes the
proof. O

REMARK 3.2. As pointed out in the proof, the founded solution x of problem
(1.1)=(1.2) is indeed a solution of (2.1), for ¢ = = and A = 1. Therefore, due
to the proof and the assumption (b), |Z(¢)| < b, for all ¢ € [0,T], where b :=
2 fOT a(s)ds. Tt is so possible to enlarge the localization conditions and ensure
the existence of solution of problem

Z(t) € F(t,z(t),z(t)), fora.a.te[0,T],
z(T) = z(0) =0,

z(t) € K, forallte][0,T],

@(t) € B, forallte [0,7].

As an application of Theorem 3.1, we conclude by the dry friction Dirichlet
problem.

EXAMPLE 3.3. Let us consider the vector dry friction b.v.p.

(3.3) Z(t) +a-sgnz(t) = p(t,z(t)), fora.a. te|0,T],
2(T) = =(0) = 0,
where a € R, z(t) = (21(t),...,2,(t))7, sgni(t) = (sgniy(t),...,sgni, ()7,
and ¢: [0,7] x R™ — R"™ is a Carathéodory function such that

ot )] < B)(L + Jz])  with § € L*([0,T],[0, 00)).

Because of discontinuity in sgny, we can only consider Filippov solutions which
can be identified (see e.g. [1], [4], [8]) as Carathéodory solutions of

Z(t) € p(t,z(t)) — a-Sgnx(t), fora.a.te[0,T],

3.4
(34) z(T) = z(0) =0,

where Sgny = (Sgny,...,Seny,)’ and, for all i € {1,...,n},

-1, for y; <0,
Sgny; :== ¢ [-1,1], fory; =0,
1, for y; > 0.

If there exist D > 0 such that (p(t,2),z) — av/Dy/n > 0, for all t € (0,T)
and x € R™ with |z| = D, then the dry friction b.v.p. (3.4) admits, according to
Theorem 3.1, a solution z such that |z| < D.

More concretely, for verifying conditions (a)—(e) from Theorem 3.1, let us
define the set K := {x € R" | |z| < D}, the bounding function V(x) :=
(|z|? — D?)/2, and a(t) :== B(t)(1 + D). Then, for all x € R", vV (z) = z and
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HV (z) = I, and conditions (a), (c), (e) from Theorem 3.1 are obviously satisfied.
Moreover, since for all A € (0,1], z € 0K, v € R™" and w € A-o(t,2) —A-a-Sgn v,

(VV(2),0) 2 M{x, o(t,x)) —a(jer] +.. . +]zal)) = A{p(t, ), 2) —av'DV/n) > 0,

condition (d) from Theorem 3.1 holds, too.

All assumptions of Theorem 3.1 are so satisfied, by which, the dry friction
problem (3.4) admits a solution z such that |x| < D. This solution represents
the Filippov solution of the original problem (3.3).
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ON SECOND-ORDER BOUNDARY VALUE PROBLEMS
IN BANACH SPACES:
A BOUND SETS APPROACH

JAN ANDRES — LuUISA MALAGUTI — MARTINA PAVLACKOVA

ABSTRACT. The existence and localization of strong (Carathéodory) solu-
tions is obtained for a second-order Floquet problem in a Banach space.
The combination of applied degree arguments and bounding (Liapunov-
like) functions allows some solutions to escape from a given set. The prob-
lems concern both semilinear differential equations and inclusions. The
main theorem for upper-Carathéodory inclusions is separately improved
for Marchaud inclusions (i.e. for globally upper semicontinuous right-hand
sides) in the form of corollary. Three illustrative examples are supplied.

1. Introduction

Let E be a Banach space (with the norm || - ||) satisfying the Radon—Nikodym
property (e.g. reflexivity) and let us consider the Floquet boundary value problem

(b.v.p.)
Z(t) + A(t)x(t) + B(t)z(t) € F(t,z(t),z(t)), fora.a.te[0,T],

1.1

1) 2(T) = Mx(0), #(T) = Ni(0).
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Throughout the paper, we assume (for the related definitions, see the next
Section 2) that

(1;) A,B:[0,T] — L(E) are Bochner integrable, where L(E) stands for the
Banach space of all linear, bounded transformations L: E — E endowed
with the sup-norm,

(1) F:[0,T) x E x E — E is an upper-Carathéodory multivalued mapping,

(liii) M, N € ,C(E)

The notion of a solution will be understood in a strong (i.e. Carathéodory)
sense. Namely, by a solution of problem (1.1), we mean a function : [0,7] — F
whose first derivative (- ) is absolutely continuous and satisfies (1.1), for almost
all t € [0, 7).

Problems of this type can be related to those for abstract nonlinear wave
equations in Hilbert spaces. For ¢ € [0,T] and £ € €2, where Q is a nonempty,
bounded domain in R™ with a Lipschitz boundary 0, consider the functional
evolution equation

Pu Ou =
(1.2) 5 T a + Bu(t, ) + Bllu(t, )|[P%u = p(t,u),

ot ot
where u = u(t,£), subject to boundary conditions
ou(T, ) ou(0, -)

=N .
ot ot

Assume that a > 0, B > 0, p > 1 are constants, B: L2(Q) — L2() is a linear
operator and that ¢:[0,7] x R — R is sufficiently regular. The problem under

(1.3) u(T, -) = Mu(0, -),

consideration can be still restricted by a constraint:
u(t, ) e K :={ec L*(Q)||le]| <r}, tec]0,T).

Taking z(t) := u(t, -) with z € AC([0,T], L*(Q)), A(t)=A:=a, B(t): L*(Q) —
L2(9) defined by = = u(t, - ) — Bz, f:[0,T]x L2(Q) — L2(2) defined by (t,v) —
o(t,v(+)), and F(t,x,y) = F(t,x) := —B||z||P"2x + f(¢, ), the above problem
can be rewritten into the form (1.1), possibly together with x(t) € K,t € [0,T],
where K C L%(f) is a nonempty, open, convex subset of L?(Q2) containing 0.

If o(t, -) is e.g. bounded, but discontinuous at finitely many points, then the
Filippov regularization ¢ of ¢(¢, -) (cf. e.g. [6], [9]) can lead to a multivalued
problem (1.1).

An interesting case occurs when E = L2(Q) and Bu(t, -) := —Au(t, -);
equation (1.2) then becomes a hyperbolic equation (see e.g. [22, Chapter 5.2]).
Since such a B is defined only on W22(Q) € E = L%(Q), it does not satisfy
condition (1;) and the related model can not be attached with the techniques
developed in this work. Moreover, the Laplace operator is not bounded on
W22(Q), as required in (1;). Indeed, the main purpose of the present paper is
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to prove the existence of a Carathéodory solution z € AC*([0, T, E) to problem
(1.1) in a given set ). Section 6 also contains an applications of our results to
the b.v.p. (1.2), (1.3), where B € L(E).

Since the application of degree arguments will tendentiously allow some so-
lutions of (1.1) to escape from @, the crucial condition of the related continu-
ation principle developed in Section 3 consists in guaranteeing the fixed point
free boundary of @ w.r.t. an admissible homotopical bridge starting from (1.1)
(see condition (e) in Proposition 3.1 below). This requirement will be verified
by means of Liapunov-like bounding functions, i.e. via a bound sets technique
(whence the title).

That is also why the whole Section 4 is devoted to this technique applied
to Floquet problem (1.1) and in fact, as pointed out in remarks, to Floquet
problems with general upper-Carathéodory differential inclusions (i.e. for A and
B possibly equal to 0 in (1.1)). We distinguish two cases, namely when

(i) A, B are Bochner integrable transformations and F' is an upper-Cara-
théodory mapping, and

(ii) A, B are continuous transformations and F is globally upper semicon-
tinuous (i.e. a Marchaud mapping).

Unlike in the first case, the second one allows us to apply bounding functions
which can be strictly localized on the boundaries of given bound sets.

The application of bounding functions to problems in abstract spaces was so
far, to our best knowledge, exclusively related to first-order problems (see e.g.
[5], [23], [24]). Moreover, guiding functions can only be (globally) applied in
L2-spaces or so, but not in general Banach spaces like here, as documented in [5]
(see the related references therein). In this light, the bound sets approach to
second-order problems in Banach spaces brings the main novelty of our paper.

Similarly as in finite-dimensional Euclidean spaces, the geometry concern-
ing second-order problems, reflecting the behaviour of controlled trajectories, is
much more sophisticated than for first-order problems. Moreover, to express
desired transversality conditions in terms of bounding functions, it requires for
second-order problems in Banach spaces to employ newly dual spaces, etc. On
the other hand, the sufficient existence conditions are, in principle, better than
those for equivalent first-order problems.

Although the main results formulated in Theorem 5.1 and Corollary 5.2 are
rather abstract, they can be suitably applied for obtaining effective criteria of
solvability of (1.1), as demonstrated especially by the third illustrative example
supplied in Section 6.

Since the most important particular cases of the Floquet problem are related
to a periodic problem (M = N = id) and to an anti-periodic problem (M = N =
—id), the comparison of the obtained criteria with those of the other authors
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should preferably concern these two cases. However, since the methods applied
by other authors in this field are significantly different from ours (see e.g. [1], [9],
[12], [14], [7], [17], [18], [20], [21], [26]), we resigned to make such a comparison. If
the localization of solutions, as the main advantage of our results, was guaranteed
somewhere else, then it was almost exclusively done, in the frame of the viability
theory, by means of various Nagumo-type (cone-type) conditions. Nevertheless,
in the majority of quoted papers, the localization of solutions can be detected
only with difficulties.

2. Preliminaries

Let E be a Banach space having the Radon—Nikodym property (see e.g. [19,
pp. 694-695]) and [0, 7] C R be a closed interval. By the symbol L([0, 7], E),
we shall mean the set of all Bochner integrable functions x:[0,7] — E. For the
definition and properties, see e.g. [19, pp. 693-701]. The symbol AC*([0,T], E)
will denote the set of functions x:[0,7] — E whose first derivative &(-) is ab-
solutely continuous. Then & € L'([0,T], E) and the fundamental theorem of
calculus (the Newton—Leibniz formula) holds (see e.g. [3, pp. 243-244], [19, pp.
695-696]). In the sequel, we shall always consider AC'([0,T], E) as a subspace
of the Banach space C1([0,T], E). Given C C E and € > 0, the symbol B(C,¢)
will denote, as usually, the set C 4+ B, where B is the open unit ball in F, i.e.
B={zec E||z| <1}.

For each L € L(E x E), there exist unique L;; € L(F), ¢,j = 1,2, such that

L(z,y) = (L11x + L12y, La1x + Lag2y),

where (z,y) € E x E. For the sake of simplicity, we shall use the notation

L L
I ( 11 12> .
Ly1 Lo

We shall also need the following definitions and notions from multivalued
analysis. Let X,Y be two metric spaces. We say that F is a multivalued mapping
from X to Y (written F: X — Y') if, for every x € X, a nonempty subset F(x)
of YV is given. We associate with F' its graph I'p, the subset of X x Y, defined
by

I'p:={(z,y) e X XY |y € F(x)}.

A multivalued mapping F: X — Y is called upper semicontinuous (shortly,
u.s.c.) if, for each open subset U C Y, the set {zx € X | F(z) C U} is open in X.

A multivalued mapping F: X — Y is called compact if the set F(X) =
U.ex F(z) is contained in a compact subset of Y and it is called quasi-compact
if it maps compact sets onto relatively compact sets.

The relationship between upper semicontinuous mappings and compact map-
pings with closed graphs is expressed by the following proposition (see, e.g. [15]).
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PrROPOSITION 2.1. Let X, Y be metric spaces and F: X — Y be a quasi-
compact mapping with a closed graph. Then F' is u.s.c.

We say that a multivalued mapping F:[0,7] — Y with closed values is
a step multivalued mapping if there exists a finite family of disjoint measurable
subsets I, k = 1,... ,n such that [0,7] = |JIx and F is constant, on every Ij.
A multivalued mapping F: [0,T] — Y with closed values is called strongly mea-
surable if there exists a sequence of step multivalued mappings {F,,} such that
dp(Fn(t),F(t)) — 0 as n — oo, for almost all ¢t € [0, T, where d stands for the
Hausdorff distance.

Let us note that if Y is a Banach space, then a strongly measurable mapping
F:[0,T] — Y with compact values possesses a single-valued strongly measurable
selection.

Let J = [0,T] be a given compact interval. A multivalued mapping F: J x
X — Y is called an upper-Carathéodory mapping if the map F(-,z):J — Y is
strongly measurable, for all z € X, the map F(t,-): X — Y is u.s.c. for almost
all t € J, and the set F (¢, z) is compact and convex, for all (t,z) € J x X.

For more details concerning multivalued analysis, see e.g. [3], [De], [13], [15].

DEFINITION 2.2. Let N be a partially ordered set, £ be a Banach space
and let P(F) denote the family of all subsets of E. A function 8: P(E) — N
is called a measure of non-compactness (m.n.c.) in E if 8(coQ) = B3(2), for all
Q € P(E), where co ) denotes the closed convex hull of (2.

A m.n.c. 3 is called:

(a) monotone if B(Q1) < B(Q2), for all Q; C Qs C E,

(b) nonsingular if f({z} UQ) = B(Q), for all z € E and Q C E,

(¢) invariant with respect to the union with compact sets if S(KUQ) = G(Q),
for every relatively compact K C E and every €2 C F.

(d) regular when B(Q) = 0 if and only if Q is relatively compact.

It is obvious that the m.n.c. which is invariant with respect to the union with
compact sets is also nonsingular.

The typical example of an m.n.c. is the Hausdorff measure of noncompactness
~ defined, for all Q2 C E by

~v() := inf {5 >0 ’ Ir1,..., 2, € E:Q C UB({CCZ'},E)}.
i=1

The Hausdorff measure of noncompactness is monotone and nonsingular. More-
over, if L € L(E) and 2 C E, then (see, e.g. [15])

(2.1) V(L) < |[|L]|2(z)v ().
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Let {fn} C L([0,T], E) be such that [[f,(®)|| < a(t), v({fa(t)}) < c(t), for
almost all ¢ € [0,7], all n € N and suitable a, ¢ € L([0, T], R), then (cf. [15])

(2.2) ({/ Falt dt}) < 2/ c(t), fora.a. te[0,T].

Moreover, for all subsets Q of E (see e.g. [5]),

(2.3) 7< U m) < y(Q).

A€0,1]
Let us now introduce the function

(24) ()= max < sup [y({wn(t)}n) + ({1 () }n)],

{wn}nCQ t€[07T]
modc ({wn }n) + mOdC({w"}n)> ’

defined on the bounded Q C C1([0,T], E), where the ordering is induced by the
positive cone in R? and where mod¢c(£2) denotes the modulus of continuity of
a subset Q € C([0,T], E) (}). Such a p is a m.n.c. in C*([0, 7], E), as proven in
the following lemma, where the properties of u will be also discussed. We will
use p in order to solve problem (1.1) (cf. Theorem 5.1).

LEMMA 2.3. The function u given by (2.4) defines an m.n.c. in C*([0,T), E);
such a p is monotone, invariant with respect to the union with compact sets and
regular.

PRrROOF. At first, we show that u is well- deﬁned i.e. that the maximum in
(2.4) is reached. Indeed, let {x )}n C Q and {y }n C Q be two sequences of
denumerable sets such that, as m — oo,

sup [Y({z™ (6)}n) +v{E5 03] = sup [y{wa(®)}n) + v{tda(t)}n)],
t€[0,T) {wn}nCQ

mode[({y™ }n) + ({55 }n)) —>{ws?pm[modc({wn}n)+m0dc({wn}n)]~

It is easy to see that the denumerable set

{0 00),

m=1

is such that

u(Q) = ( sup [Y({zn(t)}n) +7({2n () }n)], modo({zn}n) +m0dc({2n}n)>~

t€[0,T]

(1) The m.n.c. modg(Q) is a monotone, nonsingular and algebraically subadditive on
C([0,T],E) (cf. e.g. [15]) and it is equal to zero if and only if all the elements z € Q are
equi-continuos.
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Thus p is well-defined. Observe that p is also monotone, because if Q; C Qs C
C([0,T], E) are bounded, then the maximum for 1(2) is taken on a larger set
than for p(921), and so u(Q1) < p(22). We now prove the equality (o)) =
1(Q). By the monotonicity of u, it is sufficient to prove that p(co ) < u(Q).
Let {yn}n C (c0Q2) be such that

p(Eo ) = ( sup h({yn(t)}n)+v({yn(t)}n)]ymodc({yn}n)+m0dc({y'n}n))-

te[0,T)

Hence, we can find {x,}, such that {y,}, C €6 {x,}n. According to the mono-
tonicity of the Hausdorff m.n.c. and of mod¢(€2), we obtain that

Y{yn()}n) <y(@{zn(t)}n) =v{xn(t)}n), foreacht € [0,T],
mOdC({yn}n) < modc(co {xn}n) = mOdC({xn}n)v
implying that u({yn}n) < p{zn}tn) < p(Q).

Now, we prove that y is invariant with respect to the union with compact sets.
Let K C C'([0,T],E) be relatively compact. Then, in view of monotonicity,
w(Q) < u(Q U K), for all bounded Q@ C C([0,7],E). The reverse inequality
p(QU K) < u() can be proven as follows. Let {y,}, C QU K be a sequence
where the maximum in the definition of u(Q U K) is reached. Then

Y{yn(0)}) =1 ({yn} 0 Q1) U {ya} N K)(1)) = v(({yn} N Q)(1)),
for all t € [0,T], and

modc ({yn}) = modo(({yn} N Q) U ({yn} N K)) = modeo({yn} N Q).

Put
Q:={zeC(0,T),E)| 3y € Q:a(t) = y(t), for all t € [0,T]}
and
K :={x e C([0,T),E) | 3y € K:x(t) = y(t), for all t € [0,T]}.
It is easy to see that both K and K are relatively compact in c(0,T), E).
Consequently,

Y{Ga(}) = ({5} VD) U ({5} N E)(X) = 7(({gn} N Q)(2))

and

modc ({fn}) = mode (({#n} N Q) U ({#n} N K)) = mode ({in} N Q).

Therefore,

p(QUK) =( sup [y(({ya} NQ)(®)) + ({5} N QD))

te[0,T)

mode ({yn} N Q) +modec ({9} N Q)) < u().
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Thus, the m.n.c. p is invariant with respect to the union with compact sets, and
so nonsingular as well.

It remains to show that p is regular. If the set () is relatively compact,
then each sequence {wy,}, C € is also relatively compact. It implies that
Y{wn(t)}) = v({wn(t)}) = 0, for every ¢ € [0,T], and also that mode({w,}) =
mod¢({w,}) = 0. Hence, u(2) = (0,0).

On the other hand, if u(Q2) = (0,0), then y({w,(¥)}) = Y{uwn(t)}) =
mod¢ ({wy}) = mode({w,}) = 0, for each ¢t € [0,T], and every {wy}, C Q.
So, both {wy, }, and {wy, }n are equi-continuous and, according to the regularity
of the Hausdorfl measure, the sets {w,,(t)},, {w,(t)}, are relatively compact,
for every t. The well-known Arzela—Ascoli lemma can be then applied to verify
the relative compactness of {w,, },, which completes the proof. O

DEFINITION 2.4. Let E be a Banach space and X C E. A multivalued
mapping F: X — F with compact values is called condensing with respect to an
m.n.c. § (shortly, 8-condensing) if, for every Q C X such that G(F(Q)) > 5(Q2),
it holds that €2 is relatively compact.

A family of mappings G: X X [0,1] —o E with compact values is called g-
condensing if, for every Q C X such that S(G(Q x [0,1])) > B(£), it holds that
Q is relatively compact.

The following convergence result will be also employed.

LEMMA 2.5 (cf. [3, Lemma II1.1.30]). Let E be a Banach space and assume
that the sequence of absolutely continuous functions xy:[0,T] — E satisfies the
following conditions:

(a) the set {xy(t) | k € N} is relatively compact, for every t € [0,T),
(b) there exists o € L*([0,T7],[0,00)) such that

12k (0)|] < a(t), for a.a.t €[0,T] and for all k € N,

(c) the set {ix(t) | k € N} is weakly relatively compact, for almost all
t €1[0,7).
Then there exists a subsequence of {xy} (for the sake of simplicity denoted in
the same way as the sequence) converging to an absolutely continuous function
x:[0,T] — E in the following way:

(i) {zr} converges uniformly to x, in C([0,T], E),
(i) {@x} converges weakly in L*([0,T], E) to i.

The following lemma is well-known when the Banach spaces Fy and Fy co-
incide (see, e.g. [25, p. 88]). The present slight modification, for E; # Es, was
proved in [4].
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LEMMA 2.6. Let [0,7] C R be a compact interval, let Ey, Es be Banach
spaces and let F:[0,T] x E; —o E be a multivalued mapping satisfying the fol-
lowing conditions:

(a) F(-,x) has a strongly measurable selection, for every x € E1,
(b) F(t, -) is u.s.c., for a.a. t € [0,T,
(c) the set F(t,x) is compact and convez, for all (t,x) € [0,T] x Ej.

Assume in addition that, for every nonempty, bounded set Q C Ey, there exists
v=v(Q) € L'([0,T],(0,00)) such that

1 (8, @)|| < w(t),

for almost all t € [0,T] and every x € Q. Let us define the Nemytskii operator
Np:C([0,T), Ey) — LY([0,T], Es) in the following way:

Np(z) = {f € L([0,T], E2) | f(t) € F(t,2(t)), a.e. on [0,T]},

for every x € C([0,T), E1). Then, if sequences {xy} C C([0,T], E1) and {fr} C
LY([0,T], E2), fr € Np(zk), k € N, are such that x;, — x in C([0,T], E1) and
fr — f weakly in L*([0,T], E2), then f € Np(z).

It will be also convenient to recall some basic facts concerning evolution
equations. For a suitable introduction and more details, we refer, e.g. to [§],
[16], [22].

Hence, let C:[0,T] — L(E) be Bochner integrable and let f € L([0,T], E).
Given zy € F, consider the linear initial value problem

(2.5) i(t) = COw(t) + £(t),  2(0) = wo.

It is well-known (see, e.g. [8]) that, for the uniquely solvable problem (2.5), there
exists the evolution operator {U(t, s)}(+,s)ea, Where A := {(t,5):0 < s <t < T},
such that

(2.6) U, s)|| < e 1O for all (¢, 5) € A;
in addition, the unique solution z(-) of (2.5) is given by
t
x(t) = U(t,0)xo +/ Ul(t,s)f(s)ds, tel0,T).
0

Given D € L(FE), the linear Floquet b.v.p.

{ #(t) = C(t)z(t) + f(b),

7
@7 x(T) = Dz(0)

associated with the equation in (2.5), satisfies the following property.
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LEMMA 2.7 (cf. [B]). If the linear operator D — U(T,0) is invertible, then
(2.7) admits a unique solution given, for all t € [0,T], by

T t
(2.8)  x(t) =U(t,0)[D —U(T,0)] ! / U, r)f(r)dr + / U(t,7)f(r)dr.
0 0
REMARK 2.8. Denoting

A= elo €O 1. |[D - U(T,0)] 7Y,

we obtain, in view of (2.6), (2.8) and the growth estimate imposed on C(t), the
following inequality for the solution z(-) of (2.7)

T
(8] < A(Ar+1)/0 I1£(s)]] ds.

Now, consider the second-order linear Floquet b.v.p.

(2.9)

{ E(t) + A)(t) + B(t)x(t) = f(t), for a.a. t€[0,T],
2(T) = Mx(0), &(T) = Ni(0),

where A, B are Bochner integrable and f € L([0,T], E), and let

(@ 9)llexe == VIl=l* + Iyl forall z,y € E.

Problem (2.9) is equivalent to the following first-order linear one

(2.10) { () + Cft)ﬁ(t) = h(t), for a.a.tel0,T],
(1) = DE(0),

where

(2.11) £=(z,y) = (z,%),

(2.12) h(t) = (0, f(1)),

(2.13) Ct):ExE—ExE, (x,y)— (—y, B(t)x+ A(t)y),

(2.14) D:ExE—ExE, (z,y)— (Mz, Ny).

Let us denote, for all (t,s) € [0,T] x [0,T], by

Ui1(t, s) U12(t75))

Ult,s) := <U21(t,s) Uss(t, 5)

the evolution operator associated with

{ E(t) + C(H)E() = h(t), for a.a. t e [0,T],

2.15
219 £(0) = &o,
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where &, h and C are defined by relations (2.11), (2.12) and (2.13), respectively,
and { € E x E. It is easy to see that ||C(¢)|] < 1+ ||A®)|| + ||B(¢¥)|] and,
according to (2.6), we obtain

|U(t,s)]] < efOT(l‘L"A(t)HH‘B(t)H)dt, for all (¢,s) € A.
Consequently, for all i,j =1, 2,
(2.16) U (£, 8)|| < efo AHIADIHIBOID A for a1 (¢ 5) € A.

Moreover, if we denote

povron= () k)
and put
(2.17) k=D - U, 0],

then ||K;;|| < k, for ¢,j = 1,2, and the solution z(-) of (2.9) and its derivative
x( ) take, for all t € [0,T], the forms

T
(2.18) x(t)zAl(t)/O Uro(T,7)f(7) dr
T t
+4a(t) [ Un(T) )+ [ Vot fr) ar
T
(2.19) a'c(t)ZAg(t)/O Ur2(T,7)f(7)dr

T t
- At / Una (T, ) f(r) dr + / Una(t, 7) () dr,

where
A (t) = Upi(t,0) K11 + Ur2(t,0) Ko,
Ag(t) = Ull(t,O)Klz + U12(t7O)K22,
As(t) = Uz (t,0) K11 + Usa(t,0) Ko,
Ay(t) = Ua(t,0) K12 + Uaa(t, 0) Koo,

for all ¢ € [0,T]. It holds that
(2.20)  [|A;(t)]] < 2kelo AFIADIHIBOIDGE  for j — 1,2 3 4 and ¢ € [0,T).

If there exists a € L([0,T],[0,00)) such that ||f(t)|| < «(t), for almost
all t € [0,T7], then it immediately follows from Remark 2.8 that the following
estimates hold for each solution z(-) of (2.9) and its derivative &(-):

T T
Hx(t)HgZ(Zk—l—l)/O a(s)ds and ||:i:(t)||§Z(Zk:+1)/O a(s) ds,



314 J. ANDRES — L. MALAGUTI — M. PAVLACKOVA

where

(2.21) 7 = oo (AG)I+IB(s)[|+1) ds

with k defined in (2.17).

3. Continuation principle

In this section, consider the general multivalued b.v.p.

{ i(t) € o(t,z(t),&(t)) for a.a. t € J,

3.1
(3-1) €S,

where J = [0,7T] is a given compact interval, ¢:J x E X E — E is an upper-
Carathéodory mapping. Furthermore, let S C AC'(J, E).

We also introduce the set Q@ C AC!(J, E) of candidate solutions of the b.v.p.
(3.1) and associate to this problem a family of problems depending on two pa-
rameters ¢ € @ and X € [0,1]. The family of associated problems will be defined
in such a way that if T:Q x [0,1] — AC'(J, E) is its corresponding solution
mapping, then all fixed points of the map ¥( -, 1) are solutions of (3.1) (see con-
dition (3.2) below). In order to study the fixed point set of (-, 1), a suitable
topological degree technique will be employed.

PROPOSITION 3.1. Let us consider the b.v.p. (3.1) and let H:[0,T] x E X
E x E x Ex[0,1] — E be an upper-Carathéodory mapping such that

(3.2) H(t,e,d,c,d,1) C p(t,c,d), forall (t,c,d)€[0,T]x Ex E.

Moreover, assume that the following conditions hold:

(a) There exist a closed set S1 C S and a closed, conver set Q C C1([0,T], E)
with a non-empty interior Int Q@ such that each associated problem
Z(t) € H(t,z(t),z(t),q(t),q(t),\) for a.a. t € [0,T],
P(g,\)
T €Sy,
where ¢ € Q and X € [0,1], has a non-empty, convex set of solutions
(denoted by (g, N)).
(b) For every non-empty, bounded set QC E x E, there exists vo € L'([0,T],
[0,00)) such that

HH (8, 2, y,q(t), 4(2), M| < va(d),

for almost all t € [0,T] and all (z,y) € Q, ¢ € Q and X € [0,1].
(¢) The solution mapping ¥ is quasi-compact and p-condensing with respect

to a monotone and nonsingular measure of noncompactness p defined
on C1([0,T],E).
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(d) For each q € Q, the set of solutions of the problem P(q,0) is a subset
of Int Q, i.e. T(q,0) C IntQ, for all g € Q.

(e) For each \ € (0,1), the solution mapping T(-,\) has no fixed points on
the boundary 0Q of Q.

Then the b.v.p. (3.1) has a solution in Q.

PROOF. Let us observe that, according to condition (3.2), every fixed point of
the solution mapping ¥( -, 1) is a solution of the original problem (3.1) lying in Q.
Thus, if the intersection Fix(%¥(-,1)) NIQ is nonempty, then the b.v.p. (3.1) has
a solution in @ and we are done. Otherwise, condition (e) can be reformulated
(according to the above consideration and assumption (d)) as follows:

(3.3) Fix(T(-,A)NdQ =0, forall A€ [0,1].

Now, we will show that the solution mapping T: Q x [0,1] — AC*([0,T], E) is
a u.s.c. mapping with compact values. Consequently, the properties of the solu-
tion mapping together with condition (3.3) will allow us to define the topological
degree of ¥ and to prove that the b.v.p. (3.1) has a solution in Q.

At first, let us prove, by means of Lemmas 2.5 and 2.6, that the solution
mapping T has a closed graph I's. For this purpose, let {qx, Ak, zr} C I's be
a sequence such that (gx, Ak, 7)) — (g0, Ao, Zo) in C([0,T], E) xRx C1([0, T, E)
as k — oo, where qo € @, \g € [0,1] and 2o € C([0,T], E). Since i (t) — @o(t),
the sequence {Z ()}, is relatively compact, for all ¢ € [0,T]. Moreover, since
{zk,&x} is uniformly convergent on [0,7], there exists a constant M > 0 such
that

(3.4) [lzr(®)|] <M and ||zk(t)|| < M, forallte[0,7]and k € N.

According to the estimates in (3.4) and condition (b), there exists v €
LY([0,T],[0,00)) such that

[1H (2x(2), 25 (1), r (1), 41 (1), M| < v(D),

for almost all ¢ € [0,7] and all k € N. Therefore, ||Zx(¢)|| < v(t), for almost all
t€[0,7] and all k € N.

Now, let us show that, for almost all ¢ € [0, T, {Z,(¢)} is relatively compact.
For this purpose, let ¢t € [0,T] be such that

Zp(t) € H(t,xp(t), 2r(t), qx(t), g (t), \i), for all k € N.
Since H (¢, -) is u.s.c., for each £ > 0, there exists § > 0 such that

H(t,z,y,u,v,\) C H(t, zo(t), o(t), qo(t), Go(t), No) + B,
for all (z,y,u,v,\) € Ex E X E x E x [0,1] satisfying

(@, g, 0,0, 0) = (2o(t), #0(t); g0 (), Go(2), Ao [ < 0.
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The fact that (qx,qr, Ak, Tk, k) — (4o, do, Mo, Zo,Zo) ensures the existence of
ko € N such that

H(tvxk(t)7xk(t)7Qk(t)aQk(t)a)‘k) C H(t7x0(t)71.'0(t)7QO(t)7q.0(t)7AO) +6B7

for all £ > kg. Thus,

ko

{in(t)}22, C | H(t an(t), dx(t), ar(t), dr(t), M)

k=1
U H (t,20(t), Zo(t), qo(t), do(t), o) + eB.

Since H has compact values, the sequence {#(t)} is relatively compact, for
almost all ¢ € [0, 7.

The above reasonings imply that the sequence {y} satisfies all assumptions
of Lemma 2.5. Thus, there exists a subsequence of {2y}, for the sake of simplicity
denoted in the same way as the sequence, such that {Z;} converges weakly to
io in LY([0,T), E).

If we set yy, := oy, and 2z := (xk,yk), then 2, = (xk,yk) = (x'k.,a'ék) — (i‘o, i‘o)
weakly in L!([0, 7], E). Let us now consider the system

Z(t) € H* (¢, 2 (t), qr(t), 4k (t), A\), for a.a. t € [0,T],
where H*(tvzk(t)aqk(t)vqk(t) ) ( ( ) (t Zk(t)aqk(t)aqk(t)vAk))'

Applying Lemma 2.6, for fr := Zx, f = (L0,%0), Zr := (2, QK> G, M), it
follows that

(@0(t), Zo(t)) € H (¢, mo(t), Zo(t), qo(t), do(t), Ao),

for almost all ¢t € [0,T7, i.e
:.L.'O(ﬂ € H(ta xO(t)a "tO(t)’ QO(t)a QO(t)a )‘O)a for a.a. t € [0, T}

Moreover, since 57 is closed, xg € S, and so the solution mapping ¥ has a closed
graph.

Thus, the set (g, A) is closed, for all (¢,A) € @ x [0,1], which (together
with condition (c)) implies that ¥ has compact values. Furthermore, according
to Proposition 2.1, ¥ is a u.s.c. mapping. Therefore, we can conclude that ¥ is
a u.s.c. mapping with compact, convex values which is condensing on the closed
set Q. This ensures that both the topological degree (see e.g. [15]) as well as
the fixed point index (see e.g. [3]) can be defined on open sets with fixed point
free boundaries. Moreover, both the degree and the index satisfy the standard
properties. In particular, ¥ is an admissible homotopy according to (3.3) and
the multivalued vector-fields ¢o(-) := id — %(-,0), ¢1(-) := id — T(-,1) are
homotopic as well, and so degc1(jo,71,5) (1, Q) = deger (jo,7),8) (¢0, Q). Further-
more, since T(Q x {0}) C Int Q, the localization property of the degree ensures
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that degcr(jo,1),5)(¢0, Q) = degg(¢o, Q) = 1. Therefore, the nonemptiness of
Fix(%(-,1)) is ensured by the existence property of the degree which completes
the proof. O

4. Bound sets technique

The continuation principle formulated in Proposition 3.1 requires, in partic-
ular, the existence of a suitable set Q@ C AC'(J, E) of candidate solutions. The
set (@ must satisfy the transversality condition (d), i.e. it must have fixed-point
free boundary with respect to the solution mapping ¥. Since the direct verifi-
cation of the transversality condition is usually a difficult task, we will devote
this section to a bound sets technique which can be used for guaranteeing this
condition. For this purpose, we will define the set Q as Q = C'([0,T], K), where
K is nonempty and open in E and K denotes its closure.

Hence, let us consider the Floquet boundary value problem (1.1) and let
V:E — R be a C'-function satisfying

(H1) V]ox =0,

(H2) V(z) <0, forall x € K.

DEFINITION 4.1. A nonempty open set K C F is called a bound set for the
b.v.p. (1.1) if every solution z of (1.1) such that x(t) € K, for each t € [0,T],
does not satisfy z(t*) € 0K, for any t* € [0,T].

Let E’ be the Banach space dual to E and let us denote by (-, -) the pairing
(the duality relation) between E and E’, i.e. for all ® € E' and = € E, we put
O(x) := (D, x).

ProrosITION 4.2. Let K C E be an open set such that 0 € K. Moreover,
let MOK = OK. Assume that the function V. € C1(E,R) has a locally Lipschitz
Fréchet derivative V,, and satisfies conditions (H1) and (H2). Suppose, moreover,
that there exists € > 0 such that, for allz € KNB(OK,e),t € (0,T) andy € E,
the following condition

<Vz+hy - Vzv y> y

(4.1) lim sup + (Vaghy,w) >0

h—0- h
holds, for all w € F(t,x,y) — A(t)y — B(t)z, and that
(4.2) (Vata, N2) - (Vi 2) >0 or (Vaga, N2) = (Vy, 2) = 0,
for allx € OK and z € E. Then K is a bound set for the Floquet problem (1.1).

PROOF. Let 2:[0,7] — K be a solution of problem (1.1). We assume, by
a contradiction, that there exists t* € [0,T] such that z(t*) € 0K. According
to the boundary condition in (1.1) and in view of MOK = 0K, we can take,
without any loss of generality, t* € (0,7].
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Since V, is locally Lipschitz, there exist a neighbourhood U of z(t*) and
a constant L > 0 such that V|U is Lipschitz with constant L. Let § > 0 be such
that z(t) € U N B(OK,¢), for each t € [t* — J,t*].
In order to get the desired contradiction, let us define the function g¢: [0, 7] —
R as the composition g(t) := (V o z)(t). According to the regularity properties
of x and V, g € C1([0,T],R). Since g(t*) = 0 and g(¢) < 0, for all t € [0,T],
t* is a local maximum point for g. Therefore, ¢(¢*) > 0 and §(t*) = 0, when
€ (0,T). Moreover, there exists a point t** € (t* — §,t*) such that g(¢**) > 0.
According to boundary conditions, if t* = T, then also z(0) € K and

9(0) = (Va(0), £(0)) 0.
Moreover, since (T') = Mxz(0) and #(T) = Nz(0), we have
9(T) = (Vaery, #(T)) = (Vara(oy, N(0)) > 0.
Condition (4.2) then implies
(Vi) #(0)) = (Vara(o), N#(0)) = 0

which is equivalent to ¢(0) = ¢(T') = 0.
Since g(t) = (Va), #(t)), where V () is locally Lipschitz and 2(t) is absolutely
continuous on [t* — §,t*], §(t) exists, for almost all ¢ € [t* — J,t*]. Consequently,
o~

(4.3) 0> —3(t") = §(t*) — §(t™*) = / i(s) ds.

* ok

Let ¢t € (t**,t*) be such that §(¢) and Z(t) exist. Then,
i EEHR) —2(@) _ #(t)

h—0 h
and, therefore, there exists a function a(h), a(h) — 0 as h — 0 such that, for
each h,

&(t 4+ h) = @(t) + h@(t) + a(h)].
Moreover, since z € C*([0, T, E), there exists a function b(h), b(h) — 0 as h — 0
such that, for each h,

x(t + h) = x(t) + h[&(t) + b(h)].

Consequently, we obtain

con o gt h)—g(t) gt +h) —g(t)
o= e,
_ i (Vi) 2+ 1)) = (Vi) 2(2))
= lim sup N
h—0—

_ (Va(oytnia)+bm)» £(E) + BEE) + a(h)]) — Vi, 2(2)
= lim sup 7
h—0—
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s s 2050500 MO + o)~ (T 60)
h—0—
— L [b(h)| - |2(t) + R[E(t) + a(h)]]
—1; <Vx(t)+ha'c(t)v x(t) + hi t)> - <Vac(f)a ‘T(t»
=lim sup
h—0— h
— L -[b(h)

|2(t) + hlE) + a(W)]] + (Ve +niw), a(h)-

Since

Vat)y4nac), alh)) — L - [b(R)] - [&(t) + h[E(t) + a(h)]| = 0 as h — 0,

. ) <Vx(t)+hjc(t)v @(t) + hi(t)) — <Vx(t)v o(t))
t)>1
902 e ;

Vatty+niry — Vi), (t)) .

= lim sup + (Ve +ha), £(t)) > 0,

h—0— h

according to assumption (4.1), it leads to a contradiction with (4.3). O

REMARK 4.3. Observe that Proposition 4.2 holds, without any loss of gen-

erality, for the general upper-Carathéodory differential inclusion in (1.1), i.e. for
A=B=0.

If the mapping F(t,z,y) — A(t)y — B(t)z is globally u.s.c. in (¢,z,y), then
the transversality conditions can be localized directly on the boundary of K, as
will be shown in the following propositions.

PROPOSITION 4.4. Let K C E be a nonempty open set, F:[0,T|xEXE — E
be an upper semicontinuous multivalued mapping with nonempty, compact, con-
ver values and A and B be continuous. Assume that there exists a function
V e CY(E,R) with a locally Lipschitz Fréchet derivative V, which satisfies con-
ditions (H1) and (H2). Suppose moreover that, for all x € 0K, t € (0,T) and
y € E with

(4.4) (Vi y) =0,
the following condition holds

(4.5) lim ing (Vethy y + )

h—0 h >0,

for allw € F(t,z,y)—A(t)y—B(t)z. Then all solutions z: [0, T] — K of problem
(1.1) satisfy z(t) € K, for every t € (0,T).

PROOF. Let 2:[0,7] — K be a solution of problem (1.1). We assume, by
a contradiction, that there exists tg € (0,7) such that x(tp) € K.

Let us define the function g:[—tg,T — to] — (—00,0] as the composition
g(h) := (Vox)(to+h). Then g(0) =0 and g(h) <0, for all h € [—tg, T —to], i.e.
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there is a local maximum for g at the point 0, and so §(0) = <Vm(t0),¢(t0)> =0.
Consequently, v := &(to) satisfies condition (4.4).

Since V, is locally Lipschitz, there exist a neighborhood U of x(tp) and
a constant L > 0 such that V|U is Lipschitz with constant L.

Let {ht}72, be an arbitrary decreasing sequence of positive numbers such
that hy — 07 as k — oo, z(tg + h) € U, for all h € (0, hy).

Since g(0) = 0 and g(h) <0, for all h € (0, h], there exists, for each k € N,
h;. € (0, hy) such that g(hy) <O0.

Since x € C1([0,T], E), for each k € N,

(4.6) z(to + hy) = x(to) + hi[(to) + bE],

where b; — 0 as k — oo.
If we define, for each ¢ € [0, 77,

(4.7) P(t,z(t),z(t) = —A@)&(t) — B(t)x(t) + F(t,x(t), &(t)),
then (1.1) can be written in the form
i(t) € P(t,x(t),2(t)), fora.a.te[0,T].

Let

o {Jb(t0+h22dr(t0)7 kEN}
hk

and let € > 0 be given. As a consequence of the regularity assumptions on F,
A and B and of the continuity of both = and &, there exists § = d(¢) > 0 such
that, for each t € (0,7, |t —to| < 0, it follows that

P(t,z(t),(t)) C P(to, z(to),i(to)) + eB.

Subsequently, according to the Mean Value Theorem (see e.g. [6, Theorem 0.5.3]),
there exists k. € N such that, for each k > k.,

d(to + hy) — ite) 1 /f0+hi

- =— #(s) ds € P(tg,x(to), 2(to)) + €B.
hi hi

to
Therefore,

Eto + ) — (1)
¢C { =

Ck=1,... ,k(s)} U P(to, z(to), i(to)) + €B.

Since P has compact values and ¢ is arbitrary, we obtain that ¢ is a relatively
compact set. Thus, there exist a subsequence, for the sake of simplicity denoted
as the sequence, of {(&(to + hj) — (t0))/h}} and w € E such that

@(to + hy) — (o) Cw
hy;

(4.8)
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as k — oo implying, for the arbitrariness of € > 0,
w e P(to, x(to), Ji(to))

As a consequence of property (4.8), there exists a sequence {a}}72,, aj — 0
as k — oo, such that

(4.9) z(to + hy) = ©(to) + hi|w + ai],

for each k € N. Since h} > 0 and §(h}) <0, in view of (4.6) and (4.9),

0> 9 _ (Vaa(to+hz)» £(to + hi)) _ (Via(to) 4z a(to)+b7]» & (to) + hi[w + af])
Tk hy, hi, '

Since h} € (0, hy) C (0,hq), for all k& € N, we have, according to (4.6), that
z(to) + hjix(to) +b;] € U, for each k € N. Since bj — 0 as k — oo, it is possible
to find ko € N such that, for all k > ko, it holds that z(to) + @(to)h; € U. By
means of the local Lipschitzianity of V, for all k > ko,

0> g(hy)
= h;;
_ <Vw(t0)+h2[i(to)+b2] - Vw(to)"l‘hzi(to) + Vw(to)"rhzi(to)? J?(to) + hz [’LU + GZD
hi.
V, “i(te), (o) + hj[w + aj
k
<Vz(t0)+h;5c(t0), i(to) + hjw)

hi
= L |b;] - | (to) + Milw + aj]| + (Varo)niieo) s @h)-

Since (Vo) snii (s ai) — L+ [bg] - [i(to) + hifw + af]] — 0 as k — oo,

(4.10) liminf< (to)+hit(t0): E(t0) + hw)

<O0.
h—0t h -

If we consider, instead of the sequence {hj}72,, an increasing sequence
{hi}22, of negative numbers such that hy — 0~ as k — oo, x(to + h) € U
for all h € (hy,0), we are able to find, for each k € N, h;, € (hy,0) such that
g(EZ) > 0. Therefore, using the same procedure as in the first part of the proof,
we obtain, for k € N sufficiently large, that

Q'(EZ) > <Vm(to)+E;ab(to)»fb(t0) + hy,w)

e o
— L [b| - [d:(to) + hy[@ + @] + <Vx(t0)+ﬁga‘c(t0)ﬁ7§>7

0>

where @ — 0, by, — 0 as k — oo and @ € P(to, z(to), &(to)).
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This means that (V, ) 550 @) — L - by - |2(to) + hylw +a;]| — 0 as
k — oo which implies

(4.11) liminf< (to) +hib(to)> £ (t0) + PA)

<0.
h—0— h -

Inequalities (4.10) and (4.11) are in a contradiction with condition (4.5), be-
cause z(tg) € 0K, i(to) satisfies condition (4.4) and w,w € P(tg,z(to), <(to)).0

REMARK 4.5. Observe that Proposition 4.4 holds, without any loss of gen-
erality, for the general second-order problem (3.1), i.e. for A= B = 0.

PROPOSITION 4.6. Let K C E be a nonempty open set, F:[0,T|xEXE — E
be an upper semicontinuous mapping with nonempty, compact, convex values
and A and B be continuous. Assume that there exists a function V € C1(E,R)
with a locally Lipschitz-Fréchet derivative V,, which satisfies conditions (H1) and
(H2). Moreover, let M be invertible and such that

(4.12) M(9K) = K.

Furthermore, assume that, for allx € 0K, t € (0,T) and y € E satisfying (4.4),
condition (4.5) holds, for all w € F(t,x,y) — A(t)y — B(t)z. At last, assume
that, for all x € OK andy € E with

(4.13) (Ve,y) <0< (Vara, Ny,

at least one of the following conditions
(4.14) lim inf Vethe ¥ + Aoy
' h—0t h

>0

or
(4.15) lim inf (Vitanavy Ny + huws)
’ h—0— h

holds, for all wy € F(0,z,y) — A(0)y — B(0)x or, for all we € F(T, Mz, Ny) —
A(T)Ny — B(T)Mx, respectively. Then K is a bound set for problem (1.1).

>0

PROOF. Applying Proposition 4.4, we only need to show that if z: [0, 7] — K
is a solution of problem (1.1), then z(0) € K and z(T) € K. As in the proof
of Proposition 4.4, we argue by a contradiction. Since z(0) € 9K if and only
if z(T) € OK (according to condition (4.12) and the properties of M), we can
take, without any loss of generality, a solution of (1.1) satisfying 2(0) € 0K.
Following the same reasoning as in the proof of Proposition 4.4, for tg = 0 we
obtain

because V(x(0)) =0 and V(z(t)) <0 for all ¢ € [0, 7.
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Moreover, since V(z(T')) = 0, it holds that
0 < (Vaqr), #(T)) = (Vara(o), N#(0)),

by virtue of the boundary conditions in (1.1). Therefore, v := %(0) satisfies
condition (4.13).

Using the same procedure as in the proof of Proposition 4.4, for ¢ty = 0, hy, —

0% and for tg = T, hj, — 07, respectively, we obtain the existence of a sequence

of positive numbers {h}}72,, hi € (0, hy), of a sequence of negative numbers

{hp 332, By, € (hy,0) and of points wy € P(0,z(0),2(0)), wp € P(T,z(T),i(T))
(P is defined by formula (4.7)) such that

(hy) — (0)

hi
i(T + hy,) — &(T)
b,
By the same arguments as in the previous proof, we get

(Vio(0)+hi(0)» #(0) + hawp)

— wp, as k — 00,

— wr, ask — oo.

416 lim inf <0

(419 i h <0

(4.17) 1}1minf< (T)+h (T)hx( ) +hwr)
—0—

Moreover, using the boundary conditions in (1.1), the inequality (4.17) can be
written in the form

(4.18) lim inf (Vara(0)+hna(0)s N#(0) + hawr)

<0
h—0— h -

Inequalities (4.16) and (4.18) are in a contradiction with conditions (4.14) and
(4.15) which completes the proof. O

REMARK 4.7. Observe that Proposition 4.6 holds again, without any loss of

generality, for the general upper-Carathéodory differential inclusion in (1.1), i.e.
for A=B=0.

DEFINITION 4.8. A Cl-function V:E — R with a locally Lipschitz—Fréchet
derivative V which satisfies conditions (H1), (H2) and all assumptions in Propo-
sitions 4.2 or 4.6 is called a bounding function for problem (1.1).

5. Existence and localization results

Combining the continuation principle with the bound sets technique, we are
ready to state the main result of the paper concerning the solvability and local-
ization of a solution of the multivalued Floquet problem (1.1).

For this purpose, let us consider again the single-valued Floquet b.v.p. (2.9)
which is equivalent to the first-order Floquet b.v.p. (2.10), provided &, h(-),
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C(-) and D are defined by relations (2.11)~(2.14). Moreover, let U(t,s) be the
evolution operator associated with (2.15).

THEOREM 5.1. Consider the Floquet b.v.p. (1.1). Assume that conditions
(1;)—(1i;) are satisfied and that an open, convex set K C E containing 0 exists
such that MOK = OK. Furthermore, let the following conditions (2i)—(2iy) be
satisfied:
(2;) D —U(T,0) is invertible.
(2i) Y(F(t,21x02)) < g(#)(7(Q21)+7(Q2)), for almost allt € [0,T] and each
bounded 1,Qs C E, where g € L*([0,T1],[0,00)) and v is the Hausdorff
measure of noncompactness in E.

(2ii) For every non-empty, bounded set ) C E x E, there exists vg € L'([0,T],
[0,00)) such that

1F(t 2, y)l| < valt),
for almost all t € [0,T] and all (z,y) € Q.
(2iv) The inequality

g (HIA@IHIBOID & (4o i HIAGIHIBODE 4 1)][g]] 11077, 10.00y) < 1

holds, where k is defined in (2.17).
Finally, let there exist a function V € C*(E,R) with a locally Lipschitz Fréchet
derivative V. satisfying (H1) and (H2), jointly with condition (4.2), for all x €
0K, z € E and condition (4.1), for a suitable ¢ > 0, all x € K N B(0K,¢),
te (0,T), ye E, A € (0,1) and w € AF(t,z,y) — A(t)y — B(t)x. Then the

Floquet b.v.p. (1.1) admits a solution whose values are located in K.
PRrROOF. Let us define the closed set S = S; by
S :={x € ACY([0,T],E) : (T) = Mx(0), &(T) = N&(0)}

and let the set Q of candidate solutions be defined as @ := C([0,T], K). Because
of the convexity of K, the set @ is closed and convex.

For all ¢ € Q and A € [0,1], consider still the associated fully linearized
problem

- { #(t) + A)i(t) + B(t)z(t) € NF(t,q(t),¢(t)) for a.a. t € [0,T),
¢ x(T) = Mz(0), &(T) = Ni(0),

and denote by ¥ a solution mapping which assigns to each (¢, \) € @ x [0,1]
the set of solutions of P(gq, \). We will show that the family of the above b.v.p.s
P(q, \) satisfies all assumptions of Proposition 3.1.

In this case, ¢(t,x,2) = F(t,z,&) — A(t)& — B(t)z which, together with the
definition of P(gq, ), ensures the validity of (3.2).
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(i) In order to verify condition (a) in Proposition 3.1, we need to show that,
for each (¢, \) € @ x [0,1], the problem P(q, ) is solvable with a convex set
of solutions. So, let (¢, \) € Q x [0,1] be arbitrary and let f,(-) be a strongly
measurable selection of F'(-,q(-),¢(-)). Then, according to (2;), Lemma 2.7
and the equivalence, stated in Section 2, between the b.v.p. (2.7) and (2.9), the
single-valued Floquet problem

Z(t) + A(t)x(t) + B(t)z(t) = Afqy(t), fora.a.t e [0,T],
{ x(T) = Mz(0), (T) = Nz(0)

admits a unique solution which is one of solutions of P(q,A). Thus, the set

of solutions of P(g,\) is nonempty. The convexity of the solution sets follows

immediately from the property (1;;) and the fact that problems P(g, A) are fully

linearized.

(ii) Assuming that H:[0,T] x E x E X E x E x [0,1] — E is defined by
H(t,x,y,q,7m,\) := AF(t,q,r) — A(t)x — B(t)y, condition (b) in Proposition 3.1
is ensured directly by assumption (2i;).

(iii) Since the verification of condition (c) in Proposition 3.1 is technically the
most complicated, it will be splitted into two parts: (iii;) the quasi-compactness
of the solution operator ¥, (iiiz) the condensity of T w.r.t. the monotone and
non-singular (cf. Lemma 2.3) m.n.c. p defined by (2.4).

Ad (iiiy). Let us firstly prove that the solution mapping ¥ is quasi-compact.
Since C1([0, T}, E) is a metric space, it is sufficient to prove the sequential quasi-
compactness of ¥. Hence, let us consider the sequences {g,},{ \n},qn € @,
An € [0,1], for all n € N, such that ¢, — ¢ in C*([0,T],E) and A\, — .
Moreover, let x,, € T(qn, An), for all n € N. Then there exists, for all n € N,
fa(+) € F(+,qn(+),¢n(+)) such that

(5.1) Fn(t) + A)En(t) + B(t)zn(t) = M fn(t), fora.a.te[0,T],

and that z,(T) = Mx,(0), £,(T) = Ni,(0).

Since ¢, — ¢ and ¢, — ¢, there exists a bounded Q2 C E x E such that
(gn(t),¢n(t)) € Q, for all t € [0,T] and n € N. Therefore, there exists, according
to condition (2ii), vo € L([0,77,[0,00)) such that ||f.(t)]| < va(t), for every
n € N and almost all ¢ € [0,7]. According to the arguments below Remark 2.8,

[lzn(®)|| < J and ||2,(t)]| < J, fora.a. te[0,T],

where

J:=Z(Zk+ 1)/0T1/Q(8) ds
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and k, Z are defined by relations (2.17) and (2.21). Consequently, for almost all
t € [0,T], we have

[n (O] <A@ |2n O] + [[BO ]2 (8)]]
+ @O < (ADI+ IB@I] - T + va(t).

Thus, the sequences {z,} and {&,} are bounded and {Z,} is uniformly inte-
grable.

The sequences {U;(t,s)fn(s)}, 4,5 € {1,2}, with ¢ € (0,77, are uniformly
integrable on [0, ¢], because, according to (2.16),

(5-2) U3 (t, 8) fu(8)]] < Zva(s),

for almost all s € [0,¢] and all n € N.
Since the sequences {g,}, {¢n} are converging, we obtain, in view of (2;),

T{ ()} <9 ({an(®)}) +7{dn(t)})) =0, for a.a. t € [0,T],

which implies that {f,(¢)} is relatively compact. For given ¢ € (0,T], the se-
quences {U;;(t,s)fn(s)}, 1,5 € {1,2}, are relatively compact as well, for a.a.
s € [0, t], because, according to (2.1),

(5.3) Y{Ui;(t8) fn(8)}) < [Ui; (8 8)[[v({Fu(5)}) = O,

for all 4,5 € {1, 2}.
By means of (2.3) and (2.18),

7({%(7&)})9( U A{/tUm(t,T)fn(T)dT

A€E[0,1] 0

+ AL (t) /0 Ui (T () dr 4 Asl) /OT Uaa(T,7) ful(7) dT})
9( / (b, 7) () dr

T T
+ A ) /O Urs (T, 7) fo(7) dr + As(t) /O UQQ(T,T)fn(T)dT).

By virtue of (2.1), (2.2), (5.2), (5.3) and the sub-additivity of v, we finally arrive
at

A({zn(®)}) m( / Uralt, ) 1) dT) . |A1(t)||7< / () () dT)
T ||A2<t>||v( / U7 () dT) 0.

By similar reasonings, when using (2.19) instead of (2.18), we also get

T{@n()}) =0
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by which {z,,(¢)}, {Z,(t)} are relatively compact, for almost all ¢ € [0, T]. More-
over, since z,, satisfies for all n € N equation (5.1), {#,(t)} is relatively compact,
for almost all ¢ € [0,T]. Thus, according to Lemma 2.5, there exist a subsequence
of {&,}, for the sake of simplicity denoted in the same way as the sequence, and
x € CL([0,T],E) such that {i,} converges to & in C([0,T],E) and {i,} con-
verges weakly to & in L'([0,7], E). By similar arguments as in the proof of
Proposition 3.1, we can obtain that &(t) + A(¢t)&(t) + B(t)z(t) € AF(t, q(t),4(¢)),
for almost all ¢ € [0,T]. Since S is closed and z, € S, for all n, we deduce
that x satisfies the boundary conditions in (1.1). This already implies the quasi-
compactness of T.

Ad (iiiz). In order to show that ¥ is p-condensing, where p is defined by (2.4),
we will prove that any bounded subset © C @ such that x(%(0 x [0,1])) > u(©)
is relatively compact. Let {z,}, C T(O x [0, 1]) be a sequence such that

1(E(O x [0,1]))
= ( sup [y({zn(t)}n) + vY({@n(t) }n)], mode ({zn }n) +mOdC({¢n}n)>'

t€[0,T

According to (2.18) and (2.19), we can find {g, }» C ©, {fn}n satisfying f,.(¢) €
F(t,qn(t), ¢n(t)), for almost al ¢ € [0,T], and {\,}, C [0,1] such that, for all
t € 10,7,

T
(5.4) x,(t) =\, (Al(t)/o Uro(T, 7) fr(7) dr

+ As(t) /0 ! Usa (T, 7) fu(7) d7> + An /O t Ura(t, 7) fu(7) dr

and
(5.5) x’n(t):)\n(Ag(t) /0 Uro(T, 7) fu(7) dT

T t
+ A4 (t) / U (T7 T)fn(T) dT) + A / Uso (tv T)fn (T) dr.
0 0
In view of (2;;), we have, for all t € [0,T],

Y fn(t),n € N}) <g(t)(v({an(t),n € N}) +v({gn(t),n € N}))

<g(t) sup (Y({gn(t),n € N}) +7({¢n(t),n € N})).
t€[0,7)

Since {gn }n C © and O is bounded in C*([0, T, E), by means of (2;;;), we get
the existence of vg € L([0,T],[0,00)) such that |f,,(t)] < ve(t), for almost all
t € [0,7] and all n € N. According to (2.16), this implies |U; ;(t) fn(t)] < Zve(t),
for each 4,j = 1,2, almost all t € [0,7] and all n € N. Moreover, by virtue
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of (2.1), for each (t,7) € A, we have (here, the notation {-,n € N} means the
same as { -}, before)

Y{Ui;(t,7) fn(T),n € N})
< Ui (&, D)V ({ (7)1 € N}) < Zy({ fn(7), 2 € N})
< Zg(t) sup (v({gn(t),n € N}) +7({4n(t),n € N})).

t€[0,T]

Applying the property (2.2), for each t € [0,T], we so obtain

7({ /Ot U2t 7) fu(T)dr,n € N})

< Zlegllthes[lél;](v({qn(t), n € N}) +v({gn(t),n € N})).

By a similar reasoning, we arrive, for ¢ = 1,2, at

7({ /OT Uss (T, 7) fu(7) drym € N})

< 2Z||gllcr sup (Y({gn(t),n € N}) +v({gn(t),n € N})).

t€[0,T]
Therefore, according to (2.20), (5.4), properties (2.1), (2.3) and the subadditivity
of v, for all t € [0,T], we have that
Y{an(t),n € N}) <2Z|| A1) lllgll 2 S + 22 A2 (OIlgll 1S + 2Z]|gll 12 S
=2Z||g|lz1 (4Zk + 1)S,
where S := sup;c (0. 71(7({gn(t),n € N}) + 7({¢n(t),n € N})).

The same estimate can be obtained, at each ¢ € [0, T, for v({£,(t),n € N}),
when starting from condition (5.5). Subsequently,

Y{an(t),n € N}) +v({dn(t),n € N}) <4Z(4Zk + 1)||g[|11 S,
yielding

(5.6) tes[lépT](’Y({fvn(t)an € NP +7({an(t),n € N})) <4Z(42k +1)]|g]|2S.

Since p(T(O x [0,1])) > w(O©) and {g,}» C ©, we so get

sup (v({an(t);n € N}) +v({¢n(t),n € N}))
te[0,T]

< sup (Y({za(t),n € N}) + y({@n(t),n € N}))
te[0,T]

and, in view of (5.6) and (2;y), we have that

sup (Y({gn(t),n € N}) +v({dn(t),n € N})) =0.
t€[0,T]
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Inequality (5.6) implies that

(5.7) e O (0):m € )+ 5({in(0),m € N))) =0

Now, we show that both the sequences {z,} and {Z,} are equi-continuous.
Let © C E be such that ¢(t) € © and ¢(t) € © for ¢ € © and ¢ € [0,7]. Hence,
reasoning as in the formulas after condition (5.1), we can show that, for all n € N,

T T
2 (8)] < Z(Zk+1)/0 vs(s)ds,  in(0) gZ(Zk+1)/O v (3) ds,

where Z is defined by (2.21) and vg € L*([0,77,[0,00)) comes from (2j;). By
the arguments as in the formulas below (5.1), we get that {&,}, is uniformly
integrable. It implies that {&,} is equi-continuous. Since {iy}, is bounded,
{z,} is also equi-continuous. Therefore,

mod¢({z,}) = mode({#,}) = 0.
In view of (5.7), we have obtained that
p(E(© x [0,1])) = (0,0).

Hence, also p(©) = (0,0) and since p is regular, we have that © is relatively
compact. Therefore, condition (c¢) in Proposition 3.1 holds.

(iv) For all ¢ € @, the problem P(gq,0) has the trivial solution. According to
Lemma 2.7 and the arguments below it, this is the only solution of P(g,0), for
all ¢ € Q. Since 0 € K, condition (iv) in Proposition 3.1 is satisfied.

(v) Let g« € @ be a solution of the b.v.p. P(g., ), for some A € (0,1), i.e.
a fixed point of the solution mapping €. In view of conditions (4.1), (4.2) (see
Proposition 4.2), K is, for all A € (0,1), a bound set for the problem

{ Gx(t) + A(t)q.(t) + B(t)qu(t) € AF(t, q«(t), ¢:(t)), for a.a. t €[0T,
2(T) = Mz(0), &(T) = Ni(0).

This implies that ¢, ¢ 9Q which ensures condition (e) in Proposition 3.1. |

If the mapping F(t, x,y) — A(t)y — B(t)x is globally u.s.c. in (¢, z,y), then we
are able to improve Theorem 5.1, when just replacing the arguments in Proposi-
tion 3.1 by those in Propositions 4.4 and 4.6 (cf. condition (e) in Proposition 3.1),
in the following way.

COROLLARY 5.2. Let us consider the Floguet b.v.p. (1.1), where F:[0,T] x
E x E — E is an upper semicontinuous mapping with nonempty, compact,
convex values and A and B are continuous. Moreover, let condition (1;) hold
and let there exist a nonempty, open, convexr set K C E containing 0 such that
MOK = 0K, where M is invertible.
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Furthermore, let there exist a function V € C*(E,R) with a locally Lipschitz
Fréchet derivative V satisfying (H1) and (H2). Moreover, let, for all x € 0K,
t € (0,7), A € (0,1) and y € E satisfying (4.4), condition (4.5) hold, for all
w € ANF(t,z,y) — A(t)y — B(t)x.

At last, suppose that, for all x € OK, X\ € (0,1) and y € E satisfying (4.13)
at least one of conditions (4.14), (4.15) holds, for all wy € AF(0,z,y) — A(0)y —
B(0)x or for all wy € AF(T, Mz, Ny) — A(T)Ny — B(T)M=, respectively.

If conditions (2;)—(2iv) from Theorem 5.1 are satisfied, then the Floquet b.v.p.
(1.1) admits a solution whose values are located in K.

REMARK 5.3. Observe that the rather technical inequality in condition (2;)
can be trivially satisfied in finite-dimensional spaces or for compact maps F'.
6. Illustrative examples

It is known (see e.g. [19, Example 1.2.41(b), Remark 3.12.13]) that if E is
a Banach space and V(z) = ||z||?/2 — R, then V:E — R is a proper convex

function and OV = {z* € E* | (z*,z) = ||z||% = ||z*||%.}, for all x € E,
where OV is the subdifferential of V. If, in particular, F is a Hilbert space, then
oV (z) = z.

Moreover, if V' is Gateaux differentiable at « € E, then oV (z) = {V'(x)}
(see e.g. [19, Theorem 1.2.37]). The same is all the better true, provided V is
Fréchet differentiable which is, for all x € E'\ {0}, equivalent with E to be locally
uniformly smooth, i.e.

. 1
i, = supfle -+ yll + [Je = 7yll = 2]l | lloll = 1} =0

(see e.g. [10], [11]).
If E is uniformly smooth, i.e. if there exists the limit
tim = (|l + 31| ~ |l
lim —(l|lz + 7y z||),
uniformly for z,y € Sg, where Sg := {& € E | ||z|| = 1} is the unit sphere
which is, according to the well-known Smuljan theorem, equivalent with E* to
be uniformly convez, i.e.

1
inf{l — §||x* +y*|lE | 2%, y" € Spx, |lz" — y"||E~ 6} >0,

for every € > 0 (see e.g. [10], [11]), then E is obviously locally uniformly smooth
as well. Moreover, E is also reflexive (see again e.g. [10], [11]).

Thus, if F is uniformly smooth, then V(x) = ||z||?/2 — R must be Fréchet
differentiable, for all z € E, and V,, = V'(z) = {z* € X* | (z*,2) = ||z]|3 =
||z*||%.}, for z € E. Observe that, despite the non-differentiability of z — ||z||
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at = 0, the function V is entirely Fréchet differentiable in E (i.e. also at x = 0),
because the square acts in its regularization. In fact, we have that

o V) =VO) =0, _ 22~ R+ R=0)

lim
h—=0 17| h=0 ([
N 1)
== 1 :1 - h =
fm S = A SRl =0,

where O denotes the identically zero operator in E.

One can easily check that V, is convex, i.e.
V>\11+(1—A)m2 S )\Vxl + (]- - )\)nga

for all z1,29 € F and A € [0,1]. We note that V, is also locally Lipschitz
continuous (see e.g. [19, Corollary 1.2.8]).

EXAMPLE 6.1. Let E be a uniformly smooth Banach space and consider
problem (1.1). Assume that conditions (1;)—(1) and (2;)—(2;y) are satisfied.
Putting K := {z € E | ||z|| < V2R}, let MOK = OK; for instance, let M =
N =id, for a periodic problem, or M = N = —id, for an anti-periodic problem.

Taking V (x) = ||z||?/2 — R, where R > 0 is a given constant in the definition
of K, in view of the above considerations, we have that the locally Lipschitz
continuous derivative Vx satisfies

Vo ={a* € B | (¢*,2) = ||z|% = |l2*||%-}, forz € B.

One can readily check that conditions (H1), (H2) trivially hold. Furthermore,
condition (4.1) takes the form

, ((+hy)" —a”,y)
6.1 lim sup
( ) h—0— h

+ {(z + hy)*,w) >0,

for a suitable ¢ > 0, all x € K N B(0K,e), t € (0,T), y € E, A € (0,1) and
w € ANF(t,xz,y) — A(t)y — B(t)x.
If M = N =id, then

and, when (z*,2) = 0, then (Vas., N2) = (V,, 2) = 0, by which condition (4.2)
is satisfied.

It is easy to show that V_y = —V,, for all 2 € E. Thus, if M = N = —id,
then

(VMm,Nz> . (Vz,z> = —(V,m,z> . (Vx,z> = (Vw,z) . (Vw,z) = (z*,2)? > 0;

so, as in the periodic case, when (z*,z) = 0, then <V_Z,—z> = (Vm,z> = 0.
Hence, condition (4.2) is satisfied in the anti-periodic case as well.
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In particular, if E is a Hilbert space, then condition (6.1) takes form,
(x,w) + ||y[|* > 0,

for a suitable ¢ > 0, all x € K N B(0K,¢), t € (0,T), y € E, A € (0,1) and
w € AF(t,z,y) — A(t)y — B(t)x. Applying Theorem 5.1, problem (1.1) admits
a solution whose values are located in K.

For Marchaud inclusions, the application of Corollary 5.2 can be illustrated
as follows.

EXAMPLE 6.2. Let E be a uniformly smooth Banach space and consider
problem (1.1), where this time F' is an upper semicontinuous mapping and A, B
are continuous. Assume that conditions (1;;) and (2;)—(2;y) are satisfied. Putting
K :={z € E|||z|| < V2R}, let again MOK = 0K.

For V(z) = ||z||?/2 — R, conditions (H1), (H2) trivially hold, and with no
change

Ve ={z* € X* | (z*,2) = ||z||% = ||=*]|%.}, forz e E.

Conditions (4.4) and (4.5) take the form: for all x € K and y € F satisfying

(x*,y) =0,

the following inequality holds

1
liminf - {(z + hy)", y) + {(z + hy)", w) > 0,

—

for all t € (0,7), A € (0,1) and w € AF(t,x,y) — A(t)y — B(¢t)x.
Furthermore, since for M = N = id: (Vase, Ny) = (Vo,y) = (z*,y), condi-
tion (4.13) is equivalent to

(6.2) (z*,y) =0, forallze dK and y € E.

Since for M = N = —id: (Vaga, Ny) = —(V_u,y) = (Va, ), condition (4.13) is
also in this case equivalent to (6.2).

In view of

1
*<Va:+hy7 Yy + hw1> =

5 ((x + hy)*,y) + ((z + hy)*, wy),

S

condition (4.14) reads as

. . 1 * *
liminf =((z + hy)",y) + (= + hy)*, w1) > 0,

for all x € 0K, A € (0,1), y € E and wy € AF(0,2,y) — A(0)y — B(0)z.
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Finally, in the case when M = N =id or M = N = —id condition (4.15)
takes the respective forms

1
lglm(i;}f E«x +hy)*,y) + ((z + hy)*,w2) >0,

timinf (2 + hy)*,4) — (2 + hy)*,wa) >0,
forall z € K, y € E, A € (0,1) and wy € AF(T,z,y) — A(T)y — B(T)x or
wy € NF (T, —z,—y) + A(T)y + B(T)x.

In particular, if F is a Hilbert space and if M = N = id, then conditions
(4.4), (4.5), (4.13)—(4.15) reduce to: for all x € 9K, y € E, t € (0,T) and
A € (0,1) satisfying

(63) (x,y) =0,
the inequalities
(e, w) +[lyl* >0, max{(z,w1) + [lyl|? {x,w2) +|y|[*) > 0

hold, for all w € AF(t,z,y) — A(t)y — B(t)z, wi € AF(0,z,y) — A(0)y — B(0)x
and all wy € AF (T, z,y) — A(T)y — B(T)x.

On the other hand, for M = N = —id, i.e. for anti-periodic problems in
Hilbert spaces, conditions (4.4), (4.5), (4.13)—(4.15) take the form: for all z €
OK,ye€ E, t€ (0,T) and X € (0,1) satisfying (6.3) the inequalities

(@, w) +lyll* >0, max{(z,wr) +[lyll* —(z,w2) + [lyl]*) > 0

hold, for all w € AF(t,z,y) — A(t)y — B(t)z, wy € AF(0,z,y) — A(0)y — B(0)z
and all we € AF(T, —z,—y) + A(T)y + B(T)x.

Applying Corollary 5.2, problem (1.1) admits a solution whose values are
located in K.

REMARK 6.3. Hilbert spaces are the best uniformly convex Banach spaces.
Since they are self-adjoint, they are in particular reflexive and, according to the
Smuljan theorem, uniformly smooth. That is also why illustrative examples in
Hilbert spaces are, not only because of technically easy calculations, the most
natural ones.

On the other hand, in uniformly smooth spaces which are not Hilbert, it
depends on their concrete structure in order to express conditions in terms of
the asterisque linear functionals, in Examples 6.1 and 6.2, explicitly.

Coming back to the stimulating example from introduction, we can now
demonstrate how the main results apply to it.
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EXAMPLE 6.4. Consider again the problem in the Hilbert space E := L?(Q):

82 a ~ *
O a2 Butt, ) + Bllult, )| 2 = plt.u),
(6.4)

where, for the sake of simplicity, we put Bi=b< 0, where b is a constant,

po € [3,00) for [|z|| <1,
p*i=p(x) =
p1 € (1,2]  for ||z|]| > 1,
and the other symbols have the same meaning as above.
Let the constraint be also the same:

u(t, ) € K :={ec L*(Q) | |le|]| <r}, tel0,T).

where r > 0 is a given constant.

Rewriting this problem into the form of (1.1), let us verify successively all
the related conditions, in order to apply Theorem 5.1 and Corollary 5.2. One
can readily check that K C FE is a nonempty, open, convex set containing 0 and
that, for M = N = id or for M = N = —id, the equality MOK = 9K trivially
holds. Moreover, conditions (1;)—(1j;), or their analogies in Corollary 5.2, are
easily satisfied, provided f:[0,7] x E — E is Carathéodory or continuous.

For a > 0, b < 0, the spectrum o(U(T,0)) of the evolution operator U,
associated with the homogeneous equation

#(t) + ad(t) + ba(t) =0, te0,T],

can be calculated as
o(U(T,0)) = o(e“T).
Moreover, it can be shown that
o(eCT) = {eMT, N7},
where 0 < eMT = o(T/2D(a=Va?=1b) 1 T — o(T/2)(at+Va—1d) 1
Thus, the spectrum o(U(T,0)) does not intersect the unit cycle which is, at
least for ]\{ =N=idand M = N = —id, equivalentNWith the invertibility of the
operator D —U(T,0) = (M,N)—U(T,0), provided D —U(T, 0) is still surjective
(cf. [8], [19]).
Since the homogeneous equation #(t) 4+ ad(t) + bx(t) = 0 has constant coef-

ficients, we can compute the linear operator e“” and it is not difficult to show
that it takes the following form

cT (ClidE C2idE
e =

. . ) 017027037646Ru
C31dE C41dE



SECOND-ORDER BOUNDARY VALUE PROBLEMS IN BANACH SPACES 335

implying that the 2 x 2 real matrix

P 1 C2
C:
C3 C4
T

has the same eigenvalues as the linear operator e“”. Moreover, +id — e“7 is
surjective if and only if +idgzyrz — C' is so. Since, in our case, D — U(T,0) =

cT

+idgx g — e~ , one can check that, for a > 0, b < 0, we have

det(idR2XR2 — 6) =1 (e)‘lT + e)\zT) 4 eMTreT 0,
det(—idgz gz — 6) =1+ (e>\1T + eAQT) +eMTereT - 2,
which guarantees the surjectivity of D — U(T, 0). Tndeed, the function det(Xid —
eCT) = 22 — (eMT feM2T) N+ eMTe2T is obviously strictly convex in A with two

zero points eMT e*2T and one minimum at (eMT 4 e*2T)/2 € (eMT er2T).
Since, for ||z|| > 0, we obtain the estimate (cf. [19, p. 263])

. N « o T .
Bllz|[P" ~22)'|| = Bl|(p* — 2)|||[”" > = + ||=[[” 2]

|||

<B(p* = 2| - [|2z||P" 72 +||z]|”"~?) < Bmax(po — 1, —p1 + 3),

the mapping z — B]|z|[?"~2z is Lipschitz with the constant L:=Bmax(py — 1,

-1 +3) > B. If
1

< max(po — 1, —p1 + 3) (1),
then it is a contraction with the coefficient L < 1, and so condensing. Thus,
condition (2;;) reduces into v(f(¢,Q)) < g(t)y(Q), for almost all ¢ € [0,7] and
each bounded Q C E, where g € L'([0,T],[0,0)). Obviously, if f is compact or
contractive in x, then (2;) trivially holds.

Let us have e.g. a growth estimate for f:
Lf (2| < colt) + er@)[«]|™,  forall z € E,

where m > 0, cg,c1 € L*([0,7T],[0,00)) are suitable functions. Then, in view of
the inequalities (||=|[P" =2 < 1)

1£(¢,2) = Bllel [l < [|£(¢, @) + B[] < colt) + ex(t)lll|™ + Bllal],

it is enough to take

va(t) == co(t) + w™er (t) + wB, where w := sup ||z|],

zeQ
in order (2;;) to be satisfied.
Condition (2;,) simplifies into the inequality
(6.5) 46T+ (akeT 10 £ 1) |g]| 11 0,11, 10,00)) < 1

where k& was defined in (2.17). This inequality is satisfied, ||g|[z1(j0,77,(0,00)) 18
sufficiently small and g is related only to f.
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Now, defining V(z) := ||z||?/2 — r?/2, conditions (H1) and (H2) are triv-
ially satisfied. Moreover, conditions (4.1) and (4.5), (4.14) yield the inequality
(I[P % > ~1)

(6.6) (&, Af(t,x) = ABllzl["” ~*x — ay — bx) + ||yl
> =blfal|* + [lyll* — alz, y) + Mz, f(t,2)) = Bll«l|*)) > 0,

for all z € KN B(OK,e), y € E,t € (0,T), A € (0,1), and for all z € 9K (i.e.
[lz]| =7 >0),y€ E, t€[0,T), A € (0,1), respectively.
If a®> < —4b, b < 0, then

2
a
=blla|[* = ae,y) + llyl* = = bllal]* — alz,y) = Iyl

Y]

2 a? 2
= blf[|” —allzllyl] = 27 1yl

=(\/Wllwll—2\aﬁllyl>2>0»

and if a? < —4b, ||z|| > 0, then we get —b||z||* — a(z,y) + ||y||> > 0. Thus, if
(6.7) (x, f(t,2)) > Bl|z||?

holds, where x € K N B(0K,¢), t € (0,T) or, where x € K, t € [0,T), then for
a? < —4b, the inequality (6.6) holds, on the respective sets. In the latter case,
in view of condition (4.4), it is enough to take only a? < —4b, b < 0.

Otherwise, condition (6.7) can be obviously replaced by

(6.8) (d = B)||z|[* + (z, f(t.2)) > 0,

provided d > 0 is a constant such that a®> < —4(b+ d) or a®> < —4(b + d),
respectively.

By the similar arguments, for M = N = id, condition (4.15) can be (in view
of (4.13)) satisfied, provided a? < —4b,b < 0 and (z, f(T,z)) > Br?, where
r € OK, or if there exists a constant d > 0 such that a®> < —4(b + d) and
(d—B)r? + (z, f(T,z)) > 0, for z € OK.

For M = N = —id, condition (4.15) can be (in view of (4.13)) satisfied,
provided a? < —4b,b < 0 and —(z, f(T, —x)) > Br?, where x € K, or if there
exists a constant d > 0 such that a®> < —4(b+d) and (d—B)r?—{(x, f(T,—xz)) > 0,
for x € OK.

Summing up, for M = N =id or for M = N = —id together with f(¢, —z) =
—f(t,x), where f € C([0,T] x E, E), conditions (4.5), (4.14), (4.15) are (in view
of (4.4), (4.13)) satisfied, provided a? < —4b,b < 0 and condition (6.7) holds, for
r € 0K, t € [0,T). If there exists d > 0 such that a® < —4(b+d), then condition
(6.7) can be replaced by (6.8), for x € 0K, t € [0,T]. If f is Carathéodory, then
it need not be odd (for M = N = —id), but conditions (6.7) or (6.8) should
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hold, for z € K N B(9K,¢), t € (0,T). Moreover, the class of Floquet boundary
conditions with MOK = 0K can be larger than two particular cases above.

If, in particular, @ = 0 and b < 0, then the only condition
(@, f(t,2)) = (b+ B)||][?
is sufficient (instead of (6.7) or (6.8)), on the respective sets.
REMARK 6.5. Observe that, if 7 < 1 in the bound set K; := {e € L*(Q) |
[lel]] < 7}, then also the original problem with p € [3, c0):
ou , on
x(T, ) = Mxz(0, -),

+ Bult, -) + Bllu(t, )|IPu = ¢(t,u),
0x(T, -) 0z(0, -)
=N

ot ot 7
admits, according to Theorem 5.1 and Corollary 5.2, the same solution z(t) :=
u(t, -) € K1, t € [0,T], as for (6.4), because p* = pg := p, where ||z|| < 1.

More precisely, problem (6.9), where M = N =id or M = N = —id together
with o(t, —u) = —p(t,u), admits a (strong) solution x(t) := u(t,-) such that
z(t) € K1, t € [0,T], provided

(a) a>0,b<0,0<B<1/(p—1), where p € [3,00),
(b) ¢ is Carathéodory (resp. continuous) and such that

<20, Al g ey cen,
VIOI+T - VIQ[+1
where ¢g, ¢; are suitable integrable coefficients
(= f is Carathéodory (resp. continuous) and such that || f (¢, z)|| <
co(t) + c1(t)||z||™, for all x € E),
(c) ¢(t,€) is Lipschitz in & with a constant L (independent of ¢) such that

lp(t,6)

(6.10) 4eT(Fa=b) (gpeT(+a=b) 4 NIT < 1 (cf. (6.5))

(= f satisfies the ~-regularity condition, namely 7(f(t,S~2)) < Lfy(fvl),
for almost all ¢ € [0,7] and each bounded Q C E, with g(t) := L
satisfying (6.5),

(d) condition (6.8) holds on the set (0,7) x K1 NB(dK,¢) (resp. on [0,T] x
OK1), where d > 0 is a suitable constant such that a?> < —4(b+d) (resp.
a? < —4b(b+ d)).

REMARK 6.6. It would be nice to express condition (d), as conditions (a)—

(c), for function ¢. Thus, for instance, the related equality /[, 2%(§)dé = r

would, however, lead to the inequality

zp(t, 2) > (B — d)2?
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required, for all (¢, z) € [0,T] x R. In this way, the information concerning the
localization of solutions would be lost.

REMARK 6.7. The most technical requirement (in nontrivial situations) is
so the inequality (6.10) in condition (c). Nevertheless, the quotient

ko= |[D = U(T,0)] 7| = [|[#id — e“") Y| pxr
in can be calculated as
:l:l + )\16/\1T _ )\2€>\2T e)\QT _ e/\lT
k:k}_l )\2—)\1 /\2—)\1
0 /\1/\2(6)‘1T _ e)\gT) i N )\16)‘2T _ )\26)\1T )
Ao — M Ao — A R2 xR2

where

ko—l _ [1 :F( T + e)\zT) +e/\1T+)\2T]
—a—+Va?—4b —a+Va

M=———  Ng=—""
1 2 ) 2 9

For instance, for a = 0, b = —1, we get k < (1 +el)/(2+eT +e7 1) < 1;
condition (6.10) can be then satisfied, when e.g. L < 1/T(16e*T + 4¢2T).

7. Concluding remarks

Assuming, for M = N = id, that A(t) = A(t+7T) and B(t) = B(t+1T) or
for M = N = —id, that A(t) = —A(t+T) and B(t) = —B(t+ T), the solutions
of the homogeneous problem

{ () + A@)z(t) + B(t)z(t) =0, for a.a.te€0,T],
2(T) = +2(0), #(T) = +i(0),

where the sign plus in the b.v.p. refers to the case when A and B are T-periodic,
while minus refers to the case when A and B are anti-periodic in [0,7], can
be obviously prolonged onto (—oo,00) in a T-periodic or a 2T-periodic way,
respectively.

Let the spectrum o(U(T,0)) of U(T,0) (or o(U(2T,0)) of U(2T,0)) not in-
tersect the unit circle, and so contain components lying in the interior or the
exterior or in both of the unit circle.

In this context, U(T,0) is called the monodromy operator. If U(T,0) has
a logarithm, that is if there is an operator S such that U(T,0) = e, then its
Floquet representation takes the form (cf. [8, Chapter V.1])

U(t, 0) _ R(t)eftT’l InU(T,0) (OI‘ U(t, O) — R(t)eit(QT)il In U(2T,()))’

where R(t) = R(t +T) (or R(t) = R(t+ 2T)) is a suitable operator.
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The condition imposed on the spectrum is equivalent (see e.g. [8, Theo-
rem 2.1]) with the regular exponential dichotomy of the homogenous equation

(7.1) #(t) + A(t)a(t) + B(t)z(t) =0

which implies that the above T-periodic or 27-periodic prolongations either
would tend to 0 or diverge to oo, in the norm. Consider the inhomogeneous
equation

E(t) + A@)2(t) + B(t)z(t) = f(1),
where f € L(]0,T], E) is essentially bounded and such that f(t) = £f(t + T).
It admits a unique entirely bounded solution

x(t) = /_00 G(t,s)f(s)ds

whose first derivative

z(t) = /jo %J‘(s)ds

is entirely bounded as well. The symbol G means the principal Green function
of (7.1) (see e.g. [8, Theorem IV.3.2]).

Since the spectral condition is, by the definition, also equivalent (cf. e.g. [19])
with (2;), the bounded solution x(-) and its derivative £(-) must be, according to
Lemma 2.7, T-periodic (2T -periodic). If F is reflexive, then the T-periodicity or
2T-periodicity of z(-) and &(-) alternatively follows already from their bound-
edness on the half-line (see e.g. [16, Theorem I1.114C]).

Thus, if f is essentially bounded, then for the solvability of T-periodic or
2T-periodic problems, by means of the principal Green functions, condition (2;)
can be replaced by the spectral requirement on U(T,0) or U(2T,0), as indicated
above.

Theorem 5.1 and Corollary 5.2 deal only with the localization of solutions,
but not with their first derivatives. This is, however, not a disadvantage, because
otherwise additional requirements occur. In such a case, it is more convenient
to consider the equivalent first-order problems (see [5]).

The parameter set ) of candidate solutions was taken everywhere as Q) :=
C([0,T], K), but it is without any loss of generality to take it as Q := AC*([0, TY,
K). On the other hand, if @ is only taken as @ := C([0,T], K), then the solution
derivatives can behave still in a more liberal way. Nevertheless, it would be
practically very delicate to employ this theoretical possibility.

Unlike in finite-dimensional spaces (cf. [4]), the localization of solution val-
ues in a nonconvex bound set K is always a difficult task because of a cumber-
some application of degree arguments (cf. [2], [3, Chapter II.11]). Bound sets
of the type Ko := {w € W22(Q) | ||w|| < r and Tr(w) = 0 on 9}, where € is
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a nonempty, bounded domain in R™ with a Lipschitz boundary 02, are convex
but not open in W22(Q), and so not suitable for applications, too.

Moreover, in finite-dimensional spaces the diagonalization argument can be
applied to guarantee sequentially entirely bounded solutions in given sets by
means of results on compact intervals (see e.g. [3, Proposition I11.1.37]). On the
other hand, the compactness requirements in infinite-dimensional spaces (see e.g.
[3, Proposition II1.1.36]) allow us to employ e.g. appropriate results for Cauchy
(initial value) problems, but not those obtained e.g. for periodic or anti-periodic
problems. For first-order problems, this was solved in a sequential way (using
the diagonalization arguments) in [5] and directly in [2]. Second-order problems,
where e.g. some solutions should be entirely bounded and localized in a given
set, but not necessarily their derivatives, will be treated by ourselves elsewhere.
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Abstract: The existence and localization of strong (Caéattiory) solutions is proved for a second-order Floquet problem in a Banach
space. The result is obtained by combining a continuation principle together with a bounding (Liapunov-like) functions approach. The
application of the Scorza—Dragoni type technique allows us to use strictly localized transversality conditions.
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tions, condensing multivalued operators.

1. Introduction

The main aim of this paper is to present a theorem concerning the existence and localization of solutions to second-order
Floguet boundary value problems for upper-Cagatiory differential inclusions in Banach spaces. For some related
references, see e.g. [6,7] and those quoted in [3]. The novelty consists in the application of strictly localized Liapunov-
type bounding functions guaranteeing the transversality behaviour of trajectories on bound sets, i.e. the fixed points free
property required in the applied degree arguments.

The first-order problems were considered in [6, 7]. The same second-order problem was already studied by ourselves
via a bound sets approach in [3]. The conditions concerning bounding functions were not however imposed directly on
the boundaries of bound sets like here, but at some vicinity of them. On the other hand, such a strict localization, allowed
by means of the Scorza—Dragoni type technique developed in [15], demands a higher regularity of applied bounding
functions which brings here some obstructions. Nevertheless, our result is new even in a single-valued case of equations.

Hence, lett be a separable Banach space (with the nptfpsatisfying the Radon—Nikodym property (e.g. reflexivity)
and let us consider the Floquet boundary value problem (b.v.p.)

#(t)+ At)z(t) + B(t)z(t) € F(t,z(t),4(t)), fora.ate [O,T],}
x(T) = Mxz(0), ©(T) = Nz(0).

Throughout the paper, we assume (for the related definitions, see the next Section 2) that

1)

(1;) A, B:[0,T] — L(E) are Bochner integrable, whefg E') stands for the Banach space of all linear, bounded transfor-
mationsL: £ — E endowed with the sup-norm,
(1;;) F:[0,T] x E x E — E'is an upper-Cara#odory multivalued mapping,
(1) M, N € L(FE) with M non-singular.

Let us note that in the entire paper, all derivatives will be always understood in the sengzloétFand by the
measurability, we mean the one with respect to the Lebeseplgebra in0, 7'] and the Boreb-algebra inE.

* Corresponding author: e-mail: jan.andres@upol.cz
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The notion of a solution will be understood in a strong (i.e. Ca&adory) sense. Namely, bysalutionof problem
(1), we mean a function: [0, 7] — E whose first derivative:(-) is absolutely continuous and satisfies (1), for almost all
te€0,17.

The solution of the b.v.p. (1) will be obtained as the limit of a sequence of solutions of approximating problems that
we construct by means of a Scorza—Dragoni type result developed in [15]. The approximating problems will be treated b
means of the continuation principle developed in [3].

For the main result (Theorem 1) in Section 3, we collect all necessary technicalities and applied tools in the nex
Section 2. Concluding remarks in Section 4 concern an illustrative example of the application of Theorem 1. Since the
applied bounding functiof’ takes the form/(z) := 3 (||z||*> — r) and since one condition in Theorem 1 deals with

V e C?(E,R), we only restrict ourselves there to Hilbert spaces, wh&te) = Id. In particular, we takes := L2(£2),
where(? is a suitable nonempty, bounded domairRih.

2. Preliminaries

Let £ be a Banach space having the Radon-Nikodym property (see e.g. [13, pp. 694-698])7dnd R be a closed
interval. By the symbolZ' ([0, 7], E), we shall mean the set of all Bochner integrable function®,7] — FE. For
the definition and properties, see e.g. [13, pp. 693-701]. The sym@6([0, 7], E) will denote the set of functions
x:[0,7] — E whose first derivative:(-) is absolutely continuous. Thene L' ([0, 7], E) and the fundamental theorem
of calculus (the Newton—Leibniz formula) holds (see e.g. [1, pp. 243-244], [13, pp. 695—696]). In the sequel, we shal
always consideAC'' ([0, T], E') as a subspace of the Banach spa¢¢0, 7], E).

GivenC C F ande > 0, the symbolB(C, ¢) will denote, as usually, the sét+ B, whereB is the open unit ball in
E,i.e.B={x € E|||z|| < 1}. In what follows, the symbal will denote the Lebesque measurelbn

For eachL € L(E x E), there exist uniqué;; € L(E), i,j = 1,2, such that

L(z,y) = (Luiz + Li2y, Lo1w + Laay),
where(x,y) € E x E. For the sake of simplicity, we shall use the notation

Lll L12

L= (LQI Lzz) '

Let E’ be the Banach space dualfband let us denote by, -) the pairing (the duality relation) betwedhand E’,
i.e., forall® € E andz € E, we putd(z):=(P, z).

We shall also need the following definitions and notions from multivalued analysisX | Etbe two metric spaces.
We say thaf’ is amultivalued mappingrom X to Y (written F': X — Y') if, for everyz € X, a nonempty subsét(x)
of Y is given. We associate with its graphl'», the subset o x Y, defined byl 'r := {(z,y) € X xY |y € F(z)}.

A multivalued mappingF: X — Y is calledupper semicontinuoughortly, u.s.c.) if, for each open subgétc Y,
the set{x € X | F(x) C U} is openinX.

Let.J C R be a compact interval. A mapping: J — Y with closed values, wher¥ is a separable metric space, is
calledmeasurabléf, for each open subsét C Y, the set{t € J | F(t) C U} belongs to ar-algebra of subsets of

If F:J — Y is compact-valued antl = F is a separable Banach space, then the notion of measurability coincides
with those of strong measurability (cf. e.g. [11, Theorem 1.3.1]) as well as of weak measurability (cf. e.g. [1, Proposition
[.3.45.4]). For the definitions and more details, see e.g. [1,10,11].

A multivalued mapping™: X —o Y is calledcompacif the set#’(X) = |J, . x F'() is contained in a compact subset
of Y and it is calledquasi-compacif it maps compact sets onto relatively compact sets.

The relationship between upper semicontinuous mappings and quasi-compact mappings with closed graphs is €
pressed by the following proposition (see, e.g., [11]).

Proposition 1. Let X, Y be metric spaces anH: X — Y be a quasi-compact mapping with a closed graph. Thes
u.s.c.

Let J = [0, T] be a given compact interval. A multivalued mappifig/ x X — Y, whereY is a separable Banach
space, is called aopper-Caratleodory mappingf the map F'(-,x): J — Y is measurable, for alt € X, the map
F(t,-): X — Y isu.s.c., for almost all € J, and the seF'(¢, ) is compact and convex, for glt, z) € J x X.

The technique that will be used for proving the existence and localization result consists in constructing a sequence
approximating problems. This construction will be made on the basis of the Scorza—Dragoni type result in [15] (cf. [5]).

Definition 1. An upper-Carateodory mapping: [0, 7] x X x X — X is said to have the Scorza—Dragoni property if
there exists a multivalued mappitfg: [0, 7] x X x X — X U {0} with compact, convex values having the following
properties:

(© 2012 NSP
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() Fo(t,z,y) C F(t,z,y), forall (t,z,y) € [0,T] x X x X,
(i) if w,v:][0,T] — X are measurable functions with(t) € F(t,u(t),u(t)), for a.a.t € [0,T7], then alsov(t) €
Fo(t,u(t),u(t)), fora.a.t € [0,7],
(iii) for everye > 0, there exists a closefl. C [0,7] such thatu([0, 7]\ I.) < e, Fo(t,z,y) # 0, forall (¢,z,y) €
I. x X x X,andFpisu.s.c.onl, x X x X.

The following two propositions are crucial in our investigation. The first one is almost a direct consequence of the main
resultin [15] (cf. [5] and [7, Theorem 2.1]); precisely, the quoted results deal with a multivalued'nf@@ ] x X — X,
but it is straightforward to see that they are still valid in this case, wheiredefined orf0, 7] x X x X. The second one
allows us to construct a sequence of approximating problems of (1).

Proposition 2.Let X be a separable Banach space afd[0, 7] x X x X — X be an upper-Caratiodory mapping. If
Fis globally measurable or quasi-compact, therhas the Scorza—Dragoni property.

Proposition 3.(cf. [7, Theorem 2.2]) et X be a Banach space anfd C X a nonempty, open, convex, bounded set such
that0 € K. Moreover, let: > 0 andV: X — R be a Fiechet differentiable function with Lipschitzian inB(0K, ¢)
satisfying

(H]') V| ax =0, -
(H2) V(z) <0,forall z € K,
(H3) |V (z)|| > 4, forall z € K, wheres > 0 is given.

Then there exists a bounded Lipschitzian functioB (0K, ) — X such that(V,, ¢(x)) = 1, for everyz € B(JK,¢)

Example 1Let us note that the function — ¢(z)||V,||, where¢ and V, occur in Proposition 3, is Lipschitzian and

bounded inB(0K, ). The symbolV,, denotes as usually the firsté¢ahet derivative o¥ at z.
For more details concerning multivalued analysis, see e.g. [1,10,11].

Definition 2. Let N be a partially ordered setZ be a Banach space and I1&4 E) denote the family of all subsets bf
A functiong: P(E) — N is called a measure of non-compactness (m.n.cq ih3(co 2) = 3(12), for all 2 € P(E),
whereco {2 denotes the closed convex hullfef

A m.n.c3 is called:

(i) monotone if3(£2;) < B(§2,), forall 2, C 25 C E,
(i) nonsingular ifg({z} U 2) = 5(£2),forall z € Fand{2 C E,
(iii) invariant with respect to the union with compact sets(if\' U 2) = 3(£2), for every relatively compadk’ C E and
every(? C E,
(iv) regular when3(£2) = 0 if and only if 2 is relatively compact.

It is obvious that the m.n.c. which is invariant with respect to the union with compact sets is also nonsingular.
The typical example of an m.n.c. is thlausdorff measure of noncompactnestefined, for all? C E by

~(2) :=inf{e > 0| 3zq,...,2, € E: 2 C U, B({x;},e)}.

The Hausdorff m.n.c. is monotone, invariant with respect to the union with compact sets and regular. Moréower, if
L(E)and{? C E, then (see, e.g., [11])

Y(L82) < [|L| £(myv(£2). 2

Let{f.} € L([0,T], E) be such thal|f,,(t)|| < a(t), v({fn(t)}) < c(t), fora.a.t € [0,T], alln € N and suitable
a,c € L([0,T],R), then (cf. [11])

([ oa) < [ oo

Moreover, for all subset® of E (see e.g. [4]),

Y(Unelo,A$2) = v(£2).
Let us now introduce the function

p($2) ;== max ( sup. Y{wn (@) }n) +7{wn () }n)], modo ({wn }n) + mode ({tn }n)), (4)

{wp}nC2 te[0,7T]

© 2012 NSP
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defined on the bounded c C([0, 7], E), where the ordering is induced by the positive congirand where mod((2)
denotes the modulus of continuity of a subgett C ([0, T], ). It was proved in [3] that the function given by (4) is
an m.n.c. inC’*([0, T, E) that is monotone, invariant with respect to the union with compact sets and regular.

Definition 3. Let £ be a Banach space anil C E. A multivalued mappind™: X — E with compact values is called
condensing with respect to an m.na(shortly, 3-condensing) if, for ever®? C X such that3(F(£2)) > £(£2), it holds
that (2 is relatively compact.

A family of mapping&s: X x [0,1] — E with compact values is calle@-condensing if, for every? C X such that
B(G(£2 x [0,1])) > B(£2), it holds that(? is relatively compact.

It will be also convenient to recall some basic facts concerning evolution equations. For a suitable introduction anc
more details, we refer, e.g., to [8,12,16].

Hence, leC: [0, T] — L(E) be Bochner integrable and Igte L([0, 77, E). Givenz, € E, consider the linear initial
value problem

i(t) = C(t)x(t) + f(t), «(0) = . (5)
It is well-known (see, e.g., [8]) that, for the uniquely solvable problem (5), there exists the evolution operator
{U(ta 3)}(t,s)€Aa

whereA := {(t,s):0 < s <t < T}, such that

Ult,s) € L(E) and |[U(t,s)| < e/ 1D forall (¢,s) € A (6)

in addition, the unique solution(-) of (5) is given by

x(t) = U(t,0)xo +/O Ul(t,s)f(s)ds, tel0,T).

GivenD € L(E), the linear Floquet b.v.p.

o(t) = C(t)a(t) + f(t), }
(T) = Dx(0),

associated with the equation in (5), satisfies the following property.

()

Lemma 1. (cf. [4]) If the linear operatorD — U(T,0) is invertible, then (7) admits a unique solution given, for all
t € 10,77, by

-1 T +

o(t) = U(t.0) D~ U(T.0) / U(T,7)f(r)dr + / Ut 7)f(r) dr. -
0 0
Example 2Denoting
A= eJoT IC ()l dS7 I':=|[D-U(T, 0)]71“’
we obtain, in view of (6), (8) and the growth estimate imposed’ét), the following inequality for the solutiom(-) of
():
T
le(®)l] < A(AL + 1) / 1£(s)ll ds. o
0

Now, consider the second-order linear Floquet b.v.p.
Z(t) + A(t)z(t) + B(t)=(t) = f(t), fora.a.te [O,T],}
z(T) = Mxz(0), #(T) = Nz(0),
whereA, B are Bochner integrable anfde L!([0, 7], E), and let

1@ Yl exe = VIzl? + [lyl[?,  forallz,y e E.

! The m.n.c. mod(£?) is a monotone, nonsingular and algebraically subadditive’0, T, E) (cf. e.g. [11]) and it is equal to
zero if and only if all the elements € (2 are equi-continuos.

; (10)

(© 2012 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.6, No. 2, 29-44 (2012) / www.naturalspublishing.com/Journals.asp NS P 33

Problem (10) is equivalent to the following first-order linear one

§(t) + C(0&(1) = h(t),  foraat € [0,7], } 1)
§(T) = Dg(0),
where
§=(z,y) = (2, %), (12)
h(t) = (0, f(t)), (13)
Ct):ExE—ExE, (x,y)— (—y,B{t)z+ A(t)y) (14)
and
D:ExE—ExE, (xy)— (Mz,Ny). (15)
Let us denote, for alit, s) € [0,T] x [0, 7], by
e = (Tl v )
the evolution operator associated with
t t)é(t) = h(t), fora.at T
EEO))ZZE’)&“() (1), €[, L} (16)

whereé, h and C' are defined by relations (12), (13) and (14), respectively, @nd E x E. It is easy to see that
IC@®)| <1+ |A(t)]] + || B(t)| and, according to (6), we obtain

|U(t, s)|| < (_;J}JT(HHI‘\(t)HHIB(t)H)dt7 forall (¢,s) € A.
Consequently, forall, j = 1, 2,
U3 (¢, 5)|| < efo AHIADIHIBOD A - for all (¢, 5) € A. (17)

Moreover, if we assume thd — U(T, 0) is invertible, denote

D —U(T,0)] " = <K11 K12)

Koy Ko
and put
k= [I[D - U(T,0)] "], (18)
then|| K;;|| <k, fori,j = 1,2, and the solutior:(-) of (10) and its derivative:(-) take, for allt € [0, T, the forms
T T t
(1) = Ay (1) / Urs (T, 7)f(7) dr + As(t) / Uss (T, 7) f(7) dr + / Ura(t, 7) f(7) dr, (19)
0 0 0
and
T T t
z(t) = As(t) Uro(T, 1) f(7) dT + Ay(t) / Uoso(T,7)f(7)dT + / Uaa(t, ) f(7) dr, (20)
0 0 0
where
Al(t) = Uu(t,O)KH + Ulz(t,O)Kgl,
As(t) := Ui1(t,0) K12 + Upa(t,0) Koo,
Asz(t) == U (t,0) K11 + Uza(t,0) Koy,
Ay(t) = U (t,0) K12 + Usa(t,0) Koo,
for all ¢ € [0, 77]. It holds that
A ()] < 2kelo CHIADIHIBMOD At forj = 12,3 4 andt € [0, T). (21)

© 2012 NSP
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If there existsee € L1([0,77,[0,00)) such thatf(t)|| < «(t), for a.a.t € [0,T], then it immediately follows from
Remark 2 that the following estimates hold for each solutipn of (10) and its derivative:(-):

T
lz(8)]| < Z (4Zk + 1)/0 a(s) ds
and

T
li0)] < 2 (4zk+1) [ a(s)ds

where
7 = el UAGI+IB(s)l|+1) ds (22)

with & defined in (18).

The proof of the main result (cf. Theorem 1 below) will be based on the following slight modification of the con-
tinuation principle developed in [3]. Since the proof of this modified version differs from the one in [3] only slightly in
technical details, we omit it here.

Proposition 4. Let us consider the b.v.p.

i(t) € (t,x(t),2(t)), fora.a.t € [O,T],}

reS, (23)

wherey: [0,T] x E x E — E is an upper-Caratbodory mapping and ¢ AC'([0,7], E). LetH:[0,T] x E x E x
E x E x [0,1] — E be an upper-Caratkodory mapping such that

H(t,c,d,c,d, 1) C o(t,c,d), forall (¢t,c,d) € [0,T] x E x E.

Moreover, assume that the following conditions hold:

(i) There exist a closed s€f C S and a closed, convex sé&t ¢ C'([0,T], E) with a non-empty interiof nt @ such
that each associated problem

i(t) € H(t,x(t),4(t),q(t),q(t),N), foraa.te [O,T],}

x € 5y, P(qa)‘)

whereq € @ and X € [0, 1], has a non-empty, convex set of solutions (denotet{ y))).
(ii) For every non-empty, bounded setc £ x E x E x E, there exists/, € L'(]0,T], [0, 00)) such that

HH(tax,y7uava)\)|| S V.Q(t)7

fora.a.t € [0,7] and all (z, y,u,v) € 2andX € [0, 1].

(iii) The solution mapping is quasi-compact ang-condensing with respect to a monotone and nonsingular nmun.c.
defined orC ([0, 7], E).

(iv) For eachq € @, the set of solutions of the probleR{(q, 0) is a subset ofnt Q, i.e.T(q,0) C Int Q, forall ¢ € Q.

(v) For each\ € (0, 1), the solution mappin@ (-, \) has no fixed points on the boundaig) of Q.

Then the b.v.p. (23) has a solutiondh

3. Main result

Combining the foregoing continuation principle with the Scorza—Dragoni type technique (cf. Proposition 2), we are ready
to state the main result of the paper concerning the solvability and localization of a solution of the multivalued Floquet
problem (1).

For this purpose, let us consider again the single-valued Floquet b.v.p. (10) which is equivalent to the first-ordel
Floquet b.v.p. (11), providedl i(-), C(-) andD are defined by relations (12)—(15). Moreover,lgt, s) be the evolution
operator associated with (16).

Theorem 1.Consider the Floquet b.v.p. (1), under conditigiis)—(1;;;), and suppose thak’ has the Scorza—Dragoni
property. Assume that an open, convex, bounded’set £/ containing0 exists such thal/ 0K = 0K . Furthermore, let
the following conditiong2;)—(2;,) be satisfied:

(© 2012 NSP
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(2;) D — U(T,0) is invertible.
(2i3) v (F(t, 821 x £29)) < g(t) (v(£21) +v(§22)), for a.a.t € [0,7] and each bounded?,, 2, C E, whereg €
LY([0,T7,[0,0)) and+y is the Hausdorff m.n.c. if.
(2;:;) For every non-empty, boundé?l C E, there exists, € L'(]0,T], [0, 00)) such that

IE @z, )| < velt), (24)

fora.a.t € [0,7]and all (z,y) € 2 x E.
(24,) The inequality

9e/d A+IA®I+IB)) dt <4kef0T<1+|\A<t>\|+|\B<t>|\>dt i 1) 1922 (0.1 0.00) < 1

holds, where: is defined in (18).

Furthermore, let there exist > 0 and a functionV € C?(E,R), i.e. a twice continuously differentiable function in

the sense of fchet, satisfying (H1)-(H3) with Echet derivativé’ Lipschitzian inB(0K, <).2 Moreover, let there exist
h > 0 such that

<V$(v),v> >0, forallr € B(OK,h), v € E, (25)

whereV, (v) denotes the secondé&ehet derivative oF at z in the direction(v,v) € E x E. Finally, let

(Vi w) > 0, (26)
and
<VMI,NU> . <va> >0, or <VM1,N”U> = <Vz,v> =0, (27)

andforallz € 90K, t € (0,T),v e E, X € (0,1) andw € AF(t,z,v) — A(t)v — B(t)x.
Then the Floquet b.v.p. (1) admits a solution whose values are locai€d in

Proof. Since the proof of this result is rather technical, it will be divided into several steps. At first, let us define the
sequence of approximating problems. For this purpose, let us consider a continuous functibr- [0, 1] such that

7(z) = 0,forallz € £\ B(OK,¢), and7(z) = 1, for allz € B(9K, 5). According to Proposition 3 (see also Remark
1), the functionp: E — E, where
M) = {T(x) - ¢(x) - |V, forallz € B(OK,e),

0, forallz € E\ B(OK,¢),

is well-defined, continuous and bounded. Sificg) — A(t)y and(t, ) — B(t)x are CaratBodory maps, of0), 7| x E,
they are also almost-continuous (cf. [14]). Therefore, the mapfling y) — —A(t)y — B(t)z + F(t,z,y) has the
Scorza—Dragoni property. So, we are able to find a decreasing sequép¢ef subsets of0, 7] and a mapping :
[0,T] x E x E — E U {0} such that, for alln € N,

_M(Jm) < %7

—0,T]\ J., is closed,

—(t,x,y) — —A(t)y — B(t)x + Fo(t,z,y)isu.s.c.on0,T|\ J, X E x E,
—v(t) is continuous iff0, T \ Jy,.

If we putJ = NS_, J,,, thenu(J) = 0, Fo(t,z,y) # 0, forallt € [0,7]\ J and the mappingt, z,y) — —A(t)y —

B(t)x + Fo(t,z,y)isu.s.c.or0,T]\ J x E x E.
For eachm € N, let us define the mapping,, : [0, 7] x E x E — E with compact, convex values by the formula

F (t T ) - {FO(t71'7y) 7p(t) (XJT(t) + %) Qg(l’), for all (t,x,y) € [OvT] \ J x B x E7
m\L T, Y) - —p(t) (xu,, (1) + ) (), forall (t,z,y) € J x E x E,
where
p(t) = —v(t) = [A® I Z(UZk + Dl o oy 000y — I BON (19K + ) - (28)

2 Since aC*-functionV has only a locally Lipschitzian Echet derivativé’ (cf. e.g. [13]), we had to assume explicitly the global
Lipschitzianity of V' in a noncompact séB (9K, ¢).
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with & andZ defined by (18) and (22), respectively.
Let us consider the b.v.p.

Z(t) + A(t)z(t) + B(t)z(t) € F(t, z(t), z(t)), fora.a.te[0,T], }

2(T) = Mx(0), #(T) = Ni(0). (Prm)

Now, let us verify the solvability of problem(s>,,). Letm € N be fixed. Sincé, is globally u.s.c. o0, T\ Jx Ex E,

F,.(-,z,y) is measurable, for eaclx,y) € F x E, and, due to the continuity ab, F,,(t,-,-) is u.s.c., for allt €
[0,T]\ J. Therefore,F,, is an upper-Cara#odory mapping. Moreover, let us define the upper-Céamtbry mapping
H,,:[0,T] x Ex Ex Ex E x[0,1] — E by the formula

Hy,(t,x,y, u,v,\) = Hyp (E,u, 0, \)
o {/\Fo(t,u,v) —p(t) (XJm (t) + %) é(u)7 forall (t,z,y,u,v,\) € [0,T]\ J x E* x [0, 1],
T -pt) (X, () + ) o(u), forall (t,z,y,u,v,\) € J x B4 x [0,1].

Let us show that, whem € N is sufficiently large, all assumptions of Proposition 4 (dt, «, &) := F,, (¢, z, &) —
A(t)z — B(t)x) are satisfied.
For this purpose, let us define the closed$et S; by

S = {z € ACY([0,T), E): 2(T) = Mx(0), (T) = Ni(0)}

and let the se) of candidate solutions be defined@s:= C'([0, 7], K). Because of the convexity df, the setQ is
closed and convex.
Forallg € Q and) € [0, 1], consider still the associated fully linearized problem

Z(t) + A(t)z(t) + B(t)x(t) € Huy(t,q(t),q4(t),N), fora.at e [0,T], }

2(T) = Mx(0), &(T) = N(0), Fula,A)

and denote b¥f,,, the solution mapping which assigns to e&gh)\) € Q x [0, 1] the set of solutions oP,,(q, \).

ad (4) In order to verify conditior(:) in Proposition 4, we need to show that, for eagh\) € Q x [0, 1], the problem
P,.(g, \) is solvable with a convex set of solutions. So,(gth) € @ x [0,1] be arbitrary and lef,(-) be a measurable
selection ofH,,, (-, ¢(+), 4(), A). Then, according t¢2;), Lemma 1 and the equivalence, stated in Section 2, between the
b.v.p. (10) and (11), the single-valued Floquet problem

Z(t) + A(t)z(t) + B(t)x(t) = f,(t), fora.a.te|0,T],
x(T) = Mxz(0), (T) = Nz(0)
admits a unique solution which is one of solutionsf(¢, A). Thus, the set of solutions d@¥,, (g, A) is nonempty. The

convexity of the solution sets follows immediately from the definitiod/of and the fact that problent3,, (¢, A) are fully
linearized.

ad (i7) Let 2 C E x E x E x E be bounded. Then, there exists a bounfledC E such that? C 2; x 2 x
21 x {21 and, according t42;;;) and the definition off,,, there exists/ C [0, T with 4 (j) = 0 such that, for all

te [O,T]\(JUJ),(x,y,u,v) € 2and\ € [0, 1],

1Ho(t,u,0,0) = A(t)y = B(t)z]| < va, (1) +2p(t) - max__|lg(@)] + A - lyll + IB@)] - [|z].

z€B(0K,e)

Therefore, the mapping... (¢, q(t), ¢(t), \) — A(t)x(t) — B(t)xz(t) satisfies conditiorfii) from Proposition 4.
ad (iz7) Since the verification of conditiofiii) in Proposition 4 is technically the most complicated, it will be split

into two parts:(iii, ) the quasi-compactness of the solution operatgr (iii») the condensity of,,, w.r.t. the monotone
and non-singular m.n.g. defined by (4).

ad (iii) Let us firstly prove that the solution mappirgy, is quasi-compact. Sinc€* ([0, 7], E) is a complete
metric space, it is sufficient to prove the sequential quasi-compactness, .ofence, let us consider the sequences
{gn}, {0} qn € Q, N\, € [0,1], for all n € N, such thaty,, — ¢ in C1([0,7], E) and)\,, — \. Moreover, letz,, €
Ton(qn, \n), for alln € N. Then there exists, for all € N, k,,(-) € Fy(-, ¢.(+), ¢ (-)) such that

0 (0)+ AW 0)+ B0 = Ma(0) = 00) (10,0 + ) dlan). Toraa € 0.7], 29)
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and thate,,(T)) = Mz, (0), ,(T) = Ni,(0).
According to conditior{2;;;) and the definition o), ||k, (t)|| < v#(t), foreveryn € Nand a.at € [0, T]. According
to formula (19),

T T t
() = Ay (1) /0 Ura(T, 7) fo(7) dr + As(1) /0 Usa (T, 7) f(7) dr + /0 Ura(t,7) fu () dr, (30)
where
Fol0) = M) = ) (3,0 + 1) a0, @)

Therefore, for alk € [0,7] andn € N,

lzn (B[] < Z(42k + 1)C,
wherek, Z are defined by relations (18), (22) and

C = |vglleiqom ooy + 2+ max |[é(z)] - ||p||L1([0,T],[O,w))] : (32)
z€B(0K ¢)

This implies that the sequenée,, } is bounded.
Moreover, since

t

T T
() = As(t) /O Ura(T, 7) fo(7) dr + As(t) /0 Usa (T, 7) f(7) dr + /0 Usa (£, 7) f () dr, (33)

where f,,(t) is defined by formula (31), we can obtain, by the similar arguments||that)|| < Z(4Zk + 1)C for all
t € [0,7)andn € N.
Consequently, for a.a.€ [0, 7], we have

[En @ < NA@ - [1En@ON + 1BE - llzn @1 + [ f2 (@]

<(IA@I+IB@I) - Z(4Zk + 1)C + ve(t) +2-  max__[|¢(z)] - p(?).
z€B(OK,e)

Thus,{%,} is uniformly integrable.
For eacht € [0, T, the properties of the Hausdorff m.n.c. yield

AU < 7 D) +000) (3020 + - ) 7 (1m0
1 . -
< Usetoar Ve (01) +500) (30, (0 + - ) 7 (100 DIV, 0] 00(0) € BOK.2))

= () 900 (120 + ) 3 ({600, OV 0] nlt) € BOK21).
Therefore, according to conditiqR;; ), for a.a.t € 0,77,

Y{Fa}n) < 90 (7 [ (t)}n) + 7 ({n(D)}n)) + p(E) (me () + ;) 7 ({0(an) Vg0l aut) € BOK,2)})
< g(t) sup (v ({an(t)}n) + 7 ({an(D)}n)) + p(1) (meos) + 1) 7 ({0(an®) Va0l aut) € BOK,2)}).
t€[0,T] m

Since the function: — ¢(z)|| V.|| is Lipschitzian onB(9K, ) with some Lipschitz constarit > 0 (see Remark 1), we
get that

A fa®)}a) < (g(t>+ip<t> (XJm(t)+1>> sup (7 ({gn()}n) + 7 (Ln(t)}n))

m te[0,T)
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Sinceg, — ¢ andg, — ¢ in C([0,T], E), we get that, for a.a. € [0,7], v ({¢.(t)}n) = 7 ({¢n(t)}n) = 0, which
implies thaty({ f,.(t)}») = 0, fora.a.t € [0,T].

For a givert € (0,77, the sequenced;;(t, s) fn(s)}, i, j € {1, 2}, are relatively compact as well, for asac [0, ],
because, according to (2),

Y{Ui; (@, 8) frls)n) < Uit s)[v({Fu(s)}n) = 0, (34)

foralli,j € {1,2}.
Moreover, according to (17) and (22),

[Us5(t,8) fn(s)ll < Z (V?(S) +2- max |[|g()] -p(s)> ; (35)
z€B(0K e)
fora.a.s € [0,¢] and alln € N.
By virtue of (2), (3), (34), (35) and the sub-additivity ©f we finally arrive at

st < ({ [ (1) fulr) d}) A ({ / (T () df} )
T A2 - ({/T U22(T,T)fn(7)d7} ) 0.

By similar reasonings, when using (20) instead of (19), we also get

Y({@n(t)}n) =0
by which{x.,(t)}, {2, (t)} are relatively compact, for a.&< [0, T]. Moreover, since,, satisfies for alh € N equation
(29),{z,(t)} is relatively compact, for a.a.€ [0, T]. Thus, according to [1, Lemma I11.1.30], there exist a subsequence of
{,}, for the sake of simplicity denoted in the same way as the sequence,@ad ([0, 7], E) such thaf#,,} converges
to i in C([0,T), E) and{#, } converges weakly t@ in L'([0, 7], E). According to the classical closure results (cf. e.g.
[11, Lemma 5.1.1])z € %,,(g, A), which implies the quasi-compactnessif .

ad (iii2) In order to show that, fom € N sufficiently large T, is u-condensing with respect to the m.rucdefined
by (4), let us consider a bounded sub®et @ such tha (T,,,(© x [0,1])) > u(O). Let{z,,} C T,, (© x [0,1]) be a
sequence such that

(T (© < [0,1])) = (t sup Y{zn (@) }n) +7{@n () }n)], mode ({2 }n) + mody ({i”n}n)> :
€lo,
According to (19) and (20), we can fifd,,} € ©, {\,} C [0, 1] and{k,, } satisfyingk,,(t) € Fo(t, q.(t), ¢, (t)), fora.a.
t € [0,T], such that, for alt € [0, 7], z,,(t) andz,,(t) are defined by formulas (30) and (33), respectively, wifgfe) is
defined by formula (31).
By the similar reasonings as in the pad (iii, ), we can obtain that

T {fa(®)}n) < (g(t) + Lp(t)(x,, () + 7711)) tes[lépT] (v {an®}n) +7 {dn(®)}n))
fora.a.t € [0,77.

Let us put
S := sup (7 ({Qn(t)}n) +7 ({%L(t)}n)) ,

t€[0,7)

fix 7 € [0,7] and leti, 5 = 1, 2. Then, according to (17) and (22), we have that, fonadl N,

z€B(0K,e)

1035 (7 ) fu (DI < [[Us5 (7 DI - [ fn (D] < Z <||kn(t)|| +2- max_|¢()] -p(t)> , fora.at €[0,7].

Sincek, (t) € Fo(t,qn(t),dn(t)), for a.a.t € [0,7], andg, € O, for all n € N, where® is a bounded subset of
C1([0,T], E), there existd? C K such thatg,(t) € £, for all n € N andt € [0,77]. Hence, it follows from condition

Ui () fn (DIl < Z (Vrz(t) +2-p(t) - maX|<?>(x)II> , fora.atel0,].

r€B(0K ,e)
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As a consequence of (17), (22) and property (2), we also have that

v ({Uii () fa®)},) < Zy{fu®)},),  foraate(0,7].

Therefore, we can use (3) in order to show that

g <{/0T Uy (T, 6) (1) dt}) <78 /OT <g(t) + Lo(t) (XJm(t) + ;)) dt, ij=1,2,

and also

v ({/Ot Uia(t, ) fn(T) dT}n> <ZS8S /Ot (g(T) + Lp(7) (XJM(T) + ;)) dr, i=1,2.

Consequently, according to (2), (21), (30) and the subadditivity, @fe have that, for a.a.<€ [0, 7],

T
3 (o0 < 28 (1001 + 14200+ 1) [ (04 2ot0) (x0. 0+ ) )

A 1
< 25 @2+ 1) (Lol oayiooey + £ (Il + ol o o) )
The same estimate can be obtainedif¢f,,(¢) },.), when starting from condition (33). Subsequently,

. A 1
Y {#n(t)}n) +v {20 (t)}n) < 228 (4KZ + 1) (||9||L1([0,T],[o,oo)) +L <||p||L1(Jm) + mPHLl([o,T],[o,oo)))) .

Since we assume that(¥,,,(© x [0, 1])) > n(©) and{¢, }» C ©, we get
S= o (v {gn®)}n) +7 {dn()}n)) < S (v ({zn()1n) +7 ({En(t)}n))

N 1
<2Z(4Zk +1) <||9||L1([0,T],[o,oo)) + L <||P||L1(Jm) + m||p||L1([0»T]’[0~,oo)))> S.

Since we have, according {@;,), that2Z(4kZ + 1)||gl| 1 (j0,77,/0,0c)) < 1, we can choosen, € N such that, for all
m € N, m > my, it holds that

. 1
27(4kZ + 1) <||g||L1<[o,T],[o,oo>> +L (Iplluum) + mllpm([o,mo,oo))» <1

Therefore, we get, for sufficiently large € N, the contradictiorS < S which ensures the validity of conditiqfiii) in
Proposition 4.
ad (iv) For allg € @, the sett,,, (¢, 0) coincides with the unique solutiar,, of the linear system

i(t) + A@t)a(t) + B(t)z(t) = —p(t) (x4, (£) + =) d(q(t)), fora.a.t € [0, 7], }
2(T) = Mx(0), #(T) = N(0).

According to (19) and (20), for all € [0, T7,

T (t) = Al(t)/o Uro(T, 7)pm(T) dT + Ag(t)/o Uoo (T, 7)o (T) dT +/O Uia(t, 7)om(7) dr,

and
T T t
(1) = A1) /0 Usa (T, 7)o (1) dr + Aa(t) /0 Usa(T, 7)o (7) d + /0 Una(t, 7)o (7)

wheregp,,, (t) := —p(t) (xs,. (1) + &) d(gm(1)).
Since

lomlis ooy < 13- (Iplss ooy Z

r€B(0K ¢)
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we have that, for alt € [0, 77,

~ 1

len(O < 2020+ 1) s [ (Il oy + LLILD ), (36)
r€B(0K,e) m

wherek, Z are defined by relations (18), (22).

Let us now consider > 0 such that-B C K. Then, it follows from (36) that we are able to findy € N such that,
for all m € N, m > mg, andt € [0,7T], |z,n|| < r. Therefore, for allm € N, m > mg, T,,(¢,0) C Int Q, for all
q € @, which ensures the validity of conditidiv) in Proposition 4.

ad (v) Letm € N be fixed and let us show that ea@,,) satisfies the transversality conditi¢n) in Proposition 4.
We reason by a contradiction, and assume the existenke=of0, 1) andq € 9Q such thayy € ¥,,(g, \). According to
the definition of the solution operat@r,, there isfy € L'([0, 7], E) with fo(t) € Fo(t,q(t),4(t)), fora.at € [0,T]\ J,
satisfying

00+ AW+ B0 = 7lt) = 260) (0,0 + 1) a0, foraat € 0.1\ @)

Since, moreove(J) = 0, condition (37) is indeed valid for a.a€ [0, 7.

Sinceg € 9Q, there exists, € [0, T] satisfyingq(ty) € OK. If we further assume thay = 0, theng(T") = Mq(0) €
MOK = OK. With no loss of generality we can then take € (0,7]. According to condition (H3)]|Vq(t0)|| > 6.
Furthermore, since— ||V, || is continuous, there i, > 0 such thay(t) € B (0K, min{h, £}) and||V,,|| > 3, for
allt € [to—ho, to]. Sinced,, is openin0, T, if, in addition,ty € J,,,, we can takeé, in such away thdto—ho, to] C Jpn-

Consider now the functiog: [0, 7] — R defined bygy(t) = V(q(¢)).

According to the regularity conditions imposed Brandg, we have thay € C'([0, 7], R) andg(t) = <Vq(t), q(t)y,
for all t € [0,T]. Since, moreovery € C?(E,R) andq is absolutely continuous ojt, 7], we obtain that alsg is
absolutely continuous, implying thatt) exists, for a.at € [ty — ho, to.

Sinceg(t) < 0, for all t € [0,T] with g(to) = 0, to is a local maximum point. Hencé{(t,) > 0 andg(ty) = 0,
whenevett, € (0,7). Consider now the special case whgn= T'. Sinceq(0) = M ~'¢(T), according to the properties
of M, we have thay(0) € 0K, and thusj(0) = (V,(0), 4(0)) < 0. Note, moreover, thal(T)) = N¢(0). Consequently,
we have thatVas,(0), Nd(0)) - (Vy0),4(0)) = ¢(T) - §(0) < 0 and according to (27) we obtain that

3(0) = {Vy0),d(0) ) = 9(T) = (Vo). d(T) ) = 0.
Lett € [to — ho, to] be such that botki(t) andi(t) exist. Then

i(t) = lim gt +h)—g(t) — lim (Vaten), d(t +R)) — V), 4(2))
h—0 h h—0 h

According to the regularity ofj, there exist two functions(h) andb(h) from [—¢, T — t] to E with a(h) — 0 and
b(h) — 0 whenh — 0 such that

Gt +h) = q(t) +hlgt) +a(m)], qt+h) =q(t) +h[q(t) + b(h)].

Consequently,
3() = timy Vs d0) + RO + 000D — Vo i)
= i Lateo 8O0 W 00D | Taceem RO gy,

Sinceh — ||Vq(t+h) |l is continuous, it is bounded, fore [—t, T — t], and therefore

(Va(e+ny, b la(h)])

" < WVoesmllla(h)| — 0, h—o0.

Thus, we obtain that

Vatrn), d@#)) — Vo), 4(0)) -

g(t) = }ngb A + (Va(ean), (1))
© 2012 NSP
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i Ya@+rta+om1> 40) — Vo, 4())
h—0 h

+ (Va(en)» (1))

According to the regularity condition imposed bh there exist$)(h) € E’ with

1O

B —0 forh—0

such that

Va@yhla@-+om) = Vae) + V) (hd(t) + hb(h)) + O(h)

implying

<Vq(t)+h[d(t)+b(h)]vQ(t)> - <‘721(t)7(j(t)> _ (Vq(t)(hq(t)),q(t» N <Vq(t)(hb(h)),q(t)> . (O, (1))
h W ; ;

= (Vo (@(1)), 4(8)) + (V) (b)), 4(1)) + <O<h>};¢<t>>

Therefore,

§(t) = Hm (Ve (d(8)), d(6)) + (Vo (0(R)), G(8)) + (Vi ny» (1)) + M

h—0
= (Vo (d(1)), 4(1)) + (Vo) (1)) (38)

Let us now consider the case whegne .J,,,. According to the properties gf, it is possible to find, € (ty — ho, to)
such tha@(fo) > 0. Therefore, we obtain that

0> —g(fo) = g(to) — d(fo) = / () dr.

According to (25) and (38), we have that

02 —4(fo) = / i) de = / Waod(8)). 4(0) + (Vygoy, (0)) dt > / (Vini(t)) dt
= /t 0<Vq(t)a Mfo(t) — A(t)q(t) — B(t)q(t) — (1 + ;) p(t)d(q(t))) dt

= [ tWa M) = A0 = B)ato) ~ (14 - ) p)r{al) Vi 1 0a(0) .

Sinceq(t) € B(OK, ), forall t € [ty,to], 7(q(t)) = 1 and, according to Proposition %(t)7(b(q(t))> = 1. Therefore,
we obtain that

0= ~gli0) > [ (Vi Alt) — A00) ~ BOate) ~ (14 1 ) p)r(a) Vi lofate))

= [ (W Mot~ it~ Bioyton — (1+ 1) ool )

> [Tl (s - (145 )00}

where
e
A() = —vie(t) — | AWM Z(EZE + Dllviel o oo = 1 BOI (1K1 +3)

According to the definition of, we have that the last integral is strictly positive, so we get the contradictory conclusion
0 > —g(fp) > 0. Itimplies thatty & .J,,,.
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Therefore, let us study the case whgre [0, 7]\ J,,. If we are able to get a contradiction also whgre [0, T\ Jn,
theng € T,, (), ¢) with ¢ € 9Q is not possible, and so problef,,) satisfies the required tranversality condition.
Letwy € F(to, q(to),q4(to)). According to Proposition 3, and sintg¢ J,,,, we have that

(Vo> Ao = Alto)ilto) — Blto)a(to) — plto) (v (t0) + - )alo)

= (Va0 — Alto)ilto) ~ Bltohalto) — "2 da(t0))
= (Va0 = Alt0)ilto) ~ Bltoa(to)) ~ 221V,

Therefore, as a consequence of (26), the negativigyasfd condition #3), we have that

p(to) v op(to)
o) 4 > =220~ g

(Vat Y = Attt Blaoyat) ~ Z5(q(000) ) > -

for all wy € F(to,q(to), ¢(to)). The multivalued mag is compact-valued and the mé}g(to): E — R is continuous.
Thus, we can fing > 0 such that

(Vo Ao = Attt ~ Bltwlatto) - "2 d(att) ) > 22

for all wy € F(to, q(t())7 q(t()))
In[0,77\ J,,, the multivalued map

t—o AFo(t,q(), 4(8)) — A(t)4(t) — B(t)q(t) — ==
is u.s.c. and, thereforé; [0, 7] \ .J,, — R defined by

p(t) -

¢ = {0 0 = A0 - BOal0) - “2dale). < w € Faltato) a0

is u.s.c. Thus, we can finel, < ho such thatb(t) € [0, +-00), for all t € [ty — ho, to] \ Jm.
Sinceg(ty — ho) < 0, also infty — ho, to], we can find, with §(¢y) > 0. Now, we reason as before and get

0> —§(f) = ilto) — glfo) = / Gy de

- / (Vo (d(0)). (1)) dt + / Vo ii(t)) dt > / Vo d(0)) dt

= [0 oo Ao = A0 ~ Bote) -

to,to

+ / (Vo Mo(t) = A®)d(t) — B(t)a(t) — p(t)(1 + —)d(q(t))) dt.
[tosto]NJTim
Since the multivalued mag(t) is u.s.c. and sinck ¢ J,,,, we have that

i <Vq(t>7 Mo(t) — AD() — B(t)a(t) - p(”q3<q<t>>> azo[ o
[to,to]\Im m [

to,to]\Jm

Otherwise, from the definition gf and by a similar reasoning as before, we obtain that

/[ e <Vq<t>, Molt) = A(t)d(t) — B(Ha(t) — p(t) (1 + ;) ¢z<q<t))> it

to,to

(© 2012 NSP
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= [ (A ot) = Awyie) = Boate) = (o) (1+ 1) Vo lotat®) ) e
= [ oy (et - a0 = o) =) (14 ) W)

> / Vo Il (=ve(t) = 1AM Z(4ZK + D) lvgell 1 0,71, 10,000))
[tD;tO]ﬂJm,

o Wl (15 (10x1+ 5) + (14 ) ity ar) >0

[to,to

In the case when, € [0,7] \ J,,, we obtain the contradictory conclusion> —g(Z,) > 0 as well, and the tranversality
condition(v) in Proposition 4 is so verified.

Summing up, we have proved that there exists € N such that every problert,,,), wherem > my, satisfies all
the assumptions of Proposition 4. This implies that every $i;h) admits a solution, denoted hy,,, with z,,,(t) € K,
forall t € [0, 7). Consequently, there exists a sequeficg }., in L'([0, 7], E) satisfying

(1) + A)Em, () + B(t)xm (t) = km(t) — p(t) <XJm () + ;) Pz (1)) (39)

and alsok,,,(t) € F(t,zm,(t), 2m (1)), for a.a.t € [0,7] and everym > mg. Moreover, according t¢2;;), we obtain
that ||k, (¢)|| < vg(t), for a.a.t € [0,7] and everym > mg. Therefore, reasoning as ad (iii;), we have that
@ ()|| < Z(4ZK +1)C with C defined by (32). We can then apfl;;) and get

Y {km @) }m) < g(8) [y {zm(®)}m) + 7 {Em(@)}m)],  fora.a.t €]0,T]. (40)
Let us putS = v ({zm(t)}m) + ¥ {@m(t)}m) and let{f,,} ¢ L([0,T], E) be defined byf,,(t) := k,(t) —

p(t) (xu,, (1) + L) Sz (1)), for aa.t € [0,T]. Whent ¢ J, there isin = r(t) > mg such thatt ¢ J,,, for all

m

m > 1. If we further apply the subadditivity of the Hausdorff m.n.c., we obtain

3 ) <3 () +3 (1500 (100 + 2 ) S (0D}

< (@) 43 (900 (0.0 + 2 ) o (O), = m.or0lt) = 1

m

9 (2500 0. 1 2 ) ) =3 () + 7 (-2 bl ), 2 (D) ).

Since is bounded, we obtain that
p(t)

Wé(ajm(t)) —0, m— oo

implying thaty ({fum (t)Ym) < v ({km(t)}m), fora.at € [0, T]. According to (40), we have that({ f,, (t)}.m) < Sg(t),
fora.a.t € [0,T]. Reasoning as iad(7ii1 ), it is also possible to show that

Y ({zm()}m) < Z(4Zk + 1)S| g 11 (j0,7),0,00)
and the same estimate is valid fpf{x,,(¢)},»). Consequently, accordin@.;;), we obtain that

8 =75 {zm(t)hn) +7 ({Em()}m) < 22(4Zk + 1)S|gll 1 0,11, 10,00)) < S,

implying thatS = 0. Hence,y ({2 (t)}m) = ¥ ({&m(t)}m) = 0, for everyt ¢ J. Thus, alsoy ({fm(t)}m) = 0.
According to (39), we then obtain that({z,,(¢)}..) = 0, for a.a.t € [0, T]. Therefore, a classical convergence result
(see e.g. [1, Lemma I11.1.30])) assures the existence of a subsequence, denoted as the sequence, and ofradfunction
ACY([0,T], E) such thatr,, — x andi,, — 4 in C([0,7], E) and alsai,, — z in L1([0,T], E), whenm — oo.
Finally, a classical closure result (see e.g. [11, Lemma 5.1.1]) guaranteesishasolution of (1) satisfying(¢) € K,

forall ¢ € [0,T], and the proof is so complete.
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4. Concluding remarks

Observe that in a Hilbert spadg, for V(z) := 3 (||z||?> — r), we have that (cf. [3], [13]PV (z) = {V(2)} = =, i.e. we
obtain thatl/ (z) = Id. In particularV’ € C?(E,R), as required in Theorem 1. On the other hand,-if2 (i.e. alsoV(-))

is twice Féchet differentiable & in a Banach spacg?, || - ||), then E is isomorphic to a Hilbert space (see e.qg. [9, p.

180]).

As pointed out in [3], problems of type (1) can be related to thosalfstract nonlinear wave equatioivs Hilbert
spacess := L?(2). Hence, fort € [0,7] and¢ € 2, wheres2 is a nonempty, bounded domainlit¥ with a Lipschitz
boundaryds?, consider the functional evolution equation

9%u ou
= —_ . . p_2 =
gz T gy T oults) + Bllult, )IIP e = ot w), (41)

whereu = u(t, £), subject to boundary conditions

ou(T, ) ou(0,-)
=N .
ot ot
Assumethat > 0,0 < 0,8 > 0, p € [3, c0) are constants and that [0, 7] x R — R is sufficiently regular. The problem
under consideration can be still restricted by a constraint) € K7, where

Ky = {ee L2(2) | |le] < 1}, t e [0,T).

Takingz(t) := u(t,-) with x € AC([0,T],L?(12)), A(t) = A :=a, B(t) = B =, f:[0,T] x L?>(2) — L?(02)
defined by(t,v) — o(t,v(:)), andF(t,z,y) = F(t,x) := —B|jz||P~2z + f(t,z), the above problem can be rewritten
into the form (1), possibly together with(t) € K1,t € [0,T].

In view of the above arguments, all illustrative examples in [3], relatéd(to) := 1 ||=|* — R acting in Hilbert spaces,
can be improved by means of Theorem 1 in the sense that all relations holdiftgafpe (0,7) x K; N B(0K1,¢) can
be strictly localized tq0,7T") x 0K;. More concretely, problem (41), (42), wheké = N = IdorM = N = —1Id
together withp(t, —u) = —(t,«), admits in this way a (strong) solutiar{t) := u(t, -) such that:(t) € K1, t € [0, 7],
provided (for more details, see [3])

(i)a>0,b<0,0<B< ﬁ,wherepe [3,00),

(1) ¢ is Caratleodory (resp. continuous) and such that

< co(t) ci(t)
TVIRI+1 0 Viel+l
wherecy, ¢; are suitable integrable coefficients
(= fis Caratleodory and such thdltf (¢, z)|| < co(t) + c1(t)|z|™, for all z € L2(2)),
(#i7) ¢(t, &) is Lipschitzian in with a constanf (independent of) such that § will be specified below)

u(T, ) = Mu(0,),

(42)

lp(t,€) €™, tel0,T], e,

46700 (4peT e 1) [T <1 (43)
(= f satisfies they—regularity condition, namely (f(u f))) < L~(2), fora.at € [0,T] and each bounde® C E,
with ¢(t) := L satisfying the inequality

4eT(1+a7b) (4keT(1+a7b) + 1) ||g||L1([07T]7[0700)) < 1),

(#v) condition
(d=B)z|* + (. f(t,2)) > 0,
holds on the seb), T] x K, whered > 0 is a suitable constant such th&t< —4b(b + d).
It would be nice to express conditidiv), as conditiongi)—(iii), for function . For instance, the related equality
Jo 22(€) d¢ = r would then, however, lead to the inequality

2p(t,z) > (B —d)z*

required, for all(t, z) € [0,7] x R. In this way, the information concerning the localization of solutions would be lost.

(© 2012 NSP
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The most technical requirement (in nontrivial situations) is so the inequality (43) in congiitionNevertheless, the
quotient in (43)

ko= |[D—U(T,0] 7" = [[£Id - "] |pxm
can be calculated as

e Ty, ere” e T _emT
k _ k71 +1 + AQ_Ai ? Aa—A1

0 Ao (€M T e 2T 11+ ner2T e’ )
Ao — A1 ’ A2—A1 R2 xR2
where
kol =15 (eMT 4Ty TRy 0T Ve T 2“2 L VA At ”;2 —4
For instance, fou = 0,0 = —1, we getk < % < 1; condition (43) can be then satisfied, when e.g.
1

L < T(16e4T +4e2T) "

After all, since the usage of bounding functibifz) := ||z||> — R is the most standard one, the illustrative example
demonstrates that, in view of the above arguments, the practical application of Theorem 1 reduces to separable Hilbert
spaces.
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Abstract

The existence and localization result is obtained for a multivalued Dirichlet problem in
a Banach space. The upper-Carathéodory and Marchaud right-hand sides are treated
separately because in the latter case, the transversality conditions derived by means
of bounding functions can be strictly localized on the boundaries of bound sets.
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Keywords: Dirichlet problem; bounding functions; solutions in a given set;
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1 Introduction

The Dirichlet problem and its special case with homogeneous boundary conditions, usu-
ally called the Picard problem, belong to the most frequently studied boundary value prob-
lems. A lot of results concerning the standard problem for scalar second-order ordinary
differential equations were generalized in various directions.

In Euclidean spaces, besides many extensions to vector equations, vector inclusions were
under consideration, e.g., in [1-4]. In abstract spaces, usually in Banach and Hilbert spaces,
equations, e.g., in [5-11] and inclusions, e.g., in [9, 12, 13] were treated.

Sadovskii’s or Darbo’s fixed point theorems, jointly with the usage of a measure of non-
compactness, were applied in [5, 8, 9, 11]. Kakutani’s or Ky Fan’s fixed point theorems
were applied with the upper and lower solutions technique in [9] and with a measure of
noncompactness in [13]. On the other hand, continuation principles were employed in
(2,4,7].

The main aim of our present paper is an extension of the finite-dimensional results in
[2, 4] into infinite-dimensional ones. We were also stimulated by the work of Jean Mawhin
in [7], where degree arguments were applied to the Dirichlet problem in a Hilbert space
probably for the first time, and in [14], where a bound sets approach was systematically
developed. Hence, besides these two approaches, our extension consists in the considera-
tion of differential inclusions in rather general Banach spaces and the usage of a measure of
noncompactness. Similar results were already obtained in an analogous way by ourselves
for Floquet problems in [15-18].

Besides the existence, the localization of solutions will be obtained in our main theo-
rems (see Theorem 5.1 and Theorem 5.2). Unlike in [10], where the solutions belong to
a positively invariant set, in our paper, some trajectories can escape from the prescribed
set of candidate solutions. Moreover, the associated bound set need not be compact as in
© 2013 Andres et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons At-

tribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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[10]. Similarly, the main difference between our results and those in [9, 13] consists in the
application of a continuation principle jointly with a bound sets approach, which allows us
to check fixed point free boundaries of given bound sets. This, in particular, means that,
unlike in [9, 13], some trajectories can again escape from the prescribed set of candidate
solutions in a transversal way.

Let E be a Banach space (with the norm || - ||) satisfying the Radon-Nikodym property
(e.g., reflexivity) and let us consider the Dirichlet boundary value problem (b.v.p.)

X(t) € F(t,x(t),x(¢)) fora.a.tel[0,T],

)
x(0) =x(T) =0,
where F: [0, T] x E x E —o E is an upper-Carathéodory mapping or a globally upper semi-
continuous mapping with compact, convex values (for the related definitions, see Sec-
tion 2).

The main purpose of the present paper is to prove the existence of a Carathéodory so-
lution x € AC([0, T], E) to problem (1) in a given set Q. This will be achieved by means
of a suitable continuation principle. The crucial condition of the continuation principle
described in Section 3 consists in guaranteeing the fixed point free boundary of Q w.r.t.
an admissible homotopical bridge starting from (1) (see condition (v) in Proposition 3.1
below). This requirement will be verified by means of Lyapunov-like bounding functions,
i.e., via a bound sets technique. That is also why the whole Section 4 is devoted to this
technique applied to Dirichlet problem (1). We will distinguish two cases, namely when F
is an upper-Carathéodory mapping and when F is globally upper semicontinuous (i.e., a
Marchaud mapping). Unlike in the first case, the second one allows us to apply bounding
functions which can be strictly localized at the boundaries of given bound sets.

2 Preliminaries

Let E be a Banach space having the Radon-Nikodym property (see, e.g., [19, pp.694-695]),
i.e., if for every finite measure space (M, £, 1) and every vector measure m: X — E of
bounded variation, which is absolutely continuous w.r.t. u, we can find a Bochner inte-
grable function f: M — E such that

m(C) = /C ore

for each C € X. Let [0, T] C R be a closed interval. By the symbol L'([0, T], E), we will
mean the set of all Bochner integrable functions x: [0, T] — E. For the definition and
properties, see, e.g., [19, pp.693-701].

The symbol AC([0, T],E) will denote the set of functions x: [0, T] — E whose first
derivative &(-) is absolutely continuous. Then % € L'([0, T],E) and the fundamental the-
orem of calculus (the Newton-Leibniz formula) holds (see, e.g, [15, pp.243-244], [19,
pp.695-696)). In the sequel, we will always consider ACY([0, T],E) as a subspace of the
Banach space C'([0, T], E).

Given C C E and ¢ > 0, the symbol B(C, ¢) will denote, as usually, the set C + ¢B, where
B is the open unitballin E, i.e., B={x € E | ||x]| < 1}.

We will also need the following definitions and notions from multivalued analysis. Let
X, Y be two metric spaces. We say that F is a multivalued mapping from X to Y (written
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F: X —Y) if for every x € X, a nonempty subset F(x) of Y is given. We associate with F
its graph I'f, the subset of X x Y, defined by

Tri={(xy) e X xY|yeFx).

A multivalued mapping F: X —o Y is called upper semicontinuous (shortly, u.s.c.) if for
each open subset U C Y, the set {x € X | F(x) C U} is open in X.

A multivalued mapping F: X —o Y is called compact if the set F(X) = |, F(x) is con-
tained in a compact subset of Y; it is called quasi-compact if it maps compact sets onto
relatively compact sets; and completely continuous if it maps bounded sets onto relatively
compact sets.

We say that a multivalued mapping F: [0, 7] — Y with closed values is a step multi-
valued mapping if there exists a finite family of disjoint measurable subsets I, k =1,...,n
such that [0, T = | Iy and F is constant on every I;. A multivalued mapping F: [0, 7] — Y
with closed values is called strongly measurable if there exists a sequence of step multi-
valued mappings {F,} such that dy(F,(t), F(t)) - 0 as n — oo for a.a. t € [0, T], where dy
stands for the Hausdorff distance.

It is well known that if Y is a Banach space, then a strongly measurable mapping
F: [0, T] — Y with compact values possesses a single-valued strongly measurable selec-
tion (see, e.g., [12, 20]).

A multivalued mapping F: [0, T] x X — Y is called an upper-Carathéodory mapping if
the map F(-,x): [0,T] —o Y is strongly measurable for all x € X, the map F(¢,-): X — YV
is ws.c. for almost all ¢ € [0, T] and the set F(t,x) is compact and convex for all (¢,x) €
[0,T] x X.

Let us note that if X,Y are Banach spaces, then an upper-Carathéodory mapping
F:[0,T] x X — Y is weakly superpositionally measurable, i.e., that for each continuous
g: [0, T] — X, the composition F(-,g(-)): [0, T] — Y possesses a single-valued measur-
able selection (see, e.g., [12, 20]).

A multivalued mapping F: [0, T] x X x X — Y is called Lipschitzian in (x,y) € X x X if
there exists a constant L > 0 such that

dH(F(trxl!yl):F(ter’yZ)) SL(”xl _x2|| + ||)’1 _y2||)

for a.a. t € [0, T'] and for all x1,x;, 91, ¥, € X.
For more details concerning multivalued analysis, see, e.g., [12, 15, 20, 21].
In the sequel, the measure of noncompactness will also be employed.

Definition 2.1 Let N be a partially ordered set, E be a Banach space and let P(E) denote
the family of all nonempty subsets of E. A function B: P(E) — N is called a measure of
noncompactness (m.n.c.) in E if f(co2) = B(Q) for all Q € P(E), where co2 denotes the
closed convex hull of .
An m.n.c. 8 is called:
(i) monotone if B(21) < B(K2,) for all Q; C 2, CE,
(ii) nomsingularif B({x} U Q) = B(Q) forallx € E and Q C E,
(ili) invariant with respect to the union with compact sets if (K U Q) = B(RQ2) for every
relatively compact K C E and every Q C E,
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(iv) regular when B(€2) = 0 if and only if Q is relatively compact,
(v) algebraically semi-additive if B(Q21 + Q22) < B(21) + B(2) for all 24,2, CE.

Definition 2.2 An m.n.c. 8 with values in a cone of a Banach space has the semi-
homogeneity property if 8(¢Q2) = |¢t|8(2) forall£ e Rand all Q C E.

It is obvious that an m.n.c. which is invariant with respect to the union with compact
sets is also nonsingular.

The typical example of an m.n.c. is the Hausdor{f measure of noncompactness y defined,
for all 2 C E, by

y(R) := inf{e >0 ‘ Ixy,...,x, €E: QC UB({xi},s) .
i=1

The Hausdorff measure of noncompactness is monotone, nonsingular, algebraically semi-
additive and has the semi-homogeneity property.

Let {f,} € L'([0, T],E) be such that ||f,(£)|| < a(t), y ({f,(8)}) < c(?) for a.a. £ € [0, T], all
n € N and suitable a, ¢ € L}([0, T], R), then (cf. [20])

T T
J’({/O fn(t)dt})ngo c(t)dt foraa.te(0,T]. )

Moreover, for all subsets 2 of E (see, e.g., [18]),

y( U m) <y(Q). (3)

A€[0,1]

Let us now introduce the function

w@ = max_(“sup [y({wa®),) +y ({in,0)},)],

WnlnC2 \efo0,1]

modc ((wi}) + mode () ) (4)

defined on the bounded set Q C CY([0, T), E), where the ordering is induced by the pos-
itive cone in R? and where modc($2) denotes the modulus of continuity of a subset
Q c C([0, T],E).2 Such a p is an m.n.c. in C'([0, T],E), as shown in the following lemma
(proven in [16]), where the properties of u will be also discussed.

Lemma 2.1 The function u given by (4) defines an m.n.c. in C1([0, T), E); such an m.n.c. i
is monotone, invariant with respect to the union with compact sets and regular.

The m.n.c. u defined by (4) will be used in order to solve problem (1) (¢f Theorem 5.1).

Definition 2.3 Let E be a Banach space and X C E. A multivalued mapping F: X — E
with compact values is called condensing with respect to an m.n.c. 8 (shortly, B-condensing)
if for every 2 C X such that B(F(2)) > B(f2), it holds that €2 is relatively compact.

A family of mappings G: X x [0,1] —o E with compact values is called B-condensing if
for every  C X such that S(G(2 x [0,1])) > B(£2), it holds that €2 is relatively compact.
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The following convergence result will be also employed.

Lemma 2.2 (¢f. [15, Lemma II1.1.30]) Let E be a Banach space and assume that the se-
quence of absolutely continuous functions xi: [0, T] — E satisfies the following conditions:
(i) the set {xx(¢)|k € N} is relatively compact for every t € [0, T,
(ii) there exists a € L}([0, T, [0, 00)) such that ||xx(t)|| < a(t) for a.a. t € [0, T] and for
allk e N,
(ili) the set {x(t)|k € N} is weakly relatively compact for a.a. t € [0, T].
Then there exists a subsequence of {xi} (for the sake of simplicity denoted in the same way as
the sequence) converging to an absolutely continuous function x: [0, T] — E in the following
way:
1. {xx} converges uniformly to x in C([0, T, E),
2. {&x} converges weakly in L'([0, T), E) to .

The following lemma is well known when the Banach spaces E; and E; coincide (see,
e.g., [22, p.88]). The present slight modification for E; # E; was proved in [23].

Lemma 2.3 Let [0,T] C R be a compact interval, let E;, E; be Banach spaces and let
F:[0,T] x Ey —o E; be a multivalued mapping satisfying the following conditions:
(i) F(-,x) has a strongly measurable selection for every x € E,
(i) F(¢,-)isus.c. foraa. tel0,T],
(iii) the set F(t,x) is compact and convex for all (t,x) € [0, T] x E;.
Assume in addition that for every nonempty, bounded set Q C E;, there exists v = v(Q2) €
L([0, T, (0, 00)) such that

||F(t,x) || <v(t)

fora.a.t € [0,T] and every x € Q. Let us define the Nemytskiivopemtoer: C([0, T, Ep) —o
LY([0, T],E) in the following way: Nr(x) := {f € L([0,T],E,) | f(t) € F(t,x(¢)), a.e. on
[0, T1} for every x € C([0,T],E1). Then, if sequences {xx} C C([0,T],E) and {fi} C
LY([0, T, Ey), fx € N(xx), k € N, are such that x; — x in C([0, T1, Ey) and fi — f weakly in
LY([0, T],Ey), then f € Nr(x).

3 Continuation principle

The proof of the main result (¢f. Theorem 5.1 below) will be based on the combination
of a bound sets technique together with the following continuation principle developed
in [16].

Proposition 3.1 Let us consider the general multivalued b.v.p.

X(t) € p(t,x(2),%(t)) fora.a.tel0,T], 5)

x €S,

where ¢: [0, T] x E x E —o E is an upper-Carathéodory mapping and S C AC*([0, T], E).
Let H: [0,T] x E x E X E x E x [0,1] —o E be an upper-Carathéodory mapping such that

H(t,c,d,c,d,1) C p(t,c,d) (6)
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forall (¢,c,d) € [0, T] x E x E. Moreover, assume that the following conditions hold:
(i) There exist a closed set Sy C S and a closed, convex set Q C CX([0, T],E) with a

nonempty interior Int Q such that each associated problem

X(t) € H(t, x(2), %(t),q(t), q(¢), 1), fora.a.tel0,T],
P(q,2)
X € Sl,

where q € Q and X € [0,1], has a nonempty, convex set of solutions (denoted by
g, 1))

(ii) For every nonempty, bounded set Q C E x E, there exists vq € L'([0, T, [0, 00)) such
that

| H (8 x,9,q(6), 4(2), 1) | < va(t)

fora.a.t€[0,T] and all (x,y) € 2, q € Q and A € [0,1].

(ili) The solution mapping ¥ is quasi-compact and |1-condensing with respect to a
monotone and nonsingular m.n.c. u defined on C*([0, T, E).

(iv) For each q € Q, the set of solutions of the problem P(q,0) is a subset of IntQ, i.e.,
%(q,0) CIntQ for all g € Q.

(v) Foreach X € (0,1), the solution mapping X(-, 1) has no fixed points on the boundary
9Qof Q.

Then the b.v.p. (5) has a solution in Q.

The proof of the continuation principle is based on the fact that the family P(g, A) of
problems depending on two parameters g € Q and A € [0,1] is associated to the original
b.v.p. (5). This family is defined in such a way that if T: Q x [0,1] — AC([0, T],E) is its
corresponding solution mapping, then all fixed points of the map %(-,1) are solutions of
(5) (see condition (6)).

4 Bound sets technique
The continuation principle formulated in Proposition 3.1 requires, in particular, the exis-
tence of a suitable set Q C ACY([0, T, E) of candidate solutions. The set Q should satisfy
the transversality condition (v), i.e., it should have a fixed-point free boundary with respect
to the solution mapping ¥. Since the direct verification of the transversality condition is
usually a difficult task, we will devote this section to a bound sets technique which can
be used for guaranteeing such a condition. For this purpose, we will define the set Q as
Q:= C([0, T],K), where K is nonempty and open in E and K denotes its closure.

Hence, let us consider the Dirichlet boundary value problem (1) and let V: E— R be a
C!-function satisfying

(H1) Visk =0,

(H2) V(x) <O forallxeK.

Definition 4.1 A nonempty open set K C E is called a bound set for the b.v.p. (1) if every
solution x of (1) such that x(¢) € K for each ¢ € [0, T] does not satisfy x(¢') € 3K for any
t elo,T].
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Let E’ be the Banach space dual to E and let us denote by (-, ) the pairing (the duality
relation) between E and E/, i.e., for all ® € E’ and x € E, we put ®(x) := (®,x). The proof
of the following proposition is quite analogous to the finite-dimensional case considered
in [4]. Nevertheless, for the sake of completeness, we present it here, too.

Proposition 4.1 Let K C E be an open set such that 0 € K and F: [0,T] x E x E — E be
an upper-Carathéodory mapping. Assume that the function V € C*(E,R) has a locally Lip-
schitzian Fréchet derivative V, and satisfies conditions (H1) and (H2). Suppose, moreover,
that there exists & > 0 such that, for all x € K N B(dK,¢), t € (0, T) and y € E, at least one
of the following conditions:

(Vx+hy - Vx;y)
_— +

lim sup (Vw) >0, (7)
h—0~ h
Viehy = Vi .
lim sup Uhyh;xy) +(Vew) >0 (8)
h—0t

holds for all w € F(t,x,). Then K is a bound set for the Dirichlet problem (1).

Proof Letx: [0, T] — K be a solution of problem (1). We assume, by a contradiction, that
there exists t” € [0, T] such that x(¢") € K. The point ¢ must lie in (0, T') according to the
Dirichlet boundary conditions and the fact that 0 € K.

Since V, is locally Lipschitzian, there exist a neighborhood U of x(¢") and a constant L > 0
such that V| is Lipschitzian with a constant L. Let § > 0 be such that x(t) € U N B(3K, ¢)
foreacht e[t —§,t +6].

In order to get the desired contradiction, let us define the function g: [0,7] — R as
the composition g(t) := (V o x)(£). According to the regularity properties of x and V, g €
C([0, T],R). Since g(t') = 0 and g(¢) < O forall £ € [0, T, £ is alocal maximum point for g.
Therefore, g(t) = 0. Moreover, there exist points t~ € (¢ - 8,t),t € (t,t +§8) such that
g(t7)>0and g(t™) < 0.

Since g(t) = (Vx(t),ic(t)), where Vx(,) is locally Lipschitzian and %(¢) is absolutely contin-
wous on [t —§8,¢], g(t) exists fora.a. t € [t - §,¢ + §]. Consequently,

0>-g(t")=g(t)-g(t) = / gls)ds )
and
0= ¢(") =4(¢7) - 4(() = / 4(s) ds. (10)

At first, let us assume that condition (7) holds and let £ € (¢”,¢") be such that g(t) and
X(t) exist. Then

lli_r)% x(t + h;l —x(t) _ 50,

and so there exists a function a(h),a(h) — 0 as k — 0, such that for each 74,

X(t+h) =x(t) + h[&é(t) + a(h)].
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Moreover, since x € C'([0, T], E), there exists a function b(%), b(h) — 0 as i — 0, such that
for each 4,

x(t +h) = x(t) + h[x(2) + b(h)].
Consequently, we obtain

i EEP RO L) g0

g = Jim limsu h

-1 (Vx(t+h)¢jc(t + h)) - (Vx(t):x(t))

= limsup
h—0~ h

 limsup (Vi@ +bn), X(8) + h[Z() + a(h)]) — (Vi %(t))
h—0- h

> Jimsup (Vo) +hi(e), X(8) + h[x(t;), +a(h)]) — Vi, x(t))
h—0—

—L- |b(h)| - &) + H[E() + a(m)]|

i (Vi) ehie), #(8) + hi(£)) = (Vi) %(2))
= limsup h
h—0-

—L-|b(h)| - %) + h[5() + at)]|| + (Visnice» alh)).

Since (Viyshie), a(h)) — L - |b(h)| - | %(£) + h[%(¢) + a(h)]|| - 0 as h — O,

.. : (Viatyhise) %(E) + h3(E)) — (Vi) (8))
t)>1
§t) = imsup 7

 limsup (Vawyshit) — Vi) %(2))
h—0— h

+ (Vi ehie) %(8)).
Moreover, for every x,w € E and & € R, we have that
Vst W) = (Vi W) + [ (Vi W) = (Vi w)]-
According to the Lipschitzianity of V, when |#| is sufficiently small, we have that

|(Vx+hyr w) — (nyw) | = }(Vx+hy - Vx: W>|

< Viewy = Vel - Iwll < LIAL- Iyll - lIwll,
where L denotes the local Lipschitz constant of V in a neighborhood of «. It implies that
1im (Vg w) = (Vs w) = 0
and then

lim (Ve w) = (Vi w).
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Therefore,

Vi shite) = Ve #(¢
#(0) > tim sup /2010 = Ve, #0) |

Vi, %(2)) > 0,
h—0~ h ( © x( )> g

according to assumption (7), it leads to a contradiction with inequality (9).

Secondly, let us assume that condition (8) holds and let s € (¢',¢) be such that g(s) and
X(s) exist. Then it is possible to show, using the same procedure as before, that according
to assumption (8),

4(5) > lim sup (Vi(s)+hits) ; Vi) %(s))
h—0*

+ (Vx(s)rjé(s» >0,

which leads to a contradiction with inequality (10).
Therefore, we get the contradiction in case that at least one of conditions (7), (8) holds

which completes the proof. g

If the mapping F(z, %, y) is globally u.s.c. in (¢, x,y), then the transversality conditions can
be localized directly on the boundary of K, as will be shown in the following proposition,

whose proof is again quite analogous to the finite-dimensional case considered in [2].

Proposition 4.2 Let K C E be a nonempty open set such that 0 € K and F: [0,T] x E x
E —o E be an upper semicontinuous multivalued mapping with compact, convex values. As-
sume that there exists a function V € CY(E,R) with a locally Lipschitzian Fréchet deriva-
tive V, which satisfies conditions (H1) and (H2). Suppose, moreover, that for all x € 9K,
t€(0,T)and y € E with

(Vary) =0, (1)
the following condition holds:

Viaiys
liminf 22

(Viyw) >0 (12)
h—0

forallwe F(t,x,y). Then K is a bound set for problem (1).

Proof Letx: [0, T] — K be a solution of problem (1). We assume, by a contradiction, that
there exists ¢y € [0, T'] such that x(¢y) € dK. Since 0 € K and x satisfies Dirichlet boundary
conditions, ty € (0, T).

Let us define the function g : [-£, T — to] — (—00,0] as the composition g(k) := (V o
x)(to + h). Then g(0) = 0 and g(h) < 0 for all 1 € [~ty, T — ty], i.e., there is a local maxi-
mum for g at the point 0, and so g(0) = (Vx(to),ic(to)) = 0. Consequently, v := x(;) satisfies
condition (11).

Since V, is locally Lipschitzian, there exist a neighborhood U of x(#,) and a constant
L > 0 such that V| is Lipschitzian with a constant L.

Let {/1}32, be an arbitrary decreasing sequence of positive numbers such that /z; — 0*
as k — 00, x(to + h) € U for all h € (0, ).
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Since g(0) = 0 and g(h) < 0 for all & € (0, /], there exists, for each k € N, i, € (0, )
such that g(,) < 0.
Since x € CY([0, T], E), for each k € N,

x(to + hk) =x(tp) + h;([a'c(to) + b;;], (13)

where b, — 0 as k — 0.
Let

g - {x(t() + h;() —J'C(to)

- ,keN
I, 6}

and let ¢ > 0 be given. As a consequence of the regularity assumptions imposed on F and
of the continuity of both x and &, there exists § = §(¢) > 0 such that for each ¢ € (0, T),
|t — £o| <8, it follows that

F(6,x(2),%(2)) C F(to,%(to), %(t0)) + €B.

Subsequently, according to the mean-value theorem (see, e.g., [24, Theorem 0.5.3]), there
exists k, € N such that for each k > &,

Wto +hy) —k(to) 1 [ _
w - / “5%(s) ds € F(to,x(to), &(to)) + £B.
k k Yt

Therefore,

{ &(to + hy) = #(to)
C -

. k= 1,2,...,k(s)} U F(to, x(to), &(t0)) + £B.
k

Since F has compact values and ¢ is arbitrary, we obtain that ¢ is a relatively compact

set. Thus, there exist a subsequence, for the sake of simplicity denoted as the sequence, of

. h* 4
{M} and w € E such that
3

() — i

x(to + k) ®(to) N (14)
hy

as k — oo implying, for the arbitrariness of ¢ > 0,

we F(to,x(to),k(to)).

Asa consequence of the property (14), there exists a sequence {;}?°,, a; — 0 ask — 00,
such that

x(to + hk) =x(to) + h;( [w + a;(] (15)

for each k € N. Since /1, > 0 and g(/;) < 0, in view of (13) and (15),

- &) <Vx(:0+h;)’5‘(t0 +hy) (Vx(to)+h2[5c(to)+b;<]’jc(tO) + I [w+ap])

0 B v
hy hy hy

Page 10 of 21
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Since ki, € (0,/) C (0,h) for all k € N, we have, according to (13), that x(to) + /1, [x(to) +
b}:] € U for each k € N. Since bk — 0 as k — oo, it is possible to find kg € N such that for
all k > ko, it holds that x(zy) + k(to)h; € U. By means of the local Lipschitzianity of V, for
all k > ko,

ghy) Vi) titeo)+by) = Vateo) i iteo) Vi wlto) i) %(£0) + Iy [w+a))

0>

Iy Iy
(Vitto)si itaoy %(20) + i [w + az]) . .
> Sl 5 —L-|b| - |4(to) + Iy [w + a; ]|
k
(v, i)+t ¥(t0) + I w) .
= - h'* =L [b| - (o) + I [w+ @]+ (Vi) iseorr @)
k
Vaoyoii steor *(E0)) . .
= 0 kh o + (Vi) w) — L - |bk‘ . ”k(to) + hk[w+ ak] H
k
+ (quo)m;x(to)' a)-
Since <Vx(t0)+h7<5c(to)’a;<> —L-|by| - Ix(to) + lp[w + ai ]|l — 0 as k — oo,
(Vi) (o) #(20)
liminf oy < ) 4 (Vigeoy W) < 0. (16)
- k

If we consider, instead of the sequence {/1;}72,, an increasing sequence {ljzk},‘ﬁl of negative
numbers such that ljzk — 0" ask—o0,x(tg+h)eUforall h e (}_11, 0), we are able to find,
for each k e N, ljzk € (I, 0) such that g(i[;() > 0. Therefore, using the same procedure as in
the first part of the proof, we obtain, for k € N sufficiently large, that

gy (Vitto) s it ¥(f0))

0>=——= =
hy hk

+ (Vi) W) =L by - [[#(t0) + By [w + @] | +(V wlto) iy #(to) & ),

where @, — 0, b, — 0 as k — 0o and w € F(to, x(to), %(to)).
This means that (V. wto)i, ilto)” ,ay) — L - |by| - 1x(to) + h[w + @, ]|l — 0 as k — oo, which

implies
Vatto)+ 17 . _
hhmér_lfw + (Vo) W) < 0. 17)

Inequalities (16) and (17) are in a contradiction with condition (12), because x(;) € 0K,
x(to) satisfies condition (11) and w, w € F(ty, x(to), *(£o)). (

Remark 4.1 One can readily check that for V € C?(E, R), inequalities (7) and (8), as well
as (12), become

(Ve@),9) + (Vi,w) > 0,

with ¢, %, y, w as in Proposition 4.1 or in Proposition 4.2.

Page 11 of 21
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The typical case occurs when E = H is a Hilbert space, (, ) denotes the scalar product

and
V(x) = l(||x||2 -R*) = l(<x x) - R?)
T2 2N

for some R > 0. In this case, V € C?>(H,R) and it is not difficult to see that conditions (7)

and (8), as well as (12), become

@y + (xw) >0
with ¢, x, y and w as in Proposition 4.1 or in Proposition 4.2, where K := {x € H | ||x|| < R}.

Definition 4.2 A C'-function V: E — R with a locally Lipschitzian Fréchet derivative V/
which satisfies conditions (H1), (H2) and all assumptions in Proposition 4.1 or Proposi-

tion 4.2 is called a bounding function for problem (1).

5 Existence and localization results
Combining the continuation principle with the bound sets technique, we are ready to state
the main result of the paper concerning the solvability and localization of a solution of the

multivalued Dirichlet problem (1).

Theorem 5.1 Counsider the Dirichlet b.v.p. (1), where F: [0, T] x E x E — E is an upper-
Carathéodory multivalued mapping. Assume that K C E is an open, convex set contain-
ing 0. Furthermore, let the following conditions be satisfied:

(5) y(F(t, 21 x Q7)) <gt)(y (1) + y(22)) fora.a. t € [0, T] and each bounded Q1,2 C
E, where g € L'([0, T, [0, 00)) and y is the Hausdor{f measure of noncompactness in E.

(54) For every nonempty, bounded set 2 C E x E, there exists vq € L}([0, T1, [0, 00)) such
that

|E@ %) < val®) (18)

fora.a.te€[0,T] and all (x,y) € 2,
Giir) (T +4ANgll 10,77,10,00)) < 2-

Finally, let there exist a function V € CY(E,R) with a locally Lipschitzian Fréchet derivative
1% satisfying conditions (H1), (H2), and at least one of conditions (7), (8) for a suitable ¢ > 0,
allx e KNB(3K,¢e),t€(0,T),y € E, A € (0,1) and w € LF(t,x,y). Then the Dirichlet b.v.p.

(1) admits a solution whose values are located in K.

Proof Let us define the closed set S = S; by
S:= {x EACI([O, T],E): x(T) = x(0) = 0}

and let the set Q of candidate solutions be defined as Q := C'([0, T],K). Because of the
convexity of K, the set Q is closed and convex.
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For all g € Q and X € [0,1], consider still the associated fully linearized problem

Xx(t) € AF(t,q(t),q(¢t)) fora.a.te[0,T],
P(g, 1)
x(T) =x(0) =0,
and denote by ¥ a solution mapping which assigns to each (g,A) € Q x [0,1] the set of
solutions of P(g, A). We will show that the family of the above b.v.p.s P(g, 1) satisfies all
assumptions of Proposition 3.1.
In this case, ¢(t,x, %) = F(t,x,%) which, together with the definition of P(g, 1), ensures
the validity of (6).
ad (i) In order to verify condition (i) in Proposition 3.1, we need to show that for
each (¢, 1) € Q x [0,1], the problem P(g,A) is solvable with a convex set of solutions.
So, let (¢,1) € Q x [0,1] be arbitrary and let f;(-) be a strongly measurable selection of
F(-,4(-),4(-)). The homogeneous problem corresponding to b.v.p. P(g, A),

X(t)=0 foraa.tel0,T], } (19)

x(T) =x(0) =0,
has only the trivial solution, and therefore the single-valued Dirichlet problem

X(t) = Afy(t) foraa.tel0,T],
x(T) =x(0)=0

admits a unique solution x,; (-) which is one of solutions of P(q, A). This is given, for a.a.
t € [0, T], by xg.(¢f) = fOT G(t,s)Af4(s) ds, where G is the Green function associated to the
homogeneous problem (19). The Green function G and its partial derivative %G are de-
fined by (¢f, e.g., [12, pp.170-171])

Gt.s) (szT)t forall0<t<s<T,
»S) =
(FTT)S forall 0 <s<t<T,
(s=T)

0 = forall0<t<s<T,
—G(t,s) =
dt 3 forall0<s<t<T.

Thus, the set of solutions of P(g, A) is nonempty. The convexity of the solution sets fol-
lows immediately from the properties of a mapping F and the fact that problems P(g, 1)
are fully linearized.

ad (ii) Assuming that H: [0,7] x E x E x E x E x [0,1] — E is defined by H(t,x,y,
q,1,A) := AF(t,q,r), condition (ii) in Proposition 3.1 is ensured directly by assumption (5;).

ad (iii) Since the verification of condition (iii) in Proposition 3.1 is technically the most
complicated, it will be subdivided into two parts: (iii;) the quasi-compactness of the so-
lution operator ¥, (iii;) the condensity of T w.r.t. the monotone and nonsingular (cf
Lemma 2.1) m.n.c. it defined by (4).

ad (iii;) Let us firstly prove that the solution mapping ¥ is quasi-compact. Since
CY([0, T],E) is a metric space, it is sufficient to prove the sequential quasi-compactness
of ¥. Hence, let us consider the sequences {g,},{\,},g, € Q, A, € [0,1] for all n € N such
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that g, — g in C}([0, T],E) and A,, — A. Moreover, let x,, € T(g,,, A,,) for all # € N. Then
there exists, for all n € N, f,(-) € F(-,q,(-), §,(-)) such that

Xu(t) = Apfu(t) foraa.te[0,T], (20)

and that x,(T) = x,,(0) = 0.
Since g, — q and ¢, — ¢ in C([0, T],E), there exists a bounded Q2 C E x E such that
(g4(8),qu(t)) € Qforallt € [0, T] and n € N. Therefore, there exists, according to condition

(54), va € L}([0, T1, [0, 00)) such that ||f,(£)|| < va(t) for every n € Nand a.a. t € [0, T).
Moreover, for every n € Nand a.a. t € [0, T,

T
x,(2) = )»n/ G(t,s)f,(s) ds
0

and
x‘n(t) - )\-n G(t S) n(s) ds
/(; 8t ’ f ’

Thus, x,, satisfies, for every n € Nand a.a. t € [0, T], ||x,(¢)|| < a and ||x,(¢)|| < b, where

T T
a::Z/O va(s)ds

and

T
b ::/; va(s)ds.

Furthermore, for every n € N and a.a. ¢ € [0, T], we have
|%:(®)]| < va(®).

Hence, the sequences {x,} and {X,} are bounded and {X,} is uniformly integrable.

Since the sequences {g,}, {g.} are converging, we obtain, in view of (5;),

y({(0)) <g@(r ({a:0}) + v ({a:0})) = 0
for a.a. t € [0, T'], which implies that {f,(¢)} is relatively compact.

Forall (¢,5) € [0, T] x [0, T, the sequence {G(%, s)f,(s)} is relatively compact as well since,
according to the semi-homogeneity of the Hausdorff m.n.c.,

y({G(t,s)ﬁ(s)}) < |G(t,s)|y({f,,(s)}) =0 forall(¢s)e[0,T] x [0, T]. (21)

Moreover, by means of (2), (3), (21) and the semi-homogeneity of the Hausdorff m.n.c.,

y({x()}) = V( U AUOTG(t,S)ﬁq(S)dS}) < y({fTG(t,s)fn(s)ds}) =0.

2e[0,1] 0
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By similar reasonings, we can also get

y({#.(0}) =0,

by which {x,(¢)}, {x,(¢)} are relatively compact for a.a. ¢ € [0, T]. Moreover, since x,, sat-
isfies for all n € N equation (20), {¥,(¢)} is relatively compact for a.a. ¢ € [0, T']. Thus, ac-
cording to Lemma 2.2, there exist a subsequence of {x,}, for the sake of simplicity denoted
in the same way as the sequence, and x € C!([0, T, E) such that {%,} converges to % in
C([0, T),E) and {#,} converges weakly to % in L'([0, T], E). Therefore, the mapping ¥ is
quasi-compact.

ad (iiiz) In order to show that ¥ is j1-condensing, where u is defined by (4), we will prove
that any bounded subset ® C Q such that u(T(® x [0,1])) > u(®) is relatively compact.
Let {x,}, C T(® x [0,1]) be a sequence such that

©(T(© x [0,1]))
= ((sup [y ({2 ®},) + 7 ({#,(0)},)] modc({xa}) + mode (i) )-

te[0,T]

Then we can find {g,}, C O, {f,.}, satisfying f,(¢) € F(¢,q,(¢), g,(¢)) for a.a. t € [0, T] and
{A,}n € [0,1] such that for all £ € [0, T,

T
20(6) = o / Gt,9)f () ds 22)
0

and

T
d
)= [5G0 (23)
, oz
In view of (5;), we have, for all ¢ € [0, T,

v ({£:(6),n € N})
<2 (v ({ga(®),n € N}) + y ({gu(6),n € N}))
sg(t)t:;%](y({qn(t),n eN}) +y({ga.(0),n eN})).

Since {g,}, C ® and ® is bounded in C}([0, T], E), by means of (5;;), we get the existence of
ve € L1([0, T, [0, 00)) such that ||f,,(£)|| < ve(t) fora.a.t € [0, T] and all # € N. This implies
IG(Et, s)fu(®) < |G(¢ s)|ve(t) fora.a. t,s € [0, T] and all m € N.

Moreover, by virtue of the semi-homogeneity of the Hausdorff m.n.c., for all (¢,s) €
[0, T] x [0, T], we have

v ({G(t5)f,(s),m € N})
<|G(&9)|y ({fuls)n e N}) < yR4 ({f(s neN})

g(t) sup ( ({qn(t) neN}) ({i]n(t),neN})).

te[0,T]

nuw
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According to (2), (3) and (22), we so obtain for each ¢ € [0, T,

T
v ({#a(t),n e N}) < y({/o G(t,s)f,(s)ds,n € N})

<2 lgl sup (1 ({40 < M)+ ({0 < V)

T
= §||g||L15r

where

S:= sup (y({ga(),n € N}) + ¥ ({ga(8),n € N})).

te[0,T]

By the similar reasonings, we can obtain that for each ¢ € [0, T],

y ({#x(2),n € N}) <2||g|I xS,

when starting from condition (23). Subsequently,

PO eN)) +y (m©neN) < g,

yielding

sup (y ({#a(®),n e N}) + y ({&.(6),n e N})) < %nguﬂs. (24)

te[0,T]

Since u(%T(O x [0,1])) > u(®) and {g,}, C O, we so get
S[%PT](J/({qn(t),n eN}) +y({4a(0),n e N}))

< s[lépT](y({xn(t),n eN}) +y ({#a(t),n e N}))

and, in view of (24) and (5;;), we have that

s[léPT](V({‘In(t),n eN}) +y({g.(),neN})) =o.

Inequality (24) implies that

sup (v ({xa(®),n e N}) + y ({.(2),n e N})) = 0. (25)

te[0,T]

Now, we show that both the sequences {x,} and {x,,} are equi-continuous. Let ® C Ebe
such that ¢,(t) € ® and §,(t) € © for all n € N and ¢ € [0, T]. Thus, we get that ||%,(£)|| =
Al (@)1l < vg(8), where vg € LY([0, T1, [0, 00)) comes from (5;), and so {X,,},, is uniformly
integrable. This implies that {x,}, is equi-continuous. Moreover, according to (23), we
obtain that

T
(0] < /0 v (s) dis
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for all » € N and ¢ € [0, T, implying that {%,}, is bounded; consequently, also {x,}, is
equi-continuous. Therefore,

modc ({x,}) = modc({&,}) = 0.
In view of (25), we have so obtained that
©(T(® x [0,1])) = (0,0).

Hence, also 1(®) = (0,0) and since w is regular, we have that © is relatively compact.
Therefore, condition (iii) in Proposition 3.1 holds.

ad (iv) For all g € Q, the problem P(g, 0) has only the trivial solution. Since 0 € K, con-
dition (iv) in Proposition 3.1 is satisfied.

ad (v) Let g- € Q be a solution of the b.v.p. P(g+, A) for some A € (0,1), i.e., a fixed point
of the solution mapping ¥. In view of conditions (7), (8) (see Proposition 4.1), K is, for all
A €(0,1), a bound set for the problem

G+(t) € AF(t,q-(¢),g-(¢)), fora.a.te[0,T],
x(T) =x(0) = 0.

This implies that g- ¢ dQ, which ensures condition (v) in Proposition 3.1.
O

If the mapping F(t,x,y) is globally u.s.c. in (¢t,x,y) (i.e., a Marchaud map), then we are
able to improve Theorem 5.1 in the following way.

Theorem 5.2 Counsider the Dirichlet b.v.p. (1), where F: [0, T] x E x E —o E is an upper
semicontinuous mapping with compact, convex values. Assume that K C E is an open, con-
vex set containing 0. Moreover, let conditions (5;), (5i;), (5i;) from Theorem 5.1 be satisfied.

Furthermore, let there exist a function V € CY(E,R) with a locally Lipschitz Frechét
derivative V satisfying (H1) and (H2). Moreover, let, for all x € 3K, t € (0,T), » € (0,1)
and y € E satisfying (11), condition (12) hold for all w € LF(¢t,x,y). Then the Dirichlet b.v.p.
(1) admits a solution whose values are located in K.

Proof The verification is quite analogous as in Theorem 5.1 when just replacing the usage
of Proposition 4.1 by Proposition 4.2. O

6 lllustrative example
Example 6.1 Let E = H be a Hilbert space and let us consider the Dirichlet b.v.p.

x(t) € Fi(t,x(¢),x(t)) + Fo(t,x(¢),x(¢)), fora.a.te[0,T],
x(0) =x(T) =0,

(26)

where
(i) Fi:[0,T] x Hx H— H is an upper-Carathéodory multivalued mapping and
Fi(¢,+,-): H x H —o H is completely continuous for a.a. ¢ € [0, T] such that

HFl(tvx:y) || =< Vl(t:DO:Dl) € Ll([oi T]r [O¢ OO))
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fora.a.t €[0,T] and all x,y € H with |x|| < Dy, |yl < D,
(i) Fp:[0,T] x H x H—o H is a Carathéodory multivalued mapping such that

| F2(£,0,0)| < va(t) € L'([0, T1,[0,00))  foraa.te€[0,T],

and F,(¢,-,-): H x H —o H is Lipschitzian for a.a. t € [0, T] with the Lipschitz

constant

2

Le—on
ST(T +4)

Moreover, suppose that
(iii) there exist R > 0 and & > 0 such that, forallx € H with R—¢ < ||x|| <R, t € (0, T),
y€H, X e€(0,1) and w € A(Fi(t,x,9) + Fa(t, x,7)), we have

»:) + (x,w) > 0.

Then the Dirichlet problem (26) admits, according to Theorem 5.1, a solution x(-) such
that ||x(¢)|| < R for all £ € [0, T].
Indeed. The properties of F, guarantee that F, satisfies the inequality (cf, e.g., [20])

y (Fa(t, Q1 x 22)) < L(y (1) + ¥ (22)) (27)

for a.a. ¢ € [0, T] and every bounded €23, 2; C H, where y stands for the Hausdorff mea-
sure of noncompactness in H.

Since Fy(Z, -, -) is completely continuous and thanks to the algebraic semi-additivity of y,
inequality (27) can be rewritten into

Y (Fi(t, Q1 x Q2) + F(t, Q1 x 22)) < L(y (1) + 7())

for a.a. t € [0, T] and every bounded 23,2, C H, i.e., (5;), forg:=L < ﬁ (cf: (5:1))-

Moreover, according to the Lipschitzianity of F,, the following inequalities take place:
dH(FZ(trxxy): O) =< dH(FZ(t)x’y)¢F2(tt O! O)) + dH(FZ(t; 01 0)) O) =< L(”x” + ”y”) + ‘)Z(t)

fora.a.t€[0,T] and all x,y € H.
Thus, for [|x|| < Do, ||lyll < D;, we arrive at

|Fu(t,%,9) + Fa(t,%,9)|| < L(Do + Dy) + v1(¢, Do, D) + wa(£) := va(t) € L'([0, T, [0, 00)),
ie., (18) in (5”)
Finally, in view of Remark 4.1, we can define the bounding function V' € C*(H, R) by the
formula

Vi(x):= %((x,x) -R?)

and the bound set K as K := {x € H | ||x|| < R} in order to get a claim.

Page 18 of 21
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Remark 6.1 Consider again (26) in a Hilbert space H, but let this time F;, F, be globally
u.s.c. mappings with compact, convex values (= F»([0, T],0,0) is compact (c¢f, e.g., [15,
Proposition 1.3.20]) and, in particular, bounded) such that

(i) Fi(t,+,-): H x H— H is a completely continuous mapping for a.a. ¢ € [0, T] such
that

”Fl(t’x)y) || = Vl(trDO)Dl) € Ll([or T]r [O’ OO))

fora.a.t € [0,T] and all x,y € H with ||x|| < Dy, |yl < D;.
(ii) Fy(t,-,-) : H x H — H is a Lipschitzian mapping for a.a. ¢ € [0, T] with the Lipschitz

constant

2

L<——m.
“T(T+4)

(iii**¢) There exists R > 0 such that, for all x € H with ||x|| =R, £ € (0, T), y € H satisfying
(x,9) =0, » €(0,1) and w € A(F\(t, %, ) + F5(t,%,y)), we have

»9) + (x,w) > 0.

Applying now Theorem 5.2, by the analogous arguments as in Example 6.1, the Dirichlet
problem (26) admits a solution x(-) such that ||x(¢)|| < R forall £ € [0, T'].

Remark 6.2 Since the solution derivative x(-) takes the form

T
x(t) € /0 %G(t,s)[l—"l (s,x(s),a'c(s)) + F, (s,x(s),a'c(s))] ds,

where
d (S_TT) forall0<t<s<T,
—G(t,s) =
ot s forall0<s<t<T,

and so |§—LG(t, s)] <1forall ¢,s € [0, T], we obtain (under the above assumptions) the im-
plicit inequality

D, <

T T
< |:/ v (t,R, D) dt + / vo(t) dt + LRT] forallt € [0, T],
1-1T| ), )

for Dy := maxcjo,7) [[%(2)]].
Thus, for Fy(t,x,y) = Fi(¢,x), we have v (¢, R, D;) = v1 (¢, R), and subsequently

1 T T
@) = —= / vl(t,R)dt+/ vo(¢)dt + LRT | forallt € [0, T].
1-1T| J, o
Similarly, if F;: [0, T] x H x H +— H is compact, then

T
/ l)l(t,R,Dl) dt < CT
0
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holds with a suitable constant C; > ||Fi(¢,x,)|, and the following estimate holds:

1

ol = 7

T
|:C1T + LRT + / vy () dt] forall t € [0, T1.
0

Because of the Dirichlet boundary conditions x(0) = x(T) = 0 for H = R, there exists a
zero point ty € [0, T] of x(-), i.e., X(Zy) = 0, by which the same estimates can be also obtained
without an explicit usage of the Green function above. Otherwise, it is not so easy to obtain
such estimates, because Rolle’s theorem fails in general.

For obtaining the estimation of the solution derivative x(-) in a Hilbert space H, one can
also apply, under natural assumptions, the p-Nagumo condition derived in [7].
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1 Introduction

In this paper, we will establish sufficient conditions for the existence and localization of
strong solutions to a multivalued Dirichlet problem in a Banach space via degree argu-
ments combined with a bound sets technique. More precisely, Hartman-type conditions
(cf [1]), i.e. sign conditions w.r.t. the first state variable and growth conditions w.r.t. the
second state variable, will be presented, provided the right-hand side is a multivalued
upper-Carathéodory mapping which is y-regular w.r.t. the Hausdorff measure of non-
compactness y.

The main aim will be two-fold: (i) strict localization of sign conditions on the boundaries
of bound sets by means of a technique originated by Scorza-Dragoni [2], and (ii) the ap-
plication of the obtained abstract result (see Theorem 3.1 below) to an integro-differential
equation involving possible discontinuities in a state variable. The first aim allows us, un-
der some additional restrictions, to extend our earlier results obtained for globally upper
semicontinuous right-hand sides and partly improve those for upper-Carathéodory right-
hand sides (see [3]). As we shall see, the latter aim justifies such an abstract setting, because
the problem can be transformed into the form of a differential inclusion in a Hilbert L2-
space. Roughly speaking, problems of this type naturally require such an abstract setting.
In order to understand in a deeper way what we did and why, let us briefly recall classical
results in this field and some of their extensions.

Hence, consider firstly the Dirichlet problem in the simplest vector form:

x(t) = f(t,x(0), %), t€[0,1],

x(1) =x(0) = 0, )

©2014 Andres et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons At-
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where f: [0,1] x R” x R” — R" is, for the sake of simplicity allowing the comparison of
the related results, a continuous function.

The first existence results, for a bounded f in (1), are due to Scorza-Dragoni [4, 5]. Let
us note that his name in the title is nevertheless related to the technique developed in [2]
rather than to the existence results in [4, 5].

It is well known (see e.g. [3, 6—13]) that the problem (1) is solvable on various levels of

generality provided:

(isign) 3R > 0 such that (f(¢,x,y),x) > 0, for (t,x,y) € [0,1] x R” x R” with |lx|| = R,
(iigrowtn) ICi > 0,Cy > 0 such that GiR <1 and ||f(,x,9)|| < CilIylI> + C,, for (¢,%,y) €
[0,1] x R" x R” with [|x]| <R.

Let us note that the existence of the same constant R > 0 in (isign) and (iigrowtn) can be
assumed either explicitly as in [6, 7, 9, 11, 13] or it follows from the assumptions as those
in [8, 10, 12].

(1) Hartmann [9] (cf. also [1]) generalized both conditions as follows:

(ig) 3R > 0 such that (f(t,x,),x) + ||ly|? > 0, for t € [0,1] and (x,) € R” x R” such that
]l =R and (x,y) =0,

(i) the well-known Bernstein-Nagumo-Hartman condition (for its definition and more
details, see e.g. [1, 14]).

Let us note that the strict inequality in (i) can be replaced by a non-strict one (see e.g.
[1, Chapter XILIL5], [11, Corollary 6.2]).

(2) Lasota and Yorke [10] improved condition (isgn) with suitable constants K; > 0 and
K3 > 0 in the following way:

(iy) (F(&x)2) + IyI* = =K1 + [lxl] + (x,9)) + Kalyll,

but for ¢ € [0,1], (x,y) € R” x R", and replaced (iigrowtn) by the Bernstein-Nagumo-
Hartman condition.

Since (iry) implies (cf [10]) the existence of a constant K > 0 such that

(F(&,90,2) + 91 = ~K(1+ 1] + | (%, 9)]),

for (t,x,y) € [0,1] x R” x R”, the sign condition (iry) is obviously more liberal than (isg)
as well as than (i), on the intersection of their domains.

If K3 > 0 in (iry), then constant K, can be even equal to zero, i.e. K; = 0, in (iry) (see
e.g. [7, Corollary V.26 on p.74]). Moreover, the related Bernstein-Nagumo-Hartman con-
dition can only hold for x in a suitable convex, closed, bounded subset of R” (see again
eg [7]).

(3) Following the ideas of Mawhin in [7, 11, 12], Amster and Haddad [6] demonstrated
that an open, bounded subset of R”, say D C R”, need not be convex, provided it has a

C2-boundary 3D such that condition (i) can be generalized as follows:
(an) (&% 9), 1) > L), (t,%,y) € [0,1] x TAD x R”, with (n,,7) = 0,

where 7, is the outer-pointing normal unit vector field, TdD denotes the tangent vector
bundle and I,(y) stands for the second fundamental form of the hypersurface.
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Since for the ball D := B(0,R), R > 0, we can have

2
y--L2

x
and n,=—,
R

condition (izy) is obviously more general than the original Hartman condition (iy).
Nevertheless, the growth condition takes there only the form (iigowtn), namely with
x|l <R replaced by x € D, where R denotes, this time, the radius of D.
For a convex, open, bounded subset D C R”, the particular case of (iay) can read as
follows:

(iconv) (f(t, %), 1) >0, for (¢,x,9) € [0,1] x R” x R” with x € 3D and (n,,y) = 0,

which is another well-known generalization of (isign).
(4) In a Hilbert space H, for a completely continuous mapping f, Mawhin [12] has shown
that, for real constants a, b, ¢ such that a + b <1, condition (isign) can be replaced in par-

ticular by
(im) (f(&x9),%) = —(@llx? + bllxl Iyl + cllxl), (&%) € [0,1] x H x H,

and (iigrowth) by an appropriate version of the Bernstein-Nagumo-Hartman condition.

(5) In a Banach space E, Schmitt and Thompson [13] improved, for a completely con-
tinuous mapping f, condition (icony) in the sense that the strict inequality in (icony) can
be replaced by a non-strict one. More concretely, if there exists a convex, open, bounded
subset D C E of E with 0 € D such that

(ist) {f(t,x,9),n) >0, for (¢,%,9) € [0,1] x E x E, with x € 3D and (n,,y) = 0,

where (-,-) denotes this time the pairing between E and its dual E’, jointly with the ap-
propriate Bernstein-Nagumo-Hartman condition, then the problem (1) admits a solution
whose values are located in D (see [13, Theorem 4.1]).

In the Carathéodory case of f : [0,1] x R” x R” — R” in (1), for instance, the strict in-
equality in condition (isign) can be replaced, according to [8, Theorem 6.1], by a non-strict
one and the constants C;, C; can be replaced without the requirement C; R < 1, but globally
in [0,1] x R” x R”, by functions ¢; (¢, x), ¢2 (¢, x) which are bounded on bounded sets. More-
over, system (1) can be additively perturbed, for the same goal, by another Carathéodory
function which is sublinear in both states variables x and y.

On the other hand, the Carathéodory case brings about some obstructions in a strict
localization of sign conditions on the boundaries of bound sets (see e.g. [3, 15]). The same
is also true for other boundary value problems (for Floquet problems, see e.g. [16-18]).
Therefore, there naturally exist some extensions of classical results in this way. Further
extensions concern problems in abstract spaces, functional problems, multivalued prob-
lems, etc. For the panorama of results in abstract spaces, see e.g. [19], where multivalued
problems are also considered.

Nevertheless, let us note that in abstract spaces, it is extremely difficult (if not impossi-
ble) to avoid the convexity of given bound sets, provided the degree arguments are applied
for non-compact maps (for more details, see [20]).

In this light, we would like to modify in the present paper the Hartman-type conditions

(isign)s (igrowtn) at least in the following way:
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+ the given space E to be Banach (or, more practically, Hilbert),

+ the right-hand side to be a multivalued upper-Carathéodory mapping F which is
y-regular w.r.t. (x,y) € E x E and either globally measurable or globally
quasi-compact,

+ the inequality in (isign) to hold w.r.t. x strictly on the boundary dD of a convex,
bounded subset D C E (or, more practically, of the ball B(0,R) C E),

+ condition (iigrowth) to be replaced by a suitable growth condition which would allow us
reasonable applications (the usage of the Bernstein-Nagumo-Hartman-type condition
will be employed in this context by ourselves elsewhere).

Hence, let E be a separable Banach space (with the norm | - ||) satisfying the Radon-

Nikodym property (e.g. reflexivity, see e.g. [21, pp.694-695]) and let us consider the
Dirichlet boundary value problem (b.v.p.)

x(t) € F(t,x(t),x(¢t)), fora.a.tel0,T],
x(T) =x(0) =0,

where F: [0, T] x E x E —o E is an upper-Carathéodory multivalued mapping.

Let us note that in the entire paper all derivatives will be always understood in the
sense of Fréchet and, by the measurability, we mean the one with respect to the Lebesgue
o -algebra in [0, T] and the Borel o -algebra in E.

The notion of a solution will be understood in a strong (i.e. Carathéodory) sense.
Namely, by a solution of problem (2) we mean a function x : [0, T] — E whose first deriva-
tive x(-) is absolutely continuous and satisfies (2), for almost all ¢ € [0, T7.

The solution of the b.v.p. (2) will be obtained as the limit of a sequence of solutions of
approximating problems that we construct by means of a Scorza-Dragoni-type result de-
veloped in [22]. The approximating problems will be treated by means of the continuation

principle developed in [19].

2 Preliminaries

Let E be as above and [0, T] C R be a closed interval. By the symbol L}([0, T], E), we shall
mean the set of all Bochner integrable functions x : [0, 7] — E. For the definition and
properties of Bochner integrals, see e.g. [21, pp.693-701]. The symbol AC([0, T], E) will
be reserved for the set of functions x : [0, T] — E whose first derivative x(-) is absolutely
continuous. Then ¥ € L!([0, T, E) and the fundamental theorem of calculus (the Newton-
Leibniz formula) holds (see e.g. [21, pp.695-696], [23, pp.243-244]). In the sequel, we shall
always consider AC*([0, T],E) as a subspace of the Banach space C}([0, T], E) and by the
symbol L£(E) we shall mean the Banach space of all linear, bounded transformations L :
E — E endowed with the sup-norm.

Given C C E and ¢ > 0, the symbol B(C, ¢) will denote, as usually, the set C + ¢B, where
B is the open unit ball in E centered at 0, i.e. B= {x € E | |x| < 1}. In what follows, the
symbol p will denote the Lebesgue measure on R.

Let E’ be the Banach space dual to E and let us denote by (-,-) the pairing (the duality
relation) between E and E, i.e., for all ® € E’ and x € E, we put ®(x) =: (D, x).

We recall also the Pettis measurability theorem which will be used in Section 4 and

which we state here in the form of proposition.
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Proposition 2.1 [24, p.278] Let (X, X) be a measure space, E be a separable Banach space.
Then f : X — E is measurable if and only if for every e € E' the function eo f : X — R is
measurable with respect to ¥ and the Borel o -algebra in R.

We shall also need the following definitions and notions from multivalued analysis. Let
X, Y be two metric spaces. We say that F is a multivalued mapping from X to Y (written
F:X —Y)if, for every x € X, a non-empty subset F(x) of Y is given. We associate with F
its graph I'f, the subset of X x Y, defined by I'r := {(x,y) € X x Y | y € F(x)}.

A multivalued mapping F : X —o Y is called upper semicontinuous (shortly, u.s.c.) if, for
each open subset U C Y, the set {x € X | F(x) C U} is open in X.

Let ] C R be a compact interval. A mapping F :J — Y, where Y is a separable metric
space, is called measurable if, for each open subset U C Y, theset {¢ € J | F(¢) C U} belongs
to a o -algebra of subsets of J.

A multivalued mapping F : X —o Y is called compact if the set F(X) = |, F(x) is con-
tained in a compact subset of Y and it is called quasi-compact if it maps compact sets onto
relatively compact sets.

Let ] C R be a given compact interval. A multivalued mapping F:J x X — Y, where Y
is a separable Banach space, is called an upper-Carathéodory mapping if the map F(-,x) :
J —o Y is measurable, for all x € X, the map F(¢,-) : X — Y is uw.s.c., for almost all £ € J, and
the set F(£,x) is compact and convex, for all (¢,x) € ] x X.

The technique that will be used for proving the existence and localization result consists
in constructing a sequence of approximating problems. This construction will be made on
the basis of the Scorza-Dragoni-type result developed in [22] (cf. also [25]).

For more details concerning multivalued analysis, see e.g. [23, 26, 27].

Definition 2.1 An upper-Carathéodory mapping F: [0, 7] x X x X —o X is said to have
the Scorza-Dragoni property if there exists a multivalued mapping Fy : [0, 7] x X x X —o
X U {@} with compact, convex values having the following properties:
(i) Fo(t,x,y) C F(t,x,y), forall (t,x,7) € [0,T] x X x X,
(ii) if z,v: [0, T] — X are measurable functions with v(¢) € F(¢, u(¢), i(t)), for a.a.
t € [0, T, then also v(¢) € Fo(¢, u(t), is(t)), for a.a. t € [0, T,
(iii) for every & > 0, there exists a closed I, C [0, T] such that u([0, T\ L) <&,
Fo(t,x,y) #0, for all (¢,x,y) € I, x X x X, and Fy isu.s.c.on I, x X x X.

The following two propositions are crucial in our investigation. The first one is almost a
direct consequence of the main result in [22] (cf [25] and [16, Proposition 2]). The second
one allows us to construct a sequence of approximating problems of (2).

Proposition 2.2 Let E be a separable Banach space and F : [0,T] x E X E — E be an
upper-Carathéodory mapping. If F is globally measurable or quasi-compact, then F has
the Scorza-Dragoni property.

Proposition 2.3 (cf [18, Theorem 2.2]) Let E be a Banach space and K C E a non-empty,
open, convex, bounded set such that 0 € K. Moreover, let ¢ >0 and V : E — R be a Fréchet
differentiable function with V Lipschitzian in B(K, €) satisfying

(H1) Vl]px =0,

(H2) V(x) <0, forallx ek,

H3) V)| > 8, for all x € 0K, where § > 0 is given.
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Then there exist k € (0, ] and a bounded Lipschitzian function ¢ : B(0K, k) — E such that
(Vi $(x)) = 1, for every x € B(OK, k).

Remark 2.1 Let us note that the function x — ¢(x)|| Vx|, where ¢ and V, are the same
as in Proposition 2.3, is Lipschitzian and bounded in B(3K, k). The symbol V, denotes as
usually the first Fréchet derivative of V" at x.

Example 2.1 If V satisfies all the assumptions of Proposition 2.3, then it is easy to prove
the existence of o € (0, ¢] such that || V,|| > %, for all x € B(dK, o). Consequently, when E

is an arbitrary Hilbert space, we can define ¢ : B(0K, o) — E by the formula

_ VVix)
o0 = VWP

which satisfies all the properties mentioned in Proposition 2.3.

Definition 2.2 Let N be a partially ordered set, E be a Banach space and let P(E) denote
the family of all non-empty bounded subsets of E. A function g : P(E) — N is called a
measure of non-compactness (m.n.c.) in E if B(co Q) = B(R), for all Q € P(E), where co
denotes the closed convex hull of €.
A m.n.c. 8 is called:
(i) monotone if B(21) < B(£2,), for all 2 C 2, CE,
(i) non-singular if B({x} U Q) = B(R), for all x € E and  C E.
If N is a cone in a Banach space, then a m.n.c. 8 is called:
(iii) semi-homogeneous if B(¢2) = |t|B(R2), for every t € R and every Q C E,
(iv) regular when B(2) = 0 if and only if Q is relatively compact,
(v) algebraically subadditive if y (1 + Q23) < y (1) + y(22), for all 21,2, CE.

The typical example of an m.n.c. is the Hausdor{f measure of non-compactness y defined,
for all Q C E by

n
y(Q):=infie>0:Im>13xy,...,x, €E:QC UB({xi},s) .

i=1

The Hausdorff m.n.c. is monotone, non-singular, semi-homogeneous and regular. More-
over, if M € L(E) and Q C E, then (see, e.g, [27])

Yy (MQ) < Ml iy (). 3)

Let E be a separable Banach space and {f,,},, C L'([0, T],E) be such that ||f,(¢)|| < «(2),
y({fu(®)},) < c(t), fora.a. t € [0, T], all # € N and suitable a, ¢ € L'([0, T],R), then (cf. [27])

T T
y({ /0 fn(t)dt}n)s fo (b dt. @)

Moreover, if i : E —o E is L-Lipschitzian, then
v (h(Q)) <Ly(Q), 6)

for all bounded 2 C E.
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Furthermore, for all subsets Q2 of E (see e.g. [17]),

y( U m) =y(Q). (6)

A€[0,1]

Let us now introduce the function

() := max ( sup [V({Wn('f)}n) +V({Wn(t)}n)]'

wnlnC2 \eel0, 1]

modc ({w},) + mode({v,)) ) )

defined on the bounded  c C([0, T],E), where the ordering is induced by the pos-
itive cone in R? and where mod¢(S2) denotes the modulus of continuity of a subset
© C C([0,T],E).2 It was proved in [19] that the function o given by (7) is an m.n.c. in
CY([0, T],E) that is monotone, non-singular and regular.

Definition 2.3 Let E be a Banach space and X C E. A multivalued mapping F : X — E
with compact values is called condensing with respect to an m.n.c. B (shortly, B-condensing)
if, for every bounded 2 C X such that B(F(2)) > B(£2), we see that 2 is relatively compact.

A family of mappings G : X x [0,1] — E with compact values is called B-condensing if,
for every bounded Q2 C X such that S(G(2 x [0,1])) > B(2), we see that Q is relatively

compact.

The proof of the main result (¢f Theorem 3.1 below) will be based on the following
slight modification of the continuation principle developed in [19]. Since the proof of this
modified version differs from the one in [19] only slightly in technical details, we omit it
here.

Proposition 2.4 Let us consider the b.v.p.

X(t) € p(t,x(¢),x(t)), fora.a.t€][0,T],
x €S,

(8)

where ¢ : [0, T] x E x E —o E is an upper-Carathéodory mapping and S C AC'([0, T],E).
Let H:[0,T] X E x E x E X E x [0,1] —o E be an upper-Carathéodory mapping such that

H(t,c,d,c,d,1) C ¢(t,c,d), forall(t,c,d)e[0,T] x E x E.

Moreover, assume that the following conditions hold:
(i) There exist a closed set Sy C S and a closed, convex set Q C CX([0, T1,E) with a
non-empty interior Int Q such that each associated problem

X(t) € H(t,x(2),x(t), q(t), 4(¢), 1), fora.a.tel0,T],

P(g, \
(g, 1) xeS,,

where g € Q and X € [0,1], has a non-empty, convex set of solutions (denoted by
g, ).
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(ii) For every non-empty, bounded set 2 C E x E x E x E, there exists
vg € LY([0, T, [0, 00)) such that

|H (%9, u,v, )| < va(®),

fora.a.te0,T] and all (x,y,u,v) € Q and A € [0,1].

(i) The solution mapping ¥ is quasi-compact and |r-condensing with respect to a
monotone and non-singular m.n.c. u defined on C*([0, T, E).

(iv) Foreach q € Q, the set of solutions of problem P(q,0) is a subset of Int Q, i.e.
T(q,0) CIntQ, forall g € Q.

(v) Foreach X € (0,1), the solution mapping %(-, A) has no fixed points on the boundary
9Q of Q.

Then the b.v.p. (8) has a solution in Q.

3 Main result

Combining the foregoing continuation principle with the Scorza-Dragoni-type technique
(cf. Proposition 2.2), we are ready to state the main result of the paper concerning the
solvability and localization of a solution of the multivalued Dirichlet problem (2).

Theorem 3.1 Counsider the Dirichlet b.v.p. (2). Suppose that F: [0, T] x EX E— E isan
upper-Carathéodory mapping which is either globally measurable or quasi-compact. Fur-
thermore, let K C E be a non-empty, open, convex, bounded subset containing 0 of a sepa-
rable Banach space E satisfying the Radon-Nikodym property. Let the following conditions
(2i)-(2411) be satisfied:

(2i) p(Ft, Q1 x Q) <g®)(y(Q1) + ¥ (), fora.a.t € [0, T and each Q@ C K, and each
bounded Q0 C E, where g € L}([0, T1, [0, 00)) and y is the Hausdorff m.n.c. in E.
(2ii) For every non-empty, bounded Q C E, there exists vq € L'([0, T1, [0, 00)) such that

|E@ %) < val®), 9)

fora.a.t€[0,T] and all (x,y) € 2 x E.
(2ii1)

(T +Dlgl o1y < 4-
Furthermore, let there exist ¢ > 0 and a function V € C*(E,R), i.e. a twice continuously
differentiable function in the sense of Fréchet, satisfying (H1)-(H3) (cf. Proposition 2.3) with
Fréchet derivative V Lipschitzian in B(OK, €).> Let there still exist h > 0 such that

(Vx(v), v) >0, forallxe B(OK,h),veE, (10)

where V,(v) denotes the second Fréchet derivative of V at x in the direction (v,v) € E X E.
Finally, let

(Vx, w) >0, (11)

fora.a.te(0,T)and allx € 0K, v € E,and w € F(t,x,v).
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Then the Dirichlet b.v.p. (2) admits a solution whose values are located in K. If, moreover,
0 ¢ F(t,0,0), for a.a. t € [0, T, then the obtained solution is non-trivial.

Proof Since the proof of this result is rather technical, it will be divided into several steps.
At first, let us define the sequence of approximating problems. For this purpose, let k be
as in Proposition 2.3 and consider a continuous function t : E — [0,1] such that t(x) =0,
forallx € E\ B(dK, k), and 7(x) =1, for all x € B(3K, 15(). According to Proposition 2.3 (see
also Remark 2.1), the function q3 : E — E, where

d(x) = t(®)-¢(x) - | Vil, forallx € B(3K, k),
o for all x € E \ B(dK, k),

is well defined, continuous and bounded.

Since the mapping (£, x,y) — F(¢,%,y) has, according to Proposition 2.2, the Scorza-
Dragoni property, we are able to find a decreasing sequence {/,,},, of subsets of [0, T
and a mapping Fy : [0, T] x E x E — E U {#} with compact, convex values such that, for
allmeN,

o wUm) <,

o [0, T]\ Jin is closed,

o (t,x,y) — Fo(t,x,y) isus.c.on [0, T]\ J,, x E X E,

+ Vg is continuous in [0, T]\ [, (¢f e.g [2]).

If we put J = (oo Jm> then u(J) = 0, Fo(t,x,y) # @, for all £ € [0,T] \ J, the mapping
(&x,5) —o Fo(t,x,y) isu.s.c.on [0, T] \ ] x E x E and vg is continuous in [0, T\ /.
For each m € N, let us define the mapping F,, : [0, T] x E x E —o E with compact, convex

values by the formula

Fo(t,%,y) + vg(t)(x,, (t) + #)qg(x), forall (¢,x,y) € [0,T]\J X E X E,

2= 00,0+ 2o, forall (t.2,) €] x E x E.

Let us consider the b.v.p.

P,) X(t) € F,(t,x(t),x(¢)), fora.a.tel0,T],
" x(T) = x(0) = 0.

Now, let us verify the solvability of problems (P,,). Let m € N be fixed. Since F is glob-
ally uss.c. on [0,T] \ ] x E x E, F,,(-,x,y) is measurable, for each (x,y) € E x E, and,
due to the continuity of ¢3, F,(t,-,-) is ws.c., for all ¢t € [0,T] \ J. Therefore, F,, is an
upper-Carathéodory mapping. Moreover, let us define the upper-Carathéodory mapping
H,, :[0,T] x E x E x E x E x [0,1] — E by the formula

H,,(t,x,y,u,v,1)
= m(t» l/l, V; }‘-)

AFo(tu,v) + v () (15, (8) + L)d(w), forall (&x,5,1,v,1) € [0, T\ ]
o x E* x [0,1],
Vve() (0, () + ) (w), for all (¢,%,,u,v,1) € ] x E* x [0,1].

Page 9 of 24
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Let us show that, when m € N is sufficiently large, all assumptions of Proposition 2.4
(for ¢(t,x, %) := F,,,(¢,x,%)) are satisfied.
For this purpose, let us define the closed set S = §; by

S:={x€ AC'([0, T],E) : x(T) = x(0) = 0}

and let the set Q of candidate solutions be defined as Q := C'([0, T],K). Because of the
convexity of K, the set Q is closed and convex.
For all g € Q and X € [0,1], consider still the associated fully linearized problem

x(t) € Hyu(t,q(t),4(t),2), fora.a.te[0,T],
Pp(q, 1)
x(T) =x(0) =0,

and denote by ¥, the solution mapping which assigns to each (g,1) € Q x [0,1] the set of
solutions of P,,(g, ).

ad (i) In order to verify condition (i) in Proposition 2.4, we need to show that, for each
(¢,2) € Q x [0,1], the problem P,,(g, ) is solvable with a convex set of solutions. So, let
(g,1) € Q x [0,1] be arbitrary and let f;, (-) be a measurable selection of H,(-,q(-), (), 1),
which surely exists (see, e.g., [27, Theorem 1.3.5]). According to (2;;) and the definition of
H,,, itis also easy to see that f;, € LY([0, T],E). The homogeneous problem corresponding
to b.v.p. P,,,(q, 1),
x(t)=0, foraa.tel0,T], } 12)
x(T)=x(0) =0,

has only the trivial solution, and therefore the single-valued Dirichlet problem

¥(t) =fo.(t), foraa.tel0,T],
x(T)=x(0)=0

admits a unique solution x,,(-) which is one of solutions of P,,(g,1). This is given, for
a.a. t €[0,T], by x,4(f) = fOT G(t,5)f3,.(s) ds, where G is the Green function associated to
the homogeneous problem (12). The Green function G and its partial derivative %G are
defined by (cf e.g. [28, pp.170-171])

(s=T)t
Glt,s) = it forall0<t<s<T,
@, forall0<s<t<T,
aG(t ) (S’TT), forall0<t<s<T,
—Gl(t,s) =
ot %, forall0 <s<t<T.

Thus, the set of solutions of P,,(g, 1) is non-empty. The convexity of the solution sets fol-
lows immediately from the definition of H,, and the fact that problems P,,(g, 1) are fully
linearized.

ad (ii) Let Q C E x E x E x E be bounded. Then, there exists a bounded ©; C E such
that @ C ©; x ©; x €1 x ©; and, according to (2;) and the definition of H,,, there exists
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] [0, T] with ,u,(j) = 0 such that, for all £ € [0, T] \ Jguj), (%, 9,u,v) € Qand A € [0,1],

| Hon(t 1, v, 1) || < vy () + 205 () - max_[|p)].
x€B(dK k)

Therefore, the mapping H,,(t, q(t), 4(t), A) satisfies condition (ii) from Proposition 2.4.

ad (iii) Since the verification of condition (iii) in Proposition 2.4 is technically the most
complicated, it will be split into two parts: (iii;) the quasi-compactness of the solution
operator ¥, (iii;) the condensity of T,, w.r.t. the monotone and non-singular m.n.c. «
defined by (7).

ad (iii;) Let us firstly prove that the solution mapping ¥, is quasi-compact. Since
CY[0,T],E) is a complete metric space, it is sufficient to prove the sequential quasi-
compactness of T,,. Hence, let us consider the sequences {g,}, {*.}, ¢, € Q, A, € [0,1],
for all # € N, such that g, — g in C}([0, T],E) and A,, — A. Moreover, let x,, € T,,.(q, An),
for all n € N. Then there exists, for all n € N, k,,(-) € Fo(-, gx(-), g1 (+)) such that

X,(2) =fu(t), fora.a.tel0,T], (13)
where

Jn() = Ankin(£) + vf?(t)(x/m (t) + %)é(qn(t)), (14)
and that

%u(T) = %,(0) = 0.
Since g, — g and ¢, — ¢ in C([0, T'], E), there exists a bounded  x 2 C E x E such that
(g4(),qn(t)) € Q x Q, for all t € [0,T] and n € N. Therefore, there exists, according to
condition (2;), vq € L([0, T), [0, 00)) such that ||f,(£)|| < @ (¢), for every n € N and a.a.

t € [0, T], where @ (t) := vq(t) + 2vg(¢) - max, zags )]
Moreover, for every n € Nand a.a. t € [0, T,

T
wnlt) = f Gl 5)f,(s) s 15)
0
and
T 3
ic,,(t)z/o aG(t,s)f,,(s)dS. (16)

Thus, x, satisfies, for every n € Nand a.a. t € [0, T], ||%,(¢)|| <a and ||x,(¢)|| < b, where

T T T
a:=— / w(s)ds and b:= / w(s)ds.
4 Jo 0
Furthermore, for every n € Nand a.a. ¢ € [0, T], we have
5] < (0.

Hence, the sequences {x,} and {x,} are bounded and {%¥,} is uniformly integrable.
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For each t € [0, T, the properties of the Hausdorff m.n.c. yield

P(A0,) <y (b 0],) + (20,0 )y (a),)

< )/({kn(t)}n) + v,;(t)(x]m(t) + %)

Y ({#(2:®) 1 Vanio | : 44 (t) € BOK, €)}).

Since q,(¢) € K, for all t € [0, T] and all # € N, it follows from condition (2;) that, for a.a.
te(0,T],

y((0},) =e®(r({a.0},) + v ({2.},))
+ Vg (£) (x/m(t) - %)y({¢(qn(t))||'vqnm|| :qn(t) € BOK, ¢)})
<g® sup (y({a.(0},) +v({a:(®},))

te[0,T]

0200+ 2 ) (8(@0)1 Vi :,0) € BOK. 7)),

Since the function x — ¢ (x)|| V|| is Lipschitzian on B(dK, ¢) with some Lipschitz constant
L >0 (see Remark 2.1), we get

Y (o)) < (g<t+Lv,<<t>(x,m<>+i)) sup (r([a:0),) + 7 (@(0).)).  (7)

m te[0,T]

Since g, — qand g, — qin C([0, T, E), we get, forall £ € [0, T], y ({g.(£)}») = y ({n(£)},) =
0, which implies that y ({f,(¢)},) = 0, for all ¢ € [0, T].

Forall (¢,5) € [0, T] x [0, T, the sequence {G(t, s)f,(s)} is relatively compact as well since,
according to the semi-homogeneity of the Hausdorff m.n.c.,

y({G(t,s)ﬁq(s)}) < |G(t,s)|y({fn(s)}) =0, forall(¢s)e[0,T]x[0,T]. (18)

Moreover, by means of (4) and (18),

T
y({x,,(t)}) = y<{/0 G(t,s)ﬂ(s)ds}) =0, foralltel0,T].

By similar reasoning, we also get
y({ic,,(t)}) =0, foralltel0,T],

by which {x,,(¢)}, {x,(¢)} are relatively compact, for all ¢ € [0, T].

Moreover, since x,, satisfies for all n € N (13), {X,(¢)} is relatively compact, for a.a. t €
[0, T]. Thus, according to [23, Lemma II1.1.30], there exist a subsequence of {x,}, for the
sake of simplicity denoted in the same way as the sequence, and x € C*([0, T'], E) such that
{%,,} converges to x in C([0, T], E) and {¥,} converges weakly to X in L!([0, T], E). According
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to the classical closure results (¢f. e.g. [27, Lemma 5.1.1]), x € T,,,(¢, 1), which implies the
quasi-compactness of T,.

ad (iiip) In order to show that, for m € N sufficiently large, ¥, is «-condensing with
respect to the m.n.c. « defined by (7), let us consider a bounded subset ® C Q such that
a(%,,(0 x [0,1])) > a(@®). Let {x,} C T,,(© x [0,1]) be a sequence such that

a(Tw(O x [0,1]))

= ((sup [y ({2 ®},) + 7 ({#0)},)] modc({xa}) + mode (i) )-

te[0,T]

At first, let us show that the set T,,(® x [0,1]) is bounded. If x € T,,(® x [0,1]), then there
exist g € ©, A € [0,1] and k(-) € Fo(-,4(-),4(-)) such that

T T aG(t,
x(t) = f G(t,s)f(s)ds,  #(t) = f 8(t 9 t(s)ds, forallt e [0,T],
0 0
with f(£) = Ak(t) + v () (x5, (2) + %)q?)(q(t)), fora.a.te[0,T].
Since O is bounded, there exists 2 C E such that g(¢) € Q, forallg € ® and all £ € [0, T'].
Hence, according to (2;;), there exists vg € L1([0, T]) such that [|k(¢)]| < vq(t), fora.a. t €
[0, T']. Consequently

t,5)€[0,1]x[0,1 x€B(@

T
”x(t)HEg( max ]‘G(t,s)’[/(; Q(s)ds +2 max ”¢ H/ ve(t :|

<—||vg||+2 max_||¢@)] - Ivgll.
x€B(OK k)

Similarly,

G(t,s)

T
[ 1ko1as 2 max j360] [ oeco]
0

x€BOKK)

[+ < <t,s)el[lol,%xx [0.1]

<|vell +2 max H¢(x)|| vl
xeB(dK

Thus, the set T,,(® x [0,1]) is bounded.

Moreover, we can find {g,} C ©, {A,} C [0,1] and {k,} satisfying, for a.a. t € [0, T],
ku(2) € Fo(t,q,4(t), q4(t)), such that, for all £ € [0, T], x,,(t) and x,(¢) are defined by (15) and
(16), respectively, where f,(¢) is defined by (14).

By similar reasoning as in the part ad (iii;), we obtain

P(150),) = (60 + L0 (s, + ) ) s (((an0],) + v (120),)

te[0,T]

fora.a. t € [0, T], and that

an(t)” < Hk,q(t)” +2- max ||<13(x) || -vg(f), fora.a.te[0,T]andallneN.
x€B(3K ,¢)

Since k,(t) € Fo(t, q.(t), g,(t)), for a.a. t € [0,T], and g,, € O, for all n € N, where O is a
bounded subset of C'([0, T, E), there exists Q C K such that g,(t) € , for all # € N and
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t € [0, T]. Hence, it follows from condition (2;) that

0] <va@®) +2-ve@®) - max |$@)|, foraa.te(0,T]. (19)

x€B(OK,¢)

This implies ||G(, s)f, ()] < |G(¢,5)|(va(t) + 2 - vE(2) - maxxemﬂé(x)n), for a.a. t,s €
[0,T]and all # € N.

Moreover, by virtue of the semi-homogeneity of the Hausdorft m.n.c., for all (¢,5) €
[0, T] x [0, T], we have

A((660),) = 6 (6),) = 5 (169,
< 4 (e0+ i (.0+ )

m

x sup (y({2:®},) +v({a.®},))-

te[0,T]

Let us denote

S:= sup (y({g.®},) +v({2.®)},))

te(0,T]

and

S*:= sup (v({xi(0},) + v ({%.(®)},))-

te[0,T]

According to (4) and (15) we thus obtain for each ¢ € [0, T,
T
(o)) = v({ [ cesnoa) )

T A 1
= o gl + L{lvglig,) + el S.

By similar reasonings, we can see that, for each ¢ € [0, T],

. . 1
({500} = (el + LIl - ol ) )
when starting from condition (16). Subsequently,
T +4 A 1
§* < T(IlgllL1 +L<||v1<||ngm> + _||VK||L1>>S~ (20)
m
Since we assume that a(%,,(® x [0,1])) > «(®) and {g,}, C ©, we get
. T'+4 A 1
S=8=—— (IlgllLl +L(||v1<IIngm) + EIIVKIIU))S-

Since we have, according to (2;;), % llgll;r < 1, we can choose m € N such that, for all

m € N, m > mg, we have

T+4 o 1
4 gl + LY lvelliag,,) + ZHVI?HLI <L
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Therefore, we get, for sufficiently large m € N, the contradiction S < S which ensures the
validity of condition (iii) in Proposition 2.4.

ad (iv) For all g € Q, the set T,,(g,0) coincides with the unique solution x,, of the linear
system

i(t) = vg(®) (0, @) + L)d(q(t), foraa.tel0,T],
x(T) =x(0) = 0.

According to (15) and (16), for all t € [0, T,

T
Xm(t) = f G(t,8)pm(s) ds
0

and
9
() = / D Gt 9)pm(s) ds,
, ot

where ¢, (£) := vg(6) (7, (£) + L)d(q(2)).
Since

5 vzl
Ilmllz: < m||¢><x>H'("v1—<||uum>+ )

x€B(3K ,¢)

we have, for all ¢ € [0, T,

T’ A lIvllz:
ol = 7 max 136 - (g + 42 e

Let us now consider » > 0 such that ¥B C K. Then it follows from (21) that we are able to
find m € N such that, for all m € N, m > myg, and t € [0, T, ||x,.|| < r. Therefore, for all
meN, m>my, T,,(q,0) CIntQ, for all g € Q, which ensures the validity of condition (iv)
in Proposition 2.4.

ad (v) The validity of the transversality condition (v) in Proposition 2.4 can be proven
quite analogously as in [16] (see pp.40-43 in [16]) with the following differences:

- due to the Dirichlet boundary conditions, ¢, belongs to the open interval (0, T'),

- since A(t) = B(t) = 0, we have p(t) = —vg(t).
In this way, we can prove that there exists m € N such that every problem (P,,), where
m > my, satisfies all the assumptions of Proposition 2.4. This implies that every such (2,,)
admits a solution, denoted by x,,, with x,,(¢) € K, for all £ € [0, T]. By similar arguments
as in [16], but with the expression Z(4Zk + 1) replaced by %, according to condition (2;),
we can obtain the result that there exists a subsequence, denoted as the sequence, and a
function x € ACY([0, T], E) such that x,, — x and %,, — & in C([0, T],E) and also ¥,, — x
in L1([0, T],E), when m — oco. Thus, a classical closure result (see e.g. [27, Lemma 5.1.1])
guarantees that x is a solution of (2) satisfying x(t) € K, for all ¢ € [0, T], and the sketch of
proof is so complete. O

The case when F = F; + F,, with Fi(¢, -, -) to be completely continuous and F,(, -, -) to be
Lipschitzian, for a.a. t € [0, T], represents the most classical example of a map which is
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y-regular w.r.t. the Hausdorff measure of non-compactness y. The following corollary of
Theorem 3.1 can be proved quite analogously as in [3, Example 6.1 and Remark 6.1].

Corollary 3.1 Let E = H be a separable Hilbert space and let us consider the Dirichlet

bvp.
X(t) € Fi(t,x(t),x(2)) + F>(¢,x(2), %(¢)), fora.a.te[0,T], (22)
x(0)=x(T) =0,

where

(i) F1:[0,T] x H x H —o H is an upper-Carathéodory, globally measurable,
multivalued mapping and Fy(t,-,-) : H x H —o H is completely continuous, for a.a.
t € [0, T], such that

|1t %,9)|| < vi(t, Do),

fora.a.tel0,T],all x € H with ||x|| <Dy, where Dy > 0 is an arbitrary constant,
v, € LY([0, T],[0,00)), and all y € H,
(i) F5:[0,T] x H x H —o H is a Carathéodory multivalued mapping such that

||F2(t, 0,0) || <w(t), foraa tel0,T],

where v, € L1([0, T], [0, 00)), and Fy(t,-,-) : H x H — H is Lipschitzian, for a.a.
t € [0, T, with the Lipschitz constant

4
L< —m—m.
T(T +4)

Moreover, suppose that
(ili) there exists R > O such that, for all x € H with ||x|| =R, t € (0,T), y € H and
w € Fi(t,x,y) + F5(t,x,), we have

(x,w) > 0.

Then the Dirichlet problem (22) admits, according to Theorem 3.1, a solution x(-) such
that ||x(¢)|| <R, forall t € [0, T].

Remark 3.1 For F,(t,x,y) = 0, the completely continuous mapping F; (¢, x,) allows us to
make a comparison with classical single-valued results recalled in the Introduction. Un-
fortunately, our F; in (i) (see also (2;;) in Theorem 3.1) is the only mapping which is (unlike
in [3, Example 6.1 and Remark 6.1], where under some additional restrictions quite lib-
eral growth restrictions were permitted) globally bounded w.r.t. y € H. Furthermore, our
sign condition in (iii) is also (unlike again in [3, Example 6.1 and Remark 6.1], where un-
der some additional restrictions the Hartman-type condition like (i) in the Introduction
was employed) the most restrictive among their analogies in [6—13]. On the other hand,
because of multivalued upper-Carathéodory maps F; + F, in a Hilbert space which are
y-regular, our result has still, as far as we know, no analogy at all.
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4 lllustrative examples
The first illustrative example of the application of Theorem 3.1 concerns the integro-

differential equation

i (t,%) + @ (6%, u,(¢, %))
=b(t)u(t,x) + / k(x,y)u(t,y) dy +p</ W () u(t, x) dx)j(u(t,x)),
R R

tel0,T,x€eR, (23)

involving discontinuities in a state variable. In this equation, the non-local diffusion term
fR k(x,y)u(t,y) dy replaces the classical diffusion behavior given by u,,(¢, ). In dispersal
models such an integral term takes into account the long-distance interactions between
individuals (see e.g. [29]). Moreover, when ¢ is linear in u;, (23) can be considered as
an alternative version of the classical telegraph equation (see e.g. [30] and the references
therein), where the classical diffusivity is replaced by the present non-local diftusivity.

Telegraph equations appear in many fields such as modeling of an anomalous diffusion,
a wave propagation phenomenon, sub-diffusive systems or modeling of a pulsate blood
flow in arteries (see e.g. [31, 32]).

For the sake of simplicity, we will discuss here only the case when ¢ is globally bounded
w.r.t. #;. On the other hand, for non-strictly localized transversality conditions as in [3],

for instance, a suitable linear growth estimate w.r.t. #; can be permitted.

Example 4.1 Let us consider the integro-differential equation (23) with ¢ : [0, 7] x R x
R—>R,b:[0,T] >R, k:RxR—R,¥:R— Randp:R— R. We assume that

(a) ¢ is Carathéodory, i.e. ¢(-,x,y) is measurable, for all x,y € R, and ¢(¢, -, -) is
continuous, for a.a. t € [0, T]; ¢(t,%, ) is L(t)-Lipschitzian with L € L'([0, T]);
lo(t, %, )| < @1(£)@a(x), for a.a. t € [0, T] and all x,y € R, where ¢, € L'([0, T]) and
s € L*(R); (t,%,0) #0, forall a.a. t € [0, T] and all x € R,

(b) b e LY([0, T]) and satisfies b(t) > by > 1, for a.a. t € [0, T],

(©) ke L*(R x R) with [|kll 2@ xr) = 1,

(d) p(r) =0, for all r € R; and there can exist r; < ry < - - - < ¢ such that p(-) is
continuous, for r # r;, and p(-) has discontinuities at r;, for i = 1,..., k, with
p(rF):=lim,_ =p(r) €R,

(e) fis L—Lipschitzlian; L>0;f(0)=0;and xf(x) > 0, for all x # 0,

(1) ¥ € L2(R) with Y[l 2s) = 1.

Since the function p can have some discontinuities, a solution of (23) satisfying the

Dirichlet conditions
u(0,x) =u(T,x) =0, foralxeR, (24)

will be appropriately interpreted in the sense of Filippov. More precisely, let us define P:
R —o R by the formula

() ifr 7,

P(r) :=
) [min{p(r;), p(r;), p(r})}, max{p(ry), p(r;), p(r{)}]  ifr=r,i=1,2,... .k
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A function u(t,x) is said to be a solution of (23), (24) if u(t,-) € L*(R), for all ¢ € [0, T,
the map [0, 7] — L*(R) defined by ¢ — u(t,-) is C! if it is a solution of the inclusion

u(t,%) + @ (6%, u,(¢, %))

€ / ke, y)u(t,y) dy + b(t)u(t, x) + P(/ W () u(t, x) dx)/(u(t, x)) (25)
R R

and if it satisfies (24).
If we further assume the existence of R > 0 such that

t
R> A0 loall 2wy, foraa.tel0,T], (26)
by -1
and that
b T 4
”L(t) +b(t) ||L1([0,T]) +1+mL)T < T a (27)
where
= ) g ) * ) 28
m:= max max{p(r),p(r).p(r")} (28)

then the problem (23), (24) has a solution, in the sense of Filippov, satisfying || u(z, -) || ;2 ) <
R, fora.a.te[0,T].
In fact, problem (25), (24) can be transformed into the abstract setting

y(T) =5(0) =0, 9

{y(t) € F(t,y(6),5(t), te(0,T),
where y(¢) := u(t,-) € L*(R), for all £ € [0, T], and F: [0, T] x L*(R) x L%(R) —o L%(R) is
defined by

F(t,y,w) := —¢(t, w) + b(t)y + K(y) + F(),

where ¢ : [0, T] x L2(R) — L*(R), (¢,y) — (x — o(t,x,y())), K : L2(R) — L*(R), w >
x> [ k(o y)w)dy), f : L2R) — L2(R), y = (x> f(y(x))) and F: L(R) —o L2(R), y —o
{Bf 0) : p € P(J ¥ (x)y(x) dx)).

Let us now examine the properties of F. According to (a), ¢ is well defined. Given
y € L*(R), let us show that @(-,y) is measurable. For this purpose, let ¥ be an arbitrary
element in the dual space (L2(R)) of L?(R). Hence, there exists ¥ € L2(R) such that ¥(z) =
Sz Y (®)z(x) dx, for all z € L?(R), and consequently the composition ¥ o ¢(-,y) : [0, T] — R
is such that ¢t — fR ¥ (x)e(t, %, y(x)) dx. Since ¢ is Carathéodory, it is globally measurable,
and so the mapping (t,x) — ¥ (x)@(¢, %, y(x)) is globally measurable as well. This implies
that, according to the Fubini Theorem, the mapping W o ¢(-,y) is measurable, too. Finally,
since W was arbitrary, according to the Pettis Theorem (see Proposition 2.1), ¢(-, ) is mea-
surable.

Furthermore, let us show that F is u.s.c. For this purpose, let yo € L*(R) be fixed.
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(i) Ifrg:= f]R Y(x)yox)dx #r;, i=1,2,...,k, then it is possible to find § > 0 such that
F: B(yo,8) — L*(R) is single-valued, i.e. E(y) = p(r)f (),
ri= fR Y (x)y(x)dx € [ro — 8,19 + 8], for all y € B(yo,8) and r; & [ro — 8,10 + 8], for
i=1,2,...,k. Since p is continuous in [rg — 8,7y + 8] andf is Lipschitzian, Fis
continuous in B(yy, §).

(ii) Letrg=rj, forsomeje{i=1,2,...,k} andlet U C L2(R) be open and such that
ﬁ()fo) C U. Moreover, let o > 0 be such that r:= fR Y (x)y(x)dx # ri, i #, for any
y € B(yo,0). This implies that F(y) is equal either to p(r)f’(y) or to P(rj)f”(y), for all
y € B(yo,0). If r < r; is such that E(y) :p(r)f(y), then

IEG) = p(r; 00| 2y = 2V 0) = (7 ) 50) | 2y
< p@) ()| FO) +2(7) - [70) =7 0)

’

which implies that it is possible to find o7 > 0 such that F(y) C U, for all y € B(yo, 01).
Similarly, we would obtain the same when assuming r > ;.
If ﬁ(y) = P(rj)f(y) then, for every p € P(rj),

’

|of ) = Bf 00) || 122y = 21 - [FO) =F o) | < m[[f ) - F (o)

which implies that also in this case it is possible to find o > 0 such that F(y) C U,
for all y € B(yo, 02).

Moreover, according to (a) and (c), ¢ is a Carathéodory mapping such that ¢(¢, -) is L(¢)-
Lipschitzian, forall ¢ € [0, T], and K is well defined and 1-Lipschitzian. It can also be shown
that, according to (d) and (e), F has compact and convex values. Therefore, the mapping
F is globally measurable, and so has the Scorza-Dragoni property (cf. Proposition 2.2).

Let us now verify particular assumptions of Theorem 3.1.

Let 2 C {y € L*(R) | Iyl 2y < R}. Then, according to (f),

/H‘QW(x)y(x) dx € [-R,R],

for all y € ©;. Hence,

o) = {pf(y) p eP< /R w<x>y(x)dx),y € 9} c {pf(@):p el0.m)
={m-a f():acl0,1]},

where m is defined by (28).
Thus,

v (E()) <my({o f(Q):ee[0,1]}) <m-L-y(),

according to the Lipschitzianity of f and property (6). Fora.a. £ € [0, T] and all , C L2(R),
we have

Y (F(t, 1 x 22)) < v(8(8,22)) + v (B@O) + ¥ (K1) + v (E($20))

<L)y (Q20) + b@)y (1) + ¥ (1) + m - L - y(Qy),
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and so condition (2;) is satisfied with g(¢) = L(¢) + b(t) + 1 + m - L. The obtained form of g(¢)
together with assumption (27) directly guarantee the condition (2;;). It can also be easily
shown that properties of F ensure the validity of condition (2;).

In order to verify conditions imposed on a bounding function, let us define V : L*(R) —
R, a — 3(ller]l? ® — B The function V € C*(I*(R),R) with V, :h — (x,h) obviously
satisfies (10), so it is only necessary to check condition (11). Thus, let & € L2(R), ||| ;2 ®) =
R,t€(0,T),veL?(R)andz € F(t,a,v). Then there exists p* € P( [ ¥ (x)x(x) dx) such that

z=-¢@t,v) + b + K(a) + p*f(a).

Moreover, since p* > 0 and fR a(x)f (a(x)) dx > 0, we see that

v f ()f (o)) dx = 0, 30)

o
R

and since

I/ a(x)/k(x,y)(x(y)dydx §R/|(x(x)| . ”k(x,y)HLZ(R)deRZ,
R R R

we see that
f a(x) f k(x, y)a(y) dydx > —R>. (31)
R R
The properties (a)-(f) together with the well-known Holder inequality then yield

(Var2) = (,2)

= —/a(x)go(t,x,v(x)) dx+b(t)/ o (x) dx
R

R
+ / oz(x)/ k(x, y)a(y)dydx + p* / a(x)f(a(x)) dx
R R R
> —Rp1 ()l g2l 2(ry + boR> = R* > 0,
in view of condition (26), (30), and (31).
Hence, the Dirichlet problem (29) admits, according to Theorem 3.1, a solution y satis-

tying [|y()ll 2wy < R, for a.a. £ € (0, T). If u(¢, x) := y(¢)(x), then u is a solution of (24), (25)
which is the Filippov solution of the original problem (23), (24).

Finally, we can sum up the above result in the form of the following theorem.

Theorem 4.1 Let the assumptions (a)-(f) be satisfied. If still conditions (26), (27) hold,
then the problem (23), (24) admits a non-trivial solution u in the sense of Fillippov such
that ||u(t, )| 2y < R-

Remark 4.1 In [13, Example 5.2], the following formally simpler integro-differential equa-
tion in R:

1
(%) = / ky)ult ) dy, te(0,1),x¢[0,1],
0
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with non-homogeneous Dirichlet conditions
M(O!x) = MO(x)v u(l,x) = Ml(x), X € [07 1]1 Up, Uy ELZ([O; 1]))

was solved provided k:[0,1] x [0,1] — (0,00) isa positive kernel of the Hilbert-Schmidt-
type and the norms ||uo | ;2(0.17) and ||yl 2jo,1)) are finite.
After the homogenization of boundary conditions, the Dirichlet problem takes the form

1
uy(t,x) = ¢(t,x) + /o /}(x,y)u(t,y) dy, te€(0,1),x€(0,1],

u(0,x) = u(1,x) = 0,

where @(¢,%) := [y k(x,){[11 () - uo ()]t + uo ()} dly.
Thus, it can be naturally extended onto the infinite strip [0,1] x R, into the form (23),
(24), where

-¢(t,x) if (¢,x) € (0,1) x [0,1],

t,x,v) =@t x) =
¢(6%y) = p(b,x) {0 otherwise,

k(x,z) if (x,2) € [0,1] x [0,1],
0 otherwise,

k(t,z) := {

and b(t) =0, p(r)=0 or f(s) =0.

The result in [13, Example 5.2] cannot be, however, deduced from Theorem 3.1, because
condition (b) in Example 4.1 cannot be satisfied in this way.

On the other hand, the linear term with coefficient b could not be implemented in their
equation, because it is not completely continuous in (36) below, as required in [13].

In view of the arguments in Remark 4.1, we can conclude by the second illustrative ex-
ample.

Example 4.2 Consider the following non-homogeneous Dirichlet problem in R:

Uy (t,x) = b(t)u(t,x) + fol /}(x,y)u(t,y) dy, te(0,1),x¢€[0,1],

(32)
u(0,x) = up(x), u(l,x) =ui(x), xel[0,1],u,u; € L*([0,1]),

where k: [0,1] x [0,1] — (0,00) isa positive kernel of the Hilbert-Schmidt-type such that

ko := Ikl 2(0,11x[0,17) < O

and b € L1((0,1)) is such that b(¢) > by > 0, for a.a. ¢ € (0,1).
Furthermore, let there exist a constant L < % such that

esssupb(t) < L. (33)
te(0,1)

The properties of uy and u; guarantee that there exists B > 0 such that

lzto — uall 20,07 + N0l 2 (j0,07) < B- (34)
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We will show that, under (33) and (34), problem (32) is solvable, in the abstract setting,
by means of Corollary 3.1.

Problem (32) can be homogenized as follows:

ty (8, %) = o(t,x) + b(t)a(t,x) + fol l}(x,y)lft(t,y) dy, te(0,1),x€(0,1],
#(0,x) = u(1,x) = 0,

(35)
where

@(t,%) := b(O){[w1(x) — o (x) ]t + uo ()} + w(t, ), te€(0,1),x€[0,1],

with wi(t, x) := fy k(e ){l10) = o ()]t + o)) dy.
Since the Hilbert-Schmidt operator

1
/o £0)()dy: 12(10,1]) — L2([0,1]),

where %(y)(~) = k(x, y) is well known to be completely continuous (c¢f. [13, Example 5.2])
and b(¢t)(-) : L*([0,1]) — L2([0,1]) is, according to (33), L-Lipschitzian with L < %, condi-
tions (i), (ii) in Corollary 3.1 can be easily satisfied, for u(¢) := u(t,x), # € L*([0,1]),

Fl(t: E,V) = Fl(t!ﬁ) = @(t) +f(ﬁ),

where @(t) := b(t){[uy — up|t + up} + w(t), w(t) := w(t, x),

1@ [ Fomo)d
and
Fy(t,u,v) = Fy(t,u) := b(t)u.
In this setting, problem (35) takes the abstract form as (22), namely

u(t) =f(u(t)) + b(t)u(t) + p(t), fora.a.te(0,1), 36)
#(0) = 7(1) = 0.
Since (f(u), %) > 0 holds, for all % € L*([0,1]) (see [13, Example 5.2]) one can check that

the strict inequality in (iii) in Corollary 3.1 can be easily satisfied, for (32), whenever

B(L +k())
> ———.

R
bo

(37)
Hence, applying Corollary 3.1, problem (36) admits a solution, say #(-), such that

latll 2oy < R
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where R satisfies (37), and subsequently the same is true for (32), i.e.

max (¢, )| o < R (38)

as claimed.

After all, we can sum up the sufficient conditions for the existence of a solution # of (32)
satisfying (38) as follows:

« ks a positive kernel of the Hilbert-Schmidt operator with the finite norm

ko := 11kl 2(0.1x [0.17) < O

« there exists by > 0, L < %: by <b(t) <L, fora.a.te(0,1),
« condition (37) holds.
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BOUNDING FUNCTION APPROACH FOR IMPULSIVE
DIRICHLET PROBLEMS WITH UPPER-CARATHEODORY
RIGHT-HAND SIDE

MARTINA PAVLACKOVA7 VALENTINA TADDEI

ABSTRACT. In this article, we prove the existence and localization of solutions
for a vector impulsive Dirichlet problem with multivalued upper-Carathéodory
right-hand side. The result is obtained by combining the continuation principle
with a bound sets technique. The main theorem is illustrated by an application
to the forced pendulum equation with viscous damping term and dry friction
coefficient.

1. INTRODUCTION

Given an upper-Carathéodory multivalued mapping F': [0, 7] x R" x R™ — R™,
we consider the multivalued vector Dirichlet problem

i(t) € F(t,z(t),(t)), fora.a.tel0,T], (1.1)

z(T) = z(0) = 0. (1.2)

Moreover, let a finite number of points 0 =ty <t < --- <t, <tpp1 =T,p €N,
and real n X n matrices 4;, B;, i =1,...,p, be given.

In this article, we study the solvability of the boundary-value problem (|1.1))-(|1.2)),
in the presence of the impulse conditions

2(tf) = A(t;), i=1,....p, (1.3)
i(t) = Biz(t;), i=1,...,p, (1.4)

where lim;_,,+ () = z(a™).

By a solution of (L.1)-(T1.4) we mean a function 2 € PAC([0,T],R") (see Section
2 for the definition) satisfying (L.1))—(T.4).

Boundary value problems with impulses have attracted lots of interest because
of their applications in many areas such as: aircraft control, drug administration,
biotechnology and population dynamics, where processes are characterized by the
fact that the model parameters are subject to short term perturbations in time. For
instance, in the treatment of some diseases, impulses may correspond to adminis-
tration of a drug treatment; in environmental sciences, impulses may correspond to
seasonal changes or harvesting; in economics, impulses may correspond to abrupt
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changes of prices. Impulsive differential equations and inclusions are adequate ap-
paratus for modeling such processes and phenomena. The theory of single valued
impulsive problems is widely developed and presents in many cases direct analo-
gies with the results for problems without impulses (see, e.g., [I1} 12} 24, [30]).
The theory dealing with multivalued impulsive problems arises e.g. from single
valued problems with discontinuous right-hand sides, problems with inaccurately
known right-hand sides or from control theory. This field has not been so deeply
studied and the results have been obtained in particular for the first-order prob-
lems and using fixed point theorems or upper and lower-solutions methods; for the
overview of known results, we recommend the monographs [13| 2] and the refer-
ences therein. Few results were obtained for Dirichlet impulsive problems using
topological or variational approaches in cases when right-hand sides do not depen-
dent on the first derivative or when the impulses depend only on the first derivative
(see [11 15, 16, IR 25, 29]).

In this paper, not only the existence but also the localization of solutions for
the impulsive multivalued Dirichlet problem — are obtained by means of
bound sets technique. The bound sets approach was introduced in the single valued
case by Gaines and Mawhin [20] for obtaining the existence of solutions of first and
second order differential equations. This technique was applied for multivalued
Dirichlet, Floquet or two-point problems without impulses in [4]-[9], [28, [32]. The
existence and localization result presented in Theorem below will be obtained
by combining the bound sets approach with the continuation principle developed
in Section 2.

This article is organized as follows. In the second section, we recall suitable
definitions and statements which will be used in the sequel. Section 3 is devoted to
the study of bound sets and Liapunov-like bounding functions for impulsive Dirich-
let problems. At first, we consider C'-bounding functions with locally Lipschitzian
gradients. Consequently, it is shown how conditions ensuring the existence of bound
set become in case of C2-bounding functions. In Section 4, the bound sets approach
is combined with the continuation principle and an existence and localization result
is obtained in this way for the impulsive Dirichlet problem —. Section 5
deals with an application to the forced pendulum equation with viscous damping
term and dry friction coefficient.

2. PRELIMINARIES

We start with the notation used in this article. Let (X,d) be a metric space
and A C X. By A, int A and 0A, we mean the closure, interior and boundary of
A, respectively. For a subset A C X and £ > 0, we define the set N.(4) := {x €
X :3Ja € A:d(z,a) < e}, hence N.(A) is an open neighborhood of the set A in
X. A subset A C X is called a retract of X if there exists a continuous function
r: X — A satisfying r(z) = « for every x € A; this function is called a retraction.

For a given compact real interval .J, we denote by C(J, R") (by C'(J,R™)) the set
of all functions x : J — R™ which are continuous (have continuous first derivatives)
on J. By AC*(J,R"), we denote the set of functions = : J — R™ with absolutely
continuous first derivatives on J. In the sequel, the norm of a real n x n matrix
will be denoted by || - || and the norm in L'(.J;R) by the symbol || - [|1.
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Let PAC([0,T],R™) be the space of functions z : [0,T] — R" such that

zp)(t), fortel0,t,],
Z[1] (t), fort e (t1,ta],

a(t) =
zp(t), forte (t,,T],

where zjg € AC'([0,t1],R"), zp € ACY((t;,tis1],R™), 2(t}) = lim, ,+ z(t) €
R and @(t]) = lim, ,+2(t) € R, for i = 1,...,p. The space PAC!([0,T],R™)
equipped with the norm

lzllg := sup |z(t)|+ sup |z(t)], (2.1)

te[0,T te[0,T]

is denoted by (E, || - |g). In a similar way, we can define the spaces PC([0,T],R™)
and PC'([0,T],R") as the spaces of functions z : [0,7] — R™ satisfying the
previous definition with zg € C([0,t1],R"), z; € C((t:,ti1],R"), and with
r[) € CL([0,t1],R™), T € CY((ti, tis1],R™), for i = 1,...,p, respectively. The
space PC'([0,T],R™) with the norm defined in (2.1 is a Banach space (see [27,
page 128]). A compactness result for subsets of PC([0,7],R™) will be needed. So
we recall that a family F c PC([0,T],R") is left equicontinuous (see [27]) if for
every € > 0 and z € [0, T] there exists § > 0 such that, for every f € F,

|f(z) = fy)| <€, forallye (z—47]
and
[f(aT) = f(y)| <€ forall ye (z,2+90).
In the sequel, we use a generalized Ascoli-Arzela theorem whose prove is given

in [27, Theorem 2], in a slightly different case, i.e. when the real valued functions
are discontinuous from the left and are just continuous in each interval [t;,t;41).

Proposition 2.1. A family F C PC([0,T],R") is compact if and only if it is
bounded, left equicontinuous and the set {f': f € F} is left equicontinuous.

We also need the following definitions and notion for multivalued mappings. We
say that F' is a multivalued mapping from X to Y (written F : X — Y), if, for
every x € X, a nonempty subset F(z) of Y is given. We associate to F its graph
'z, i.e. the subset of X x Y defined by

I'p:={(z,y) e X xY |y € F(x)}.

The single valued function f : X — Y is called a selection of F' if I'y C I'p, i.e. if
f(z) € F(x), for every z € X.

A multivalued mapping F' : X — Y is called upper semi-continuous (abbrevi-
ated, u.s.c.) if, for each open set U C Y, the set {x € X : F(x) C U} is open in X.
A multivalued mapping F : X — Y is called compact if the set F(X) = Uzex F(2)
is contained in a compact subset of Y. Let us note that every u.s.c. mapping with
closed values has a closed graph and that every compact multivalued mapping with
closed graph is u.s.c.

Let Y be a metric space and (Q,U, u) be a measurable space, i.e. a nonempty
set ) equipped with a suitable o-algebra U of its subsets and a countably additive
measure g on U. A multivalued mapping F : Q — Y is called measurable if
{weQ: F(w) CV}el, for each open set V C Y.
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We say that the mapping F': J x R™ — R", where J C R is a compact interval,
is an upper-Carathéodory mapping if the map F(-,x) : J — R™ is measurable, for
all z € R™, the map F(¢,-) : R™ — R"™ is u.s.c., for a.a. t € J, and the set F (¢, )
is compact and convex, for all (¢,z) € J x R™.

We shall use the following selection result, which was proved in [14], Proposition
6] in a quite general setting for a continuous function g. Its proof can be easily
extended to piecewise continuous functions, so we omit it here.

Proposition 2.2. Let J C R be a compact interval and F : J x R™ — R™ be an
upper-Carathéodory mapping such that for every r > 0 there exists an integrable
function p, : J — [0,00) satisfying ly| < ur(t), for every (t,z) € J x R™, with
|z| < r, and every y € F(t,x). Then the composition F(t,q(t)) admits, for every
q € PC(J,R™), a measurable selection.

Let XNY #0 and F: X — Y. We say that a point v € X NY is a fized point
of F'if z € F(x). The set of all fixed points of F' is denoted by Fiz(F), i.e.
Fig(F):={z e X :z € F(z)}.
The following proposition will be applied for obtaining the existence of solutions to

boundary value problems. It follows from a result in [2, [3].

Proposition 2.3. Let X be a retract of a Banach space Y, and let T : X x[0,1] —o
Y be a compact u.s.c. mapping with convex values such that T(X,0) C X and that
Fiz(%(z,\))NoX =0, for every A € [0,1). Then X(-,1) has a fized point.

We also need the following modification of the continuation principle developed
in [I0] for problems on arbitrary, possibly non-compact, intervals. The differences
between the presented result and the one in [I0] consist in replacement of the non-
compact interval by the compact one which simplify the last, so called transversality
condition, and in replacement of the space ACL ([0,T],R™) by the space E defined
above. For the completeness, the proof of this modified result is given here.

Proposition 2.4. Let us consider the boundary-value problem
Z(t) € F(t,z(t),z(t)), for a.a. t €[0,T],

(2.2)
T €S,
where F : [0,T] x R™ x R™ — R™ is an upper-Carathéodory mapping and S is a
subset of E. Let H : [0,T] x R*™ x [0,1] —o R™ be an upper-Carathéodory mapping
such that

H(t,c,d,c,d, 1) C F(t,c,d), for all (t,c,d) € [0,T] x R*". (2.3)
Assume that

(i) there exists a retract Q of PC*([0,T],R"™), with Q \ 0Q # 0, and a closed

subset S1 of S such that the associated problem

B(t) € H(t,2(t), (), q(t),4(t),\), for a.a. t €10,T],
(2.4)
r e S

has, for each (q,\) € @ x [0,1], a non-empty and convez set of solutions
(g, N);
(i) there exists a nonnegative, integrable function « : [0,T] — R such that
[H (8, (1), #(£), (1), 4(t), N)| < a(t) (1 + |z(t)] + [E(1)]),
for a.a. t € [0,T], and for any (g, \,z) € T's;
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(i) T(Q x {0}) € @;

(iv) there exist constants My > 0, My > 0 such that |x(0)] < My and |£(0)] <
My, for all x € T(Q x [0,1]);

(v) the solution map %(-,X) has no fized points on the boundary 0Q of Q, for
every A € [0,1).

Then (2.2) has a solution in S1 N Q.

Proof. Let us apply Proposition [2.3] where X = @ is a retract of the Banach
space Y = PC*([0,T],R™). First of all, notice that if there exists ¢ € 9Q such that
%(g,1) = q, then the result is proven. Otherwise, we get that T(Q x [0,1])NoQ = 0,
according to assumption (v). Moreover, it follows from conditions (i) and (iii), that
% has convex values and that T(Q,0) C Q.

Let us now show that ¥ has a closed graph. Let {(gx, \g,xr)} C T's such
that (g, M\, 2x) — (¢, A\, 1), (¢,A) € Q x [0,1] be arbitrary. Then, since zy €
S1, xr, — x and Sy is closed, it holds that z € S;. Moreover,z; is a solu-
tion of , and so, according to Proposition we get the existence of hy €
H(,21(0), 21(), a1 (), 4 (), \i) such that g (tir1) — @x(t) = j;t”l hi(s)ds, for ev-
ery t € (t;,t;+1] and ¢ = 0,...,p. The convergence of {z} implies its boundedness
in PC*([0,T],R™), and therefore, we get from (ii) that |hy(t)] < a(t)(1 + M), for
some M > 0, every k € N and a.a. t € [0,7]. This implies that {h;} is bounded in
LY([0,T],R™), and so it has a weakly convergent subsequence, for the sake of sim-
plicity still denoted as the sequence, which converges to a function h. In particular,
ftt”l hi(s)ds — f:i“ h(s)ds, for every t € (t;,t;41] and i = 0, ...,p. Hence,

tit1 tita1
bltin) — #(1) = lim [ (1) — 24(0)] = lim h(s) ds = / h(s) ds,
for t € (ti,t;41] and ¢ = 0,...,p. Therefore, there exists Z(t) = h(t), for a.a.

€ [0,T]. It remains to prove that h € H(-,z(-),2(-),q(:),4(-),\). Since H is
upper-Carathéodory, there exists, for every ¢ > 0 and a.a. t € [0,7T], a positive
number ¢ such that, if |(c,d, e, f,g) — (q(t),4(t), z(t), £(t), )| < J, then

H(t,c,d,e, f,g) C H(t,q(t),q(t), z(t), £(t), ) + Bg.

Recalling that the convergence in PC*([0, T],R™) of g to q and x, to & implies the
pointwise convergence of both sequences and of the sequences of their derivatives to
the same limits, we get that, for every ¢ € [0,T] and § > 0, there exists k such that,
for k > F, |(ge(t), de(6), 2a(t), (), M) — (a(t), q(8), 2(8), #(£), )| < 0. Therefore,
for every € > 0 and a.a. t € [0, T, there exists k such that, if k¥ > k, then

hi(t) € H(t, a(t), (1), (), &x(t), Ae) C H(t, q(t), 4(t), z(t), (1), A) + Bg.

Since € > 0 is arbitrary, we get that h(t) € H(t,q(t),q(t), z(t), z(t), ), for a.a.
€ [0,T), i.e. that ¥ has a closed graph. Recalling that a compact mapping with
closed graph is u.s.c. and has compact values, it remains only to prove that ¥ is
compact. According to Proposition we need to prove that T(Q x [0,1]) is
bounded, left equicontinuous, and has left equicontinuous set of derivatives.
Let € (¢, A). Then there exists h € H(-,z(-),%(-),q(-),¢(:), A) such that, for
every t,t € (t;,t;11], with £ > ¢, and i = 0,...,p,

@) = a(f) + /t h(s) ds, (2.5)
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and consequently, according to Fubini’s theorem,

o) = 2(f) + & () — 1) // §)ds dr

a(t) + it )(t—t)+[ (t — s)h(s) ds.

7
According to (ii) and (iv), for every t € [0, 1], it holds that

lz(t)] + |2(t)] < Mo+ Mi(th + 1) + (81 + 1)/O a(s)(1+ |z(s)| + |2(s)]) ds.

Therefore, if we denote by 1 := My + Mi(t;1 + 1)+ (t1 + 1) fo s)ds, we obtain
by Gronwall’s lemma that

t1 t
(&) + 2] < Br + Bi(tr + 1)/ a(s)etttD [t emdr gs .= ¢,
0

Take now t € (t1,%2]. Reasoning as above we obtain
()] + |2(2)]
¢
< (0| + 2|2 + 1) + (t2 — ta + 1)/ a(s)(1+ [z(s)| + [i(s)]) ds
ty

S A 2@+ [[Ball - () (k2 + 1)

+ (ta —t1 + 1)/ a(s)(L+ |z(s)| + |Z(s)]) ds

t1

t
< max{|| Ay, [| Bal[(t2 + 1)}C1 + (t2 — 1 + 1)/ a(s)(1 + |z(s)| + |£(s)]) ds.
t1
Hence, denoted by (B := max{||A||, | B1||(t2 + 1)}Cy + (t2 — t1 + 1) ft s) ds, we
obtain that

to
l2()| + |2(t)| < B2+ Ba(t2 — t1 + 1)/ as)elt AN L2 aidr g .=
ty
Iterating we obtain the existence of D > 0 such that |z(¢)| + |2(¢)] < D, for every
t € [0,T], i.e. we obtain that T(Q x [0, 1]) is bounded in PC*([0,T], R™ )
Moreover, it follows from (2.5)) and (2.6) that, that for every ¢,t € (t;,t;41] with
t>tandi=0,...,p,

i (@) — (D)] = ’/;h(s)ds‘ <(1+D) /;a(s)ds,

T

lz(t) — z(t)| < DIt — | + (1 + D)/ (t — s)a(s)ds.

Thus, if ¢ # ¢1,...,t,, one can take ¢ sufficiently small such that (¢t — 6, +d) N
{t1,...,t,} = 0 and conclude (from the absolute continuity of the Lebesgue integral)
that the functions x and & are equicontinuous at ¢. The left equicontinuity can be
deduced similarly for t € {t1,...,t,}.

So, we have proved that T(Q x [0,1)) is compact, and hence, it follows from
Proposition that there exists a fixed point of T(-,1) in S1 N Q. O
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The continuation principle described in Proposition [2:4] requires in particular
that any of corresponding problems does not have solutions tangent to the boundary
of a given set ) of candidate solutions. In Section 4, we will ensure that the
candidate solutions are not tangent to the boundary of Q by means of Hartman-
type conditions (see Section 3) and by means of the following result based on
Nagumo conditions (see [31, Lemma 2.1] and [23], Lemma 5.1]).

Proposition 2.5. Let 1 : [0,+00) — [0,400) be a continuous and non-decreasing
function, with
2

s
lim ——ds = oo, 2.7
%5 27

and let R be a positive constant. Then there exists a positive constant
B =1 (¢(2R) + 2R) (2.8)

such that if x € PCY([0,T],R") is such that |#(t)| < ¢(|2(t)]), for a.a. t € [0,T],
and |x(t)] < R, for everyt € [0,T], then it holds that |£(t)| < B, for everyt € [0,T].

Let us note that the previous result is classically given for C?-functions. How-
ever, it is easy to prove (see, e.g., [7]) that the statement holds also for piecewise
continuously differentiable functions.

3. BOUND SETS THEORY FOR IMPULSIVE DIRICHLET PROBLEMS

The direct verification of transversality condition (v) in Proposition is quite
complicated. Therefore, we now introduce a Liapunov-like function V', usually
called bounding function, which can guarantee this condition.

Let K C R™ be a nonempty, open set with 0 € K and let V : R®™ — R be a
continuous function satisfying

(H1) Vl]px =0, B

(H2) V(z) <0, for all z € K.

Definition 3.1. A set K is called a bound set for the impulsive Dirichlet problem

(T.1)-(1.4) if every solution x of (1.1)-(T.4)) such that x(t) € K, for each t € [0, T],

does not satisfy z(t*) € 0K, for any t* € [0,T].

Remark 3.2. Note that the existence of a bound set K for problem (L.1)-(L.4)
does not guarantee the existence of a solution for —. It only ensures that
if there would exist a solution laying in K, then this solution would not touch the
boundary of K at any point, i.e. it would lay in int K.

At first, the sufficient conditions for the existence of a bound set for the impulsive
Dirichlet problem — in the general case will be shown in Proposition
below. Afterwards, the regularity assumptions on the bounding function V' will be
made more strict and the practically applicable version of Proposition [3:3] will be
obtained (see Corollary [3.5| below).

Proposition 3.3. Let K C R™ be a nonempty open set with 0 € K and F :
[0,T] x R™ x R™ — R™ be an upper-Carathéodory multivalued mapping. Let a finite
number of points 0 =tg <t1 < -+ <t, <tpy1 =T, p €N, be given and let A;, B;,
i1=1,...,p, be real n X n matrices such that A;0K = 0K, for alli=1,...,p.
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Assume that there exists a function V€ C*(R™,R), with VV locally Lipschitzian,
satisfying conditions (H1) and (H2). Suppose, moreover, that there exists e > 0 such
that, for all x € K N N.(0K), t € (0,T) and v € R™, the condition

(VV(z + hv),v + hw) — (VV (z),v)

lim sup >0 (3.1)
h—0— h
holds for all w € F(t,x,v), and that
(VV(A;x), Biv) - (VV (z),v) > 0, (3.2)

foralli=1,...,p, x € 0K and v € R™ with (VV(x),v) # 0.
Then K is a bound set for the impulsive Dirichlet problem -.

Proof. We assume, by a contradiction, that K is not a bound set for the Dirichlet
problem (L.I)-(L.4), i.e. that there exist a solution z : [0,7] — K of (L.I)-(1.4) and
t* € [0,T] such that z(t*) € K. The point ¢* must lay in (0,7, according to the
boundary condition and the fact that 0 € K.

Let us define a function g : [0,7] — R by the formula ¢(¢) := V(x(¢)). According
to the properties of z and V, g € PCY([0,T],R) and g(t) < 0 for all t. Since
g(t*) = 0, the point t* is a local maximum point for g. Therefore, if t* ¢ {t1,...,t,},
g(t*) = 0. Let us now prove that ¢(¢*) = 0 also when t* = t;;1, for some i =
0,...,p— 1. By a contradiction, suppose that

0 < g(tiv1) = (VV(@(tit1)), 2(tis1))- (3.3)

Notice that also A;112(t;41) € OK, and hence g(titrl) = g(Ajj12(tiy1)) = 0.
According to condition (3.2)), there exist two functions a(h) and b(h), with a(h) —
0,b(h) — 0 when h — 0, such that

V(x(tivr + h)) — V(x(tf,,))

TN
g(t’H—l) N hli%lJr h
o V() £ )+ a(h)h) — V(i)
h—0+ h
— lim (VV(x(th)’ x'(t;.:l) + a(h))h + b(h)h
h—0+ h

= (VV(x(tLl)),m'(t;_l))
= <VV(Ai+137(ti+1))7Bi+1i"(fi+1)> > 0.

Thus, for ¢ > t;41 sufficiently close to t;11, we get that 0 > g(t) > g(tf,) =0, a
contradiction. Therefore, ¢(t*) = 0 also in the case when t* = t;,4.

Since VV is locally Lipschitzian, there exist a bounded set U C R™ with z(¢*) €
U and a constant L > 0 such that VV|y is Lipschitzian with constant L. The
continuity of x in (¢;,¢;41] then yields the existence of § > 0, ¢ < t* —t;, such that
x(t) € UN N (OK), for each t € [t* — §,t*]. Since g(t) = (VV(x(t)), z(t)), where
VV(x(t)) is locally Lipschitzian and @(t) is absolutely continuous on [t* — 4, t*],
there exists § € L'([t* — §,t*],R). Moreover, there exists a point t** € (t* — §,t*),
such that g(t**) > 0, because t* is a local maximum point. Consequently,

+*

0= —g(t™) =g(t") —g(t™) = / g(s)ds. (3.4)

P
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Let t € (t**,t*) be such that §(¢) and Z(t) exist. Then there exist two functions
a(h) and b(h), with a(h) — 0, b(h) — 0 when h — 0, such that, for each h,

#(t+ h) = @(t) + h[E(t) + a(h)], (3.5)
(t + h) = 2(t) + hla(t) + b(h)].

Consequently,
g(t)
= i SO 9O R —4(0)
h=0 h h—0— h
= lim sup (VV(x(t +h)), 2t + h)) — (VV(x(t)), &(t))
h—0— h
i sup STV @) + R + b)), #(8) + Bi) + a()]) = (TV (@(0), (1))
h—0— h
> lim suP[WV(x(t) + hi(1)), () + hlE) + a(h)]) — (VV (2(8)), (1))
" h—o- n

— L-|b(h)| - [&(t) + hlE(t) + a(h)] I}
= lim sup[<VV(x(t) +hi(t)), &(t) + hi(t)) — (VV(2(t)), #(1))

h—0— h
— L-b(h)| - |2(t) + h[Z(t) + a(h)]| + (VV (x(t) + hi(t)),a(h))].
Since (VV (z(t) + hx(t)),a(h)) — L-|b(h)| - |2(t) + h[E(t) + a(h)]| — 0 as h — 0 and
since assumption holds,
(VV(x(t) + hi(t), #(t) + hi(t)) — (VV (x(t)), (1))

g(t) > limsup > 0,
h—0— h
which leads to a contradiction with inequality (3.4)). |

Definition 3.4. A function V : R” — R satisfying (H1), (H2), (3.1), and (3.2)) is
called a bounding function for (L.1)-(1.4]).

When the bounding function V is of class C?, condition (3.1)) can be rewritten
in terms of gradients and Hessian matrices.

Corollary 3.5. Let K C R™ be a nonempty open set with 0 € K and F : [0,T] x
R™ xR™ —o R™ be an upper-Carathéodory multivalued mapping. Let a finite number
of points 0 =ty < t1 < -+ <, < tpp1 =T, p € N, be given and let A;, B;,
i1=1,...,p, be real n X n matrices such that A;0K = 0K, for alli=1,...,p.

Assume that there exists a function V € C?(R",R) satisfying conditions (H1),
(H2), and . Moreover, assume that there exists € > 0 such that, for all x €
KNN(OK), t € (0,T) and v € R", the condition

(HV (x)v,v) + (VV(z),w) >0 (3.7)
holds for all w € F(t,z,v). Then K is a bound set for problem (1.1])-(1.4).

Proof. The statement follows immediately from the fact that if V € C?(R™,R),

then, for all z € K N N.(0K), t € (0,T), v € R" and w € F(t,z,v), there exists
lim (VV(x 4+ hv),v + hw) — (VV(x),v)
h—0 h

= (HV(z)v,v) + (VV(z), w).
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d

Remark 3.6. In conditions , and (3.7, the element v plays the role of

the first derivative of the solution x. If z(t) € K, for every t € J, then, according

to Proposition and the fact that R = max{|c| : ¢ € K} € R, it holds that

|£(t)| < B, for every t € J, where B is defined by Hence, it is sufficient to
3.3

require conditions (3.1)), (3.2) and (3.7) in Proposition [3.3] and Corollary only
for all v € R™ with |v| < B and not for all v € R™.

4. EXISTENCE AND LOCALIZATION RESULTS FOR DIRICHLET PROBLEMS

In this section,we study - by combining the continuation principle in
Proposition [2.4] with bound sets results developed in the previous section. After
rewriting (1.1)-(L.4) in the abstract form (2.2)), we will be able to verify all condi-
tions in Proposition [2.4]

Theorem 4.1. Let K C R™ be a nonempty, open, bounded and convex set with
0 € K and let us consider (L1)-(T.4), where F : [0,T] x R" x R" — R" is an
upper-Carathéodory multivalued mapping, 0 =ty < t; < -+ < tp < tpp1 =T,
p €N, and A;,B;, i = 1,...,p, are real n x n matrices with A;0K = 0K, for all
i=1,...,p. Moreover, assume that

(i) there exists a function ( : [0,00) — [0,00) continuous and non-decreasing

satisfying
§2
lim ——ds = 4.1
s—oo (3(s) 4.1)
such that
|F'(t,c,d)] < B(|d]), (4.2)

for a.a. t € [0,T] and every c,d € R™ with |c| < R := max{|z|: z € K};
(ii) the problem
Z(t) =0, fora.a. tel0,T],
z(T) ==z(0) =0,
has only the trivial solution;
(iii) there exists a function V € C1(R™ R), with VV locally Lipschitzian, satis-
fying conditions (H1) and (H2);
(iv) there exists € > 0 such that, for all A € (0,1),x € K N N.(0K), t € (0,T),
and v € R", with |v| < ¢~ 1(¢(2R) + 2R), the condition
Jimn sup (VV (x4 hv),v —l—hhw) —(VV(z),v)
h—0—

holds for all w € AF(t,z,v);
(v) foralli=1,...,p, z € K and v € R", with |v| < ¢~ (#(2R) + 2R) and
(VV(z),v) # 0, it holds

(VV(A;x), Biv) - (VV (z),v) > 0.
Then ([LI)-(L4) has a solution x(-) such that x(t) € K, for all t € [0,T].

(4.3)

>0 (4.4)
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Proof. For every ¢ € K, it holds that |¢| < R. According to Proposition [2.5 for
every x € PC([0,T],R") with |#(¢)| < B(|2(t)|), for a.a. t € [0,T], and x(t) € K,
for every t € [0,T), it holds |#(t)| < B, for every t € [0,T], with B defined by
B = 3" Y(B(2R) + 2R).
Define
Q:={qe PC'([0,T],R") : q(t) € K, |4(t)| < 2B, forallte[0,T]}, (4.5)
S=5=Q and H(t,c,d,e, f,\) = AF(t,e, f). Thus the associated problem (2.4))
is the fully linearized problem
Z(t) € AF(t,q(t),q(t)), for a.a. t€[0,T],
z(T) = z(0) =0,
o(t]) = Aix(ty), i=1,...,p,
i(t}) = Bii(t;), i=1,...,p.
For each (¢, A) € Q x [0,1], let T(g, A) be the solution set of (4.6). Now we check
that all the assumptions of Proposition are satisfied.
Since the closure of a convex set is still a convex set, it follows that @ is convex,
and hence a retract of PC'([0,T],R").
Condition (ii) follows from assumption (i) and the fact that
[H (t,x(t), (1), q(t), 4(t), Al = A[F(¢,q(t), 4(t))| < B(lq(1)]) < B(2B)
< BEB)(A 4+ [z@)] + [2(@)]),
for every A € [0,1],q € Q,z € %(¢,A). In particular |F(t,e, f)| < B(r) for every
(t,e, f) € J x R?™ with |f| < 7.
Let ¢ € @ and let f, be a measurable selection of F(-,¢(-),¢(-)), whose exis-
tence is guaranteed applying Proposition with p,.(t) = B(r). Then, for any

A € [0,1], Afy is a measurable selection of AF'(-,¢(-),4(-)). Let us consider the
corresponding single valued linear problem with linear impulses

Z(t) = AMfy(t), for a.a. t €[0,7],
x(T) = z(0) =0,
o(t]) = Aix(ty), i=1,...,p,
i(t}) = Bii(t;), i=1,...,p.

(4.6)

(4.7)

First of all, let us prove that problem (4.7)) has a unique solution xyy,. If we denote

Bl(T—tl) ifpzl
C= f:l Bi(T —tp) + Hilzl Agty (4.8)

+2 0 o ey Ak ISy Bty —t-1) ifp=>2,

it is easy to prove that the initial problem
() =0, fora.a. tel0,T],
z(0) =0,

a(t) = Az (t;)

1=1,...,p,
t=1,...,p

)
b
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has infinitely many solutions,

To (O)t ift € [0, tl],
Bll‘o(O)(t — tl) ift € (tl, tg]
2o(t) = 3 |Tliey Bilt — 1) + [Ty Asta

+ 23:2 szj AT Bity — tj—l)} i0(0)

ifte (ti,tiJrl], 2<1<p+1

with #¢(0) € R™. Since zo(T") = 0 if and only if C#¢(0) = 0, condition (i7) holds
if and only if C is regular. Then, for every A € [0,1], ¢ € Q and every measurable

selection f; of F(-,q(-)4(-)), (4.7) has a unique solution,
Zar, (0 t+f0 7) fo(T)dT if t € [0, 4],
Byiyg, (0)(t —t1) + ftl —7) fq(T)dT
+B;(t —t1) O“ fq(T)d’T if t € (ty,ts]
[Ti—1 Biag, (0 )+ [1 (= 7)o (r)dr
g, (8) = +3 11 rBl ftr folT dT+Hk 1 Ariag, (0)t1
+Hk=1 Ay 0 (tl - T)fq( T)dt
+3, HZ_J A [H{:f Biiag, (0)(t; —tj-1)
+ft fq(m)dr
+Zr:1 Bl(t —tj1 ft )dT}
ift € (ti,tH_l], 2 <1 §p+1
with

i 0 =~ ([ @i mB@-w [Cnee) 0o

if p=1, and
ixs,(0) = —C~* (T = 7) f,(T)dr + By(T —t,) fo(r
iy ( / 7)f () ;H X /T
+HAk/ (tr — 7) fo(T dT-i—ZHAk[/j (t; — ) fo(T)dT  (4.10)
k=1 0 J=2 k=j B
k—1k—1 t,
+S 11 Bitt; ftj_l)/ fo(r)dr])
r=1 l=r tr—1

if p > 2. Therefore
T(Qa A) = {x)\fq : fq is a selection of F(a Q()a Q())} 7é 0.

Given x1,x2 € %(g,\), there exist measurable selections fJ, f2 of F(-,q(-),q(-))
such that z; = Tyl and zo = Txgp2. Since the right-hand side F' has convex
values, it holds that, for any ¢ € [0,1],¢f; + (1 — ¢)f7 is a measurable selection
of F(-,q(-),4(:)) as well. The linearity of both the equation and of the impulses
yields that cx; + (1 — ¢)ze = Tefly(l—c)f2s i.e. that the set of solutions of problem
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is convex, for each (¢,\) € Q x [0,1]. Therefore, assumptions (i) and (ii) in
Proposition [2.4] are satisfied.

Condition (iii) follows immediately from the fact that 0 € K and that, for A = 0,
the associated problem has only the trivial solution, see assumption (ii).

Let x5y, be the solution of (4.7). Then |zxf, (0)] = 0. Moreover, according to
assumption (7) and formulas nd (@10]

s, (0)] < [0 [BEB) T + T2 Bull6(2B)] = T2 52B) [ + 1Bl

if p=1 and

s, (0)] < lle~ [57280B) + T2 T[ 1B - 6(2B)
=1

p p p
+ 5 T 1aueB) + 7 T 1B T 1Al - 6(2B)
k=1

=1 k=1

1 P
=1c7- BeB) |5 + [ 1B
=1

p p p
+ TT el +TT 0B T 14l
k=1 =1 k=1

if p > 2. Therefore there exists a constant M; such that |£(0)] < M, for all
solutions z of (4.6). Hence, condition (iv) in Proposition is satisfied.

Let us assume that g, € @ is, for some A € [0,1), a fixed point of the solution
mapping T(-, A). We will show now that g, can not lay in 9Q.

At first, let us investigate the case when A = 0. Then transforms into (4.3))
which has only the trivial solution. Therefore, for A = 0, it holds that ¢. = 0 which
lays in Int Q. Hence, if A = 0, condition (v) in Proposition is satisfied.

Secondly, let us assume that A € (0,1). If ¢, belongs to dQ, then there exists
to € [0, T] such that q.(tp) € OK or |¢«(to)| = 2B. Since, for a.a. t € [0, T], we have

|G (8)] = ALF (8, ¢+ (), ¢ (8))] < B4+ (1)])

and |g.(t)| < R, for every t € [0, T], Proposition 2.5 implies that |¢.(t)| < B < 2B,
for every t € [0,T]. Hence, q(ty) € 0K, which is impossible, since, according to
Remark [3.6] hypotheses (iii), (iv) and (v) guarantee that K is a bound set for (4.6)),
i.e. that q.(t) € K, for all t € [0,T]. Thus g. € Int Q.

Therefore, condition (v) from Proposition [2.4is satisfied, for all A € [0, 1], which
completes the proof. ([

Remark 4.2. An easy example of impulses conditions guaranteeing assumption
(ii) in Theorem are the antiperiodic impulses, i.e. A; = B; = —1I, for every
i =1,...,p. It follows from the proof of Theorem that for the fulfilment of
assumption (i7), it is sufficient to prove the regularity of the matrix C' defined in
(4.8). For p =1, C = (¢t; — T)I which is obviously regular. Let us show that C is
regular also when p > 2. If p is even, then [[}_;(~1) = (=0 =TT (~1) = 1.
Hence

p
C=[T—t,+t1+ Y (t;—t;-) I =TI
=2
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which is regular. It can be shown that a similar reasoning holds also in the case
when p is odd.

Remark 4.3. When V is of class C2, then, according to Corollary condition
(iv) in Theorem is equivalent to requiring that, for all z € K N N.(0K), t €
(0,T), and v € R", with |v| < ¢~ (4(2R) + 2R),

(HV (z)v,v) + M(VV(z),w) >0, forevery A € (0,1) and w € F(t,z,v). (4.11)

Since the function g(A) = AM(VV (z),w) is monotone, (4.11]) is then equivalent to
the following two conditions

(HV(x)v,v) >0 and (HV(z)v,v)+ (VV(x),w) >0 (4.12)
that do not depend on A.
5. APPLICATION TO THE FORCED PENDULUM EQUATION

Let us consider the forced (mathematical) pendulum equation with viscous damp-
ing and dry friction terms

Z+et+bsine+ fsgnd = h(t), fora.a.tel0mn], (5.1)
with antiperiodic impulses and Dirichlet boundary conditions
w(t]) = —x(t:), i=1,...,p, (5.2)
i(th) =—it:), i=1,...,p (5.3)
z(0) = z(w) =0, (5.4)

where e, b and f are real constants and 0 =ty <t; < -+ <t, <tpy1 =m, pEN.
The function & : [0, 7] — R plays the role of the forcing term and we assume that
h € L*>*([0, 7], R).

The study of the pendulum equation (i.e. the case b > 0, e = f = 0) dates
back to a century ago (see [22]), when it was shown that it is worth to consider
Dirichlet boundary conditions since the symmetry of the equation implies that such
solutions are related to periodic solutions. The mathematical pendulum equation
(i.e. the case b < 0, e = f = 0) was considered for the first time in [I9]. More
recently, the pendulum equation was generalized introducing a non-zero viscous
damping coefficient e or a non-zero friction coefficient f (see [0l [26] for more details
about this topic). Let us mention also the paper [I7], where an impulse problem is
considered in the case e = f = 0.

Because the function sgn y is discontinuous at y = 0, we should consider Filippov
solutions of which can be identified as Carathéodory solutions of the inclusion

Z+ex+bsinx € h(t) — fSgn, (5.5)
where
-1, for y <0,
Sgny := ¢ [-1,1], for y =0,
1, for y > 0.

Let us now consider the Dirichlet multivalued problem (5.5)), with impulse
conditions , and let us check that all the assumptions of Theorem are
satisfied.

To verify condition (i), let us define the continuous and non-decreasing function

B(d) = ||h]|eo + |e|ld| + b + |f|, for all d € R.
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The function 3 obviously satisfies and F(t,c,d) = h(t) — ed — bsinc — f Sgnd
satisfies (£.2)), for all t € [0,7] and all ¢,d € R.

Assumption (ii) holds as well since, according to Remark the associated
homogeneous problem has only the trivial solution.

For verifying condition (iii), consider the nonempty, open, bounded, convex and
symmetric neighbourhood of the origin K = (—k,k) with & € (0, §] which will
be specified later and the C?—function V(z) = %(2? — k?) that trivially satisfies
conditions (H1) and (H2).

To check condition (which takes in our case the form ([£.12), according to
Corollary and Remark [4.3)), since (HV (z)v,v) = v? is obviously non-negative,
it is sufficient to verify that

v* + 2 (h(t) — ev — bsinz — f Sgnv)

2 (5.6)
=v° —exv + zh(t) — bxsinx — fx Sgnv C (0, 00),
for every t € (0,7),v € Rand x € R with k —e < |z| < k.
(1) If 2 = k, then (5.6) becomes
v? — ekv 4 kh(t) — bksink — fkSgnv C (0, 00), (5.7)

for every t € (0,7) and v € R. Since k > 0,
kh(t) > k inf h(t), for all t € (0, ),
te(0,m)

and so condition (5.7)) holds if

v —ekv+k i(I(l)f )h(t) —bksink — fkSgnv C (0,00), Vv € R. (5.8)
te(0,m

(a) If v = 0, then (5.8) takes the form

k inf h(t) —bksink — fks >0
te(0,m)

for every s € [—1,1]. This is equivalent to

inf h(t) > bsink + |f], (5.9)
te(0,m)

since maxse[—1,11 fs = | f].
(b) If v > 0, then (5.8]) takes the form
v? —ekv +k i(%f )h(t) — bksink — fk > 0. (5.10)
te(0,m
If we define the function g : [0,00) — R by g(v) = v*—ekv+k infe (o r) h(t)—
bksink — fk, then g(0) > 0, according to (5.9), and the minimum of g is
achieved at the point v = % Therefore, the inequality (5.10]) holds if (5.9)

is satisfied in case of e < 0 and if

2

k
dnt () > 67 +bsink+ f, fore>0.

Summing up, inequality (5.10) holds if
2

ek
inf h(t) > — +bsink + f.
tEl(%,‘n') (t) > 1 +bsink + f
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(¢) If v < 0, then (5.8)) takes the form

v —ekv+k i(%f )h(t) —bksink + fk > 0. (5.11)
te(0,m

In the same way as before, it is possible to obtain that (5.11)) holds if

2k
dnt () > GT Y bsink — f, fore<0,
inf h(t) > bsink — f, for e > 0.
te(0,m)

Summing up, (5.6 holds, for z = k, if

ek
inf h(t —— + bsink . 12
Jnf h(t) > S+ bsink + |f (5.12)

(2) If = —k, then (5.6) becomes
v? + ekv — kh(t) — bksink + fkSgnv C (0,00), for every t € (0,7) and v € R
and analogously as in the case x = k, we obtain that (5.6) holds for x = —k if

ek .
sup h(t) < ——— —bsink — |f]. (5.13)
te(0,m) 4
Therefore, (5.6) holds, for all t € (0,7),v € R and z € R with k —e < |z| < k, for
some ¢ > 0 sufficiently small, (due to the continuity and the inequalities (5.12]) and
B3 it
2 2

k k
e—+bsink+|f\< inf h(t) < sup h(t)<—e——bsink—|f|,
4 t€(0,m) te(0,m) 4

which, in particular, implies that E?Tk +bsink + |f| < 0.

Since VV(z) = V(z) = z and HV (z) = V(z) = 1, for all z € R, condition (v)
trivially holds.

In conclusion, assuming that k € (0,7/2] is such that

ek .
T+bSIHk+|f| <0 (5.14)

and that
ek .
[h(t)| < " bsink — |f|, for all t € (0, ),

then all the assumptions of Theorem are satisfied, and problem admits a
solution laying in [—k, k]. We stress that such solution is not trivial, according to the
presence of the forcing term. Notice moreover that condition is consistent,
since it never holds for small k, and therefore is not satisfied in the whole
corresponding set K but only in some neighborhood of its boundary, as required.
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Abstract. Solutions in a given set of an impulsive Dirichlet boundary value problem are
investigated for second-order differential inclusions. The method used for obtaining the
existence and the localization of a solution is based on the combination of a fixed point
index technique developed by ourselves earlier with a bound sets approach and Scorza-
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1 Introduction

Let us consider the Dirichlet boundary value problem

{x(t) € F(t,x(t),%(t)), foraa.te[0,T], a1

where F : [0, T] x R" x R"” — R" is an upper-Carathéodory multivalued mapping.

Moreover, let a finite number of points 0 = tg < t; < --- <t, <tp41 =T, p € N, and real
n x n matrices A;, B;, i =1,...,p, be given. In the paper, the solvability of the Dirichlet b.v.p.
(1.1) will be investigated in the presence of the following impulse conditions

X(t?_) :Aix(ti), iZl,...,p,
X(t;r):BifC(ti), iZl,...,p,

where the notation lim;_,,+ x(t) = x(a™) is used.

™ Corresponding author. Email: valentina.taddei@unimore.it
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By a solution of problem (1.1)-(1.3) we shall mean a function x € PAC([0, T], R") (see Sec-
tion 2 for the definition) satisfying (1.1), for almost all ¢ € [0, T|, and fulfilling the conditions
(1.2) and (1.3).

Boundary value problems with impulses have been widely studied because of their ap-
plications in areas, where the parameters are subject to certain perturbations in time. For
instance, in the treatment of some diseases, impulses may correspond to administration of
a drug treatment or in environmental sciences, they can describe the seasonal changes or
harvesting.

While the theory of single valued impulsive problems is deeply examined (see, e.g. [9, 10,
22]), the theory dealing with multivalued impulsive problems has not been studied so much
yet (for the overview of known results see, e.g., the monographs [11,19] and the references
therein). However, it is worth to study also the multivalued case, since the multivalued prob-
lems come e.g. from single valued problems with discontinuous right-hand sides, or from
control theory.

The most of mentioned results dealing with impulsive problems have been obtained using
fixed point theorems, upper and lower-solutions methods, or using topological and variational
approaches.

In this paper, the existence and the localization of a solution for the impulsive Dirichlet
b.v.p. (1.1)=(1.3) will be studied using a continuation principle. On this purpose, it will be
necessary to embed the original problem into a family of problems and to ensure that the
boundary of a prescribed set of candidate solutions is fixed point free, i.e. to verify so called
transversality condition. This condition can be guaranteed by a bound sets technique that was
described by Gaines and Mawhin in [17] for single valued problems without impulses. Re-
cently, in [25], a bound sets technique for the multivalued impulsive b.v.p. using non strictly
localized bounding (Liapunov-like) functions has been developed. Such a non-strict local-
ization of bounding functions makes parameter sets of candidate solutions “only” positively
invariant.

In this paper, the conditions imposed on the bounding function will be strictly localized
on the boundary of the set of candidate solutions, which eliminates this unpleasant hand-
icap. Both the possible cases will be discussed — problems with an upper semicontinuous
rh.s. and also problems with an upper-Carathéodory r.h.s. More concretely, in Theorem 4.3
below, the upper semicontinuous case is considered and the transversality condition is ob-
tained reasoning pointwise via a C!-bounding function with a locally Lipschitzian gradient.
In Theorem 5.2, the upper-Carathéodory case and a C2-bounding function will be considered
and the reasoning will be based on a Scorza-Dragoni approximation technique. In fact, even
if the first kind of regularity of the rh.s. is a special case of the second one, in the first case
the stronger regularity will allow to use C!-bounding functions, while in the second case, C2-
bounding functions will be needed. Moreover, even when using C2-bounding functions, the
more regularity of the r.h.s. allows to obtain the result under weaker conditions. Let us note
that a similar approach was employed for problems with upper semicontinous r.h.s. without
impulses e.g. in [3,6] and for problems with upper-Carathéodory r.h.s. without impulses e.g.
in [4,24].

This paper is organized as follows. In the second section, we recall suitable definitions
and statements which will be used in the sequel. Section 3 is devoted to the study of bound
sets and Liapunov-like bounding functions for impulsive Dirichlet problems with an upper
semicontinuous rh.s. At first, C!-bounding functions with locally Lipschitzian gradients are
considered. Consequently, it is shown how conditions ensuring the existence of bound set
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change in case of C>-bounding functions. In Section 4, the bound sets approach is combined
with a continuation principle and the existence and localization result is obtained in this
way for the impulsive Dirichlet problem (1.1)—(1.3). Section 5 deals with the existence and
localization of a solution of the Dirichlet impulsive problem in case when the rh.s. is an
upper-Carathéodory mapping. In Section 6, the obtained result is applied to an illustrative
example.

2 Some preliminaries

Let us recall at first some geometric notions of subsets of metric spaces. If (X, d) is an arbitrary
metric space and A C X, by Int(A), A and dA we mean the interior, the closure and the
boundary of A, respectively. For a subset A C X and € > 0, we define the set N;(A) := {x €
X |dae A:d(x,a) <e},ie. Ng(A)is an open neighborhood of the set A in X.

For a given compact real interval ], we denote by C(J,R") (by C!(]J,R")) the set of all func-
tions x : ] — IR" which are continuous (have continuous first derivatives) on J. By AC!(J,R"),
we shall mean the set of all functions x : | — R" with absolutely continuous first derivatives
on J.

Let PAC!([0, T],R") be the space of all functions x : [0, T| — R" such that

X[O}(t), fort € [0,1],
X[”(t), fort € (tl, tz],

x[p](t), fort € (tp, T],

where xg) € AC'([0,11],R"), xp; € AC((t, ti41], R"), x(t) = lim,_,;+ x(t) € R and (") =
lim, ,,+ #(t) € R, for every i = 1,...,p. The space PAC!(]0, T],R") is a normed space with
the norm

Jx[| := sup [x(¢)[ 4+ sup [x(t)]. (2.1)
te[0,T] te[0,T]

In a similar way, we can define the spaces PC([0, T],R") and PC!([0, T],IR") as the spaces of
functions x : [0, T] — RR" satisfying the previous definition with xjq) € C([0,#],R"), x};) €
C((ti, ti+1],]Rn) or with X[O} S Cl([O, tl],lR”), X[i] € Cl((ti, ti+1],]Rn), for every i=1,.. - P,
respectively. The space PC!([0, T],IR") with the norm defined by (2.1) is a Banach space (see
[23, page 128]).

A subset A C X is called a retract of a metric space X if there exists a retractionr : X — A,
i.e. a continuous function satisfying r(x) = x, for every x € A. We say that a space X is
an absolute retract (AR-space) if, for each space Y and every closed A C Y, each continuous
mapping f : A — X is extendable over Y. If f is extendable only over some neighborhood
of A, for each closed A C Y and each continuous mapping f : A — X, then X is called an
absolute neighborhood retract (ANR-space). Let us note that X is an ANR-space if and only if it
is a retract of an open subset of a normed space and that X is an AR-space if and only if it is a
retract of some normed space (see, e.g. [2]). Conversely, if X is a retract (of an open subset) of
a convex set in a Banach space, then it is an AR-space (ANR-space). So, the space Cl(I, R"),
where ] C R is a compact interval, is an AR-space as well as its convex subsets or retracts,
while its open subsets are ANR-spaces.
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A nonempty set A C X is called an Rg-set if there exists a decreasing sequence {A,}$_; of
compact AR-spaces such that

A= An
n=1

The following hierarchy holds for nonempty subsets of a metric space:
compact+convex C compact AR-space C R;-set, (2.2)

and all the above inclusions are proper. For more details concerning the theory of retracts,
see [14].

We also employ the following definitions from the multivalued analysis in the sequel. Let
X and Y be arbitrary metric spaces. We say that ¢ is a multivalued mapping from X to Y
(written ¢ : X — Y) if, for every x € X, a nonempty subset ¢(x) of Y is prescribed. We
associate with F its graph I'r, the subset of X x Y, defined by

Tr:={(x,y) € XxY |y F(x)}.

Let us mention also some basic notions concerning multivalued mappings. A multivalued
mapping ¢ : X —o Y is called upper semicontinuous (shortly, u.s.c.) if, for each open U C Y, the
set {x € X | ¢(x) C U} is open in X.

Let F : | x R" — R" be an upper semicontinuous multimap and let, for all r > 0, exist
an integrable function y, : | — [0, c0) such that |y| < u,(t), for every (t,x) € J x R™, with
|x|] < r, and every y € F(t,x). Then if we consider the composition of F with a function
q € PCY([0,T],IR"), the corresponding superposition multioperator Pr(q) given by

Pr(q) = {f € L}([0, T;R™) : f(t) € F(t,q(t)) a.a. t € [0,T]},

is well defined and nonempty (see [12, Proposition 6]).

Let Y be a metric space and (Q), U, v) be a measurable space, i.e. a nonempty set () equipped
with a c-algebra U/ of its subsets and a countably additive measure v on ¢/. A multivalued
mapping ¢ : ) —o Y is called measurable if {w € Q| ¢(w) C V} € U, for each openset V C Y.
Obviously, every u.s.c. mapping is measurable.

We say that mapping ¢ : ] x R" — R”, where | C R is a compact interval, is an upper-
Carathéodory mapping if the map ¢(-,x) : ] —o R” is measurable, for all x € R", the map
@(t,-) : R™ — R" is u.s.c., for almost all ¢ € ], and the set ¢(t, x) is compact and convex, for
all (t,x) € ] x R™.

IfXNY #@and ¢ : X — Y, then a point x € XN Y is called a fixed point of ¢ if x € ¢(x).
The set of all fixed points of ¢ is denoted by Fix(¢), i.e.

Fix(¢p) :={x e X | x € ¢(x)}.

For more information and details concerning multivalued analysis, see, e.g., [2,8,18,21].

The continuation principle which will be applied in the paper requires in particular the
transformation of the studied problem into a suitable family of associated problems which
does not have solutions tangent to the boundary of a given set Q of candidate solutions. This
will be ensured by means of Hartman-type conditions (see Section 3) and by means of the
following result based on Nagumo conditions (see [27, Lemma 2.1] and [20, Lemma 5.1]).
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Proposition 2.1. Let i : [0, +00) — [0, +00) be a continuous and increasing function, with

2
2

and let R be a positive constant. Then there exists a positive constant
B = ¢ (¥ (2R) +2R) (2.4)

such that if x € PCY([0, T],R") is such that |%(t)| < y(|x(t)|), for a.a. t € [0,T], and |x(t)| < R,
for every t € [0, T, then it holds that |%(t)| < B, for every t € [0, T|.

Let us note that the previous result is classically given for C>-functions. However, it is easy
to prove (see, e.g., [5]) that the statement holds also for piecewise continuously differentiable
functions.

For obtaining the existence and localization result for the case of upper-Carathéodory
rh.s., we will need the following Scorza-Dragoni type result for multivalued maps (see [15,
Proposition 5.1]).

Proposition 2.2. Let X C R™ be compact and let F : [a,b] x X — R" be an upper-Carathéodory
map. Then there exists a multivalued mapping Fy : [a,b] x X — R" U {@} with compact, convex
values and Fy(t,x) C F(t,x), for all (t,x) € [a,b] x X, having the following properties:

(i) ifu:[a,b] - R™, v : [a,b] — R" are measurable functions with v(t) € F(t,u(t)), on [a,b],
then v(t) € Fo(t,u(t)), a.e. on [a,b];

(ii) for every € > 0, there exists a closed I C [a,b] such that v([a,b] \ I¢) < €, Fo(t, x) # @, for all
(t,x) € I x X and Fy is u.s.c. on I x X.

3 Bound sets for Dirichlet problems with upper semicontinuous
r.h.s.

In this section, we consider an u.s.c. multimap F and we are interested in introducing a
Liapunov-like function V, usually called a bounding function, verifying suitable transversality
conditions which assure that there does not exist a solution of the b.v.p. lying in a closed set
K and touching the boundary oK of K at some point.

Let K C R" be a nonempty open set with 0 € K and V : R” — R be a continuous function
such that

(H1) V] =0,
(H2) V(x) <0, forall x € K.

Definition 3.1. A nonempty open set K C R" is called a bound set for problem (1.1)-(1.3) if
there does not exist a solution x of (1.1)—(1.3) such that x(t) € K, for each t € [0,T], and
x(tp) € 9K, for some ty € [0, T].

Firstly, we show sufficient conditions for the existence of a bound set for the second-order
impulsive Dirichlet problem (1.1)—(1.3) in the case of a smooth bounding function V with a
locally Lipschitzian gradient.
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Proposition 3.2. Let K C RR" be a nonempty open set with 0 € K, F : [0,T] x R" x R" — R"
be an upper semicontinuous multivalued mapping with nonempty, compact, convex values. Assume
that there exists a function V. € C'(IR",R) with a locally Lipschitzian gradient V'V which satisfies
conditions (H1) and (H2). Suppose moreover that, for all x € oK, t € (0,T)\ {t1,...,tp} and
v € R" with

(VV(x),v) =0, (3.1)
the following condition holds
liminf LY/ ¥+ H0) 0+ hw) (3.2)
h—0~ h

for all w € F(t,x,0). Then all solutions x : [0, T] — K of problem (1.1) satisfy x(t) € K, for every
te [0, TI\ {t,...,tp}.

Proof. Let x : [0,T] — K be a solution of problem (1.1). We assume by a contradiction that
there exists t € [0, T] \ {t1,...,t,} such that x() € oK. Since x(0) = x(T) = 0 € K, it must be
te (0,7).

Let us define the function g in the following way g(h) := V(x(f + h)). Then g(0) = 0
and there exists @ > 0 such that ¢(h) < 0, for all h € [—a, a], i.e., there is a local maximum
for ¢ at the point 0, and ¢ € C!([—a,a],R"), so ¢(0) = (VV(x(t)),%(t)) = 0. Consequently,
x = x(t),v := x(t) satisfy condition (3 1).

Since VYV is locally Lipschitzian, there exist an open set U C R", with x(f) € U, and a
constant L > 0 such that VV|y is Lipschitzian with constant L. We can assume, without loss
of generality, that x(t + h) € U for all h € [—a, a].

Since g(0) = 0 and g(h) < 0, for all h € [—«,0), there exists an increasing sequence of
negative numbers {/i }z> ;such that iy > —a, i — 07 as k — oo, and ¢(hx) > 0, for each
k € N. Since x € C'([—a,0],R"), it holds, for each k € IN, that

x(E4 hy) = x(F) + h[%(F) + by, (3.3)

where b, — 0 as k — .
Since x([—a,0]) and x([—«,0]) are compact sets and F is globally upper semicontinuous
with compact values, F(-, x(-), %(-)) must be bounded on [—«, 0], by which x is Lipschitzian
n [—a,0]. Thus, there exists a constant A such that, for all k € IN,

(F+ hy) — %(F)

<A,
hy -
i.e. the sequence {= t+hk) }k | is bounded. Therefore, there exist a subsequence, for the
sake of simplicity denoted as the sequence, of {L} and w € R" such that

£+ 1) — (D)

I, —w (34)

as k — oo.

Let ¢ > 0 be given. Then, as a consequence of the regularity assumptions on F and
of the continuity of both x and % on [—a,0], there exists § = 6(¢) > 0 such that, for each
h € [—a,0], h > —4, it follows that

F(t+h,x(t+h),x(t+h)) C F(t,x(t),x(t)) + By,
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where B, denotes the unit open ball in R" centered at the origin. Subsequently, since F is
convex valued, according to the Mean-Value Theorem (See [8], Theorem 0.5.3), there exists
ke € IN such that, for each k > k,

uiths h;;i""(t) - /;hkx(s) ds € F(F,x(F), #(F)) + eBy.

Since F has compact values and ¢ > 0 is arbitrary,
w e F(tx(t),x(t)).

As a consequence of property (3.4) , there exists a sequence {a}>;, ax — 0 as k — oo, such
that

X(t+ hy) = %(F) + hg[w + ag], (3.5)
for each k € IN. Since h; < 0 and ¢(h) > 0, in view of (3.3) and (3.5),

OZSU%)_<VV@G+h@LxG+h@>

he hy
_ (VV(x(E) + me[2(E) + bi]), 2(F) + Ie[w + a])
hy '

Since by — 0 when k — +o0, it is possible to find ko € IN such that, for all k > ko, it holds

that x(f) + %(t)h € U, because U is open. By means of the local Lipschitzianity of V'V, for all
k > ko,

0> SU) o (VV(x(E) + i (h)), %(E) + hilw + ar])
- h hy
(VV (x(t) + hx(t)), x(f) + hew)

= I — L |bi| - |2 (8) + he[w + a]| + (VV (x(F) + hix (2)), ag).

— L |by| - [%(E) + hyw + ai]|

Since (VV (x(F) + i (F), ax) — L - |bi| - |2(F) + I + a]] — 0 as k — oo,

(VV(x(t) + hx(t)), x(t) + hw)

lim inf <0 3.6
imin j s 36
in contradiction with (3.2). Thus x(t) € K for every t € [0, T] \ {f1,...,tp}. O

Remark 3.3. It is obvious that condition (3.2) in Proposition 3.2 can be replaced by the follow-
ing assumption: suppose that, for all x € 9K, t € (0,T) \ {t1,...,t,} and v € R" satisfying
(3.1) the following condition holds

limin (VV(x +hv),v + hw)
h—0% h

>0, (3.7)

for all w € F(t,x,0).
Now, let us focus our attention also to the impulsive points ty,...,t,.

Theorem 3.4. Let K C R" be a nonempty open set with 0 € K, F : [0,T] x R" x R" — R"
be an upper semicontinuous multivalued mapping with nonempty, compact, convex values. Assume
that there exists a function V € CY(R",R) with a locally Lipschitzian gradient V'V which satisfies
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conditions (H1) and (H2). Furthermore, assume that A;, B;, i = 1,...,p, are real n X n matrices
such that A;, i =1,...,p, satisfy

Aij(0K) =0K, foralli=1,...,p. (3.8)

Moreover, let, for all x € 0K, t € (0,T) \ {t1,...t,} and v € R" satisfying (3.1), condition (3.2)
holds, for all w € F(t,x,v).
At last, suppose that, for all x € 0K and v € R" with

(VV(Aix),Bv) <0< (VV(x),v), forsomei=1,...,p, (3.9)
the following condition
liminf LY /(¥ HH0), 0+ hw) (3.10)
h—0~ h

holds, for all w € F(t;,x,v). Then K is a bound set for the impulsive Dirichlet problem (1.1)—(1.3).

Proof. Applying Proposition 3.2, we only need to show that if x : [0,T] — K is a solution
of problem (1.1), then x(¢;) € K, for alli = 1,...,p. As in the proof of Proposition 3.2, we
argue by a contradiction, i.e. we assume that there exists i € {1,...,p} such that x(t;) € oK.
Following the same reasoning as in the proof of Proposition 3.2, for t = t;, we obtain

(VV(x(t;)), x(t;)) >0,

because V(x(t;)) = 0and V(x(t)) <0, for all t € [0, T].

Moreover, according to the condition (3.8), V(A;(x(t;))) = 0 as well, and so we can apply
the same reasoning to the function §(h) = V(x(t; + h)) for h > 0 and (0) = V(x(t;")). Since
x € PCY([0, T],R"), also § € C'([0,4],R) and ¢(h) < 0 for h > 0 and ¢(0) = 0 imply ¢(0) <0,
ie.

0> (VV(Ai(x(t))), Bix(ti)).

Therefore, x := x(t;), v := x(t;) satisfy condition (3.9).

Using the same procedure as in the proof of Proposition 3.2, for = t;, we obtain the
existence of a sequence of negative numbers {f;}> ; and of point w € F(t;, x(t;),%(t;)) such
that

x(ti + i) — xX(t)
hi
By the same arguments as in the previous proof, we get

(VV (x(t:) + ht(t), 2(k:) + hw) _ (3.11)

—w ask — oo.

lim in
0 h

Inequality (3.11) is in a contradiction with condition (3.10), which completes the proof. O

Remark 3.5. If condition (3.10) holds, for some x € 9K, v € R" satisfying (3.9) and w €
F(t;,x,v), then, according to the continuity of VV,

(VV(x),v) =0. (3.12)
Indeed
lim inf (VV(x+ho) ot hw) _ liminf (VV(x+ o), v) +(VV(x + hv), w)
h—0~ h h—0~ h

which, since (VV(x),v) > 0, can be positive only if (3.12) holds.
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Definition 3.6. A function V : R" — R satisfying all assumptions of Theorem 3.4 is called a
bounding function for the set K relative to (1.1)—(1.3).

For our main result concerning the existence and localization of a solution of the Dirichlet
b.v.p., we need to ensure that no solution of given b.v.p lies on the boundary 0Q of a parameter
set Q of candidate solutions. In the following section, it will be shown that if the set Q is
defined as follows

Q:={q € PCY([0,T],R") | q(t) € K, foralltec [0,T]} (3.13)

and if all assumptions of Theorem 3.4 are satisfied, then solutions of the b.v.p. (1.1)-(1.3)
behave as indicated.

Proposition 3.7. Let K C IR" be a nonempty open bounded set with 0 € K, let Q C PC'([0, T], R")
be defined by the formula (3.13) and let F : [0,T] x R" x R" — R" be an upper semicontinuous
multivalued mapping with nonempty, compact, convex values. Assume that there exists a function
V € CHR",R) with a locally Lipschitzian gradient V'V which satisfies conditions (H1) and (H2).
Moreover, assume that A;, B;, i =1,...,p, are real n X n matrices such that A;, i =1, ..., p, satisfy
(3.8).

Furthermore, suppose that, for all x € 0K, t € (0,T)\ {t1,...,t,} and v € R" satisfying (3.1),
condition (3.2) holds, for all w € F(t,x,v), and that, for all x € 0K and v € R" satisfying (3.9), the
condition (3.10) holds, for all w € F(t;, x,v). Then problem (1.1)—(1.3) has no solution on 0Q.

Proof. One can readily check that if x € 9Q, then there exists a point t, € [0, T| such that
x(ty) € oK. But then, according to Theorem 3.4, x cannot be a solution of (1.1)—(1.3). O

Let us now consider the particular case when the bounding function V is of class C2. Then
conditions (3.2) and (3.10) can be rewritten in terms of gradients and Hessian matrices and
the following result can be directly obtained.

Corollary 3.8. Let K C R" be a nonempty open bounded set with 0 € K, let Q C PC'(]0, T], R")
be defined by the formula (3.13) and let F : [0, T] x R" x R" — R" be an upper semicontinuous
multivalued mapping with nonempty, compact, convex values. Assume that there exists a function
V € C?(R", R) which satisfies conditions (H1) and (H2). Moreover, assume that A;, B;, i=1,...,p,
are real n X n matrices such that A;, i =1,...,p, satisfy (3.8).

Furthermore, suppose that, for all x € oK and v € R" the following holds:

if (VV(x),0) =0, then (HV(x)v,v)+ (VV(x),w) >0, (3.14)
forallt € (0,T)\{t1,...,tp} and w € F(t,x,v), and fixedi =1,...,n
if (VV(Aix),Bjv) <0< (VV(x),v) then (HV(x)v,v)+ (VV(x),w) >0, (3.15)
forall w € F(t;,x,v). Then problem (1.1)—(1.3) has no solution on 0Q.

Proof. The statement of Corollary 3.8 follows immediately from Remark 3.5 and the fact that
if V € C2(R",R), then, for all x € 9K, t € (0,T), v € R" and w € F(t, x,v), there exists

lim (VV(x + hv), 0+ hw) lim (VV(x + hv),v+ hw) — (VV(x),0)
h—0 h h—0 h

= (HV(x)v,v) + (VV(x),w). O
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Remark 3.9. In conditions (3.2), (3.10), (3.14) and (3.15), the element v plays the role of the
first derivative of the solution x. If x is a solution of (1.1)—(1.3) such that x(t) € K, for every
t € [0,T|, and there exists a continuous increasing function ¥ : [0,c0) — [0, o) satisfying
condition (2.3) and such that

F(t,c,d)| < p(/d]), (3.16)

for a.a. t € [0,T] and every c¢,d € R" with |¢|] < R := max{|x| : x € K}, then, according
to Proposition 2.1, it holds that |%(t)| < B, for every t € [0, T], where B is defined by (2.4).
Hence, it is sufficient to require conditions (3.2), (3.10), (3.14) and (3.15) in Proposition 3.2,
Theorem 3.4 and Corollary 3.8 only for all v € R" with |v| < B and not for all v € R".

4 Existence and localization result for the impulsive Dirichlet prob-
lem with upper semi-continuous r.h.s.

In order to obtain the main existence theorem, the bound sets technique described in the
previous section will be combined with the topological method which was developed by
ourselves in [25] for the impulsive boundary value problems. The version of the continuation
principle for problems without impulses can be found e.g. in [7].

Proposition 4.1 ([25, Proposition 2.4]). Let us consider the b.v.p.

4.1
x €S, @D

{X(t) € F(t,x(t),%(t)), foraa te|0,T],

where F : [0,T] x R" x R" — R" is an upper-Carathéodory mapping and S is a subset of
PCY([0, T],IR™). Let H : [0, T] x R*" x [0,1] —o R" be an upper-Carathéodory mapping such that

H(t,c,d,c,d,1) C F(t,c,d), forall (t,c,d) € [0,T] x R*". (4.2)

Assume that

(i) there exists a retract Q of PC([0, T],R"), with Q \ 9Q # @, and a closed subset Sy of S such
that the associated problem

{x(t) € H(t, x(t),%(t),q(t),q(t),A), foraa. tel0,T], (4.3)

X €S
has, for each (q,\) € Q x [0,1], a non-empty and convex set of solutions (g, A);
(ii) there exists a nonnegative, integrable function « : [0, T| — R such that
[H(t, x(t), %(),q(t),4(8), A)| < a(t)(1+ [x(t)| + |x(t)[), foraa. te]0,T],
forany (q,A,x) € T'g;
(iii) T(Qx {0}) C Q;

(iv) there exist constants My > 0, My > 0 such that |x(0)] < My and |%(0)| < M;, for all
x € T(Q x [0,1]);

(v) the solution map (-, A) has no fixed points on the boundary 0Q of Q, for every A € [0,1).
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Then the b.v.p. (4.1) has a solution in S; N Q.

Remark 4.2. The condition that Q is a retract of PC!([0, T],IR") in Proposition 4.1 can be re-
placed by the assumption that Q is an absolute neighborhood retract and ind(%(+,0), Q, Q) # 0
(see, e.g., [2]). It is therefore possible to assume alternatively that Q is a retract of a convex sub-
set of PC1([0, T],IR") or of an open subset of PC!([0, T], R") together with ind(Z(-,0), Q, Q) #0.

The solvability of (1.1) will be now proved, on the basis of Proposition 4.1. Defining
namely the set Q of candidate solutions by the formula (3.13), we are able to verify, for each
(9,A) € Q x[0,1), the transversality condition (v) in Proposition 4.1.

Theorem 4.3. Let K C R" be a nonempty, open, bounded and convex set with 0 € K and let
us consider the impulsive Dirichlet problem (1.1)~(1.3), where F : [0, T] x R" x R" — R" is an
upper semicontinuous multivalued mapping, 0 = to < t; < --- < t, < tpy1 = T,p € N, and
Ai, Bi, i=1,...,p,are real n X n matrices with A;j0K = 0K, foralli =1, ..., p. Moreover, assume
that

(i) there exists a function B : [0,00) — [0,00) continuous and increasing satisfying
2
s
lim ——ds = oo

% B)

such that
|E(t,c,d)| < B(|d]),

for a.a. t € [0, T and every c,d € R" with |c| < R := max{|x| : x € K};

(ii) the problem

¥(t) =0, fora.a. t €[0,T],

x(T) =x(0) =0,

x(tf) =Aix(t), i=1,...,p, (44)
x(th)=Bix(t;), i=1,...,p,

has only the trivial solution;

(iii) there exists a function V € C'(R",R), with V'V locally Lipschitzian, satisfying conditions (H1)
and (H2);

(iv) forall x € 0K and v € R" with |v| < B~1(B(2R) + 2R), the inequality

liming (VV(x + hv),v+ hAw)

>0
h—0- h

holds, for all t € (0, T) \ {t1,...,tp},A € (0,1) and w € F(t,x,v) if (VV(x),v) = 0 and for
all A € (0,1),w € F(t;,x,0) if (VV(A;x),Bjv) <0< (VV(x),0).
Then the Dirichlet problem (1.1)~(1.3) has a solution x(-) such that x(t) € K, for all t € [0, T].

Proof. Define
B =B (B(2R) + 2R),

S=5,=Q:={gqePCY[0,T],R") | q(t) € K, |4(t)| <2B, forall t € [0,T]}
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and H(t,c,d,e, f,A) = AF(t,e, f). Thus the associated problem (4.3) is the fully linearized
problem

4.5
t) = Ax(t), i=1,...,p, (45)

x(t7) = Bix(t), i=1,...,p.
For each (q,A) € Q x [0,1], let (g, A) be the solution set of (4.5). We will check now that all
the assumptions of Proposition 4.1 are satisfied.

Since the closure of a convex set is still a convex set, it follows that Q is convex, and hence
a retract of PC'(]0, T],IR"). Moreover,

IntQ = {q € PCY([0, T],R") | q(t) € K, |§(t)| < 2B, forall t € [0,T]} # @,
since K is nonempty.
Notice now that, for every t € [0, T],¢,d € R", the inequality
[H(t,e, fe,d,A)| = AlF(t,e, )] < BIf]) (4.6)

holds. Hence, denoting z = (c,d, e, f,A) € R**1, since |f| < |z|, when |z| < r, the monotonic-
ity of B implies that |H(t,¢,d, e, f,A)| < B(r), which ensures, for every g € Q, the existence of
fq € Pr(q). Giveng € Q, A € [0,1], and a L'-selection f,(-) of F(-,4(),4(-)), let us consider
the corresponding single valued linear problem with linear impulses

X(t) = Afq(t), fora.a. t € [0,T],
x(T) =x(0) =0,

x(t) =Aix(t), i=1,...,p, *4.7)
x(t7) =Bix(t;), i=1,...,p.
Clearly, for all g € Qand A € [0,1],
T(q,A) ={xxp, € PC([0, T],R") : x)f, is a solution of (4.7), for some f; € Pr(q)}.
Using the notation
Bi(T—t)+ Aify if p=1
4 4 [ . (4.8)
[1BU(T—tp) +[TAti + YT [A [ Bi(tj —tji-1) if p>2,
1=1 k=1 j=2k=j I=1
it is easy to prove that the initial problem
¥(t) =0, fora.a. t € [0,T],
x(0) =0,
x(t)=Aix(t), i=1,...,p,

x(t7)=Bix(t;), i=1,...,p
has infinitely many solutions given by
X% (0)t if t € [0,t1],
leo(O)(t — 1) +A1x0(0) 1 if t € (t1, 1]

HBZ (t—t;) +HAkt1+ZHAkHBl (tj—ti1)[%0(0) ift € (t,tisa], 2<i<p
j=2k=j =1

X()(t) =
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with %0(0) € R". Since x¢(T) = 0 if and only if Cxy(0) = 0, assumption (ii) holds if and only
if C is regular. Then (4.7) has a unique solution given by

foq(O)t—l—A/Ot(t —D)f ()T ifte[0,h],
Butag O)(t — )+ [ (6= DT+ Bt = 1A [ (o) + Avtay Ot

+ AlA/tl(tl —T)fs(T)dT if t € (t1,t2],

ILIBZJ'C/\fq(O) +/\/ t—qu dT—I— ZHB[ t—t )\/ fq

X, (H) = { =1 | r=11=r

+ H Arxag, (0)t1 + H AkA/ (b — ) f,(T)dT

+ ZﬁAk [HB,fo i —ti1) +A/t.t_j (ti — 1) fy(T)dT

J=2k=j
k—1k—

+ZHBZt—t]1/\/ folt dr} ift € (t;,ti41], 2<i<p

L r=1I=r

with

%1, (0) = —C~1 (A/tlT(T—r)fq(r)dHBl(T—tl)A/O“ fq(r)dHAlA/O“(tl —T)fq(T)dT>

4.9)
if p=1and
0 == (4 (T =@+ L TTBT =2 [ fie
+HAkA / (= 1)f,(T)dt (4.10)
—1k-1 t,
+]22HA,<[A/ dT+r21 HB; tjl)A/trlfq(r)er

if p > 2. Therefore T(q,A) # @. Moreover, given x1,x2 € T(g,A), there exist fql, fq2 such that
X1 = Xpp and x, = x, 2 Since the right-hand side F has convex values, it holds that, for any
ce€[0,1] and t € [0,T],cf (t) + (1 —c)f7(t) € F(t,q(t),4(t)) as well. The linearity of both
the equation and of the impulses yields that cx; + (1 —¢)xp = Xefi4(1-c)f2r 1€ that the set of
solutions of problem (4.5) is, for each (q,A) € Q x [0,1], convex. Hence assumption (i) of
Proposition 4.1 is satisfied.

Moreover, from (4.6), we obtain that, for every A € [0,1],9 € Q,x € T(q,7),

[H(t, x(t),1(8),9(¢),4(8), Al < B(|4(1)]) < B(2B) < B(2B)(1 + |x ()] + [x(¢)]), (4.11)

thus also assumption (ii) of the same proposition holds.

The fulfillment of condition (ii7) in Proposition 4.1 follows from the fact that, for A = 0,
problems (4.7) and (4.4) coincide and the latter one has only the trivial solution. Hence,
%(g9,0) =0 € IntQ, because 0 € K.
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For every A € [0,1], ¢ € Q and every solution x,;, of (47), |xf,(0)| = 0. Moreover,
according to assumption (i) and formulas (4.9) and (4.10),

i, 0)] < €| B2B) ;T2 + T2 B 62B) + ;T2 Ar28)|

_ 1 1
=TI p2B) | + 1Bl + ]

if p=1and
p
1,01 < 171 | 3726(28) + T TTI:] - 2
=1
p 14 p
T IAdB) + T TI [T A -ﬁ@B)}
=1 =1 =1

B 1 27 p p p
=72 p(28) |5 + TTIB + TT 14l + TT1BA TT 144
=1 k=1 =1 k=1

if p > 2. Therefore there exists a constant M; such that |%(0)| < M, for all solutions x of (4.5).
Hence, condition (iv) in Proposition 4.1 is satisfied as well.

At last, let us assume that q. € Q is, for some A € [0,1), a fixed point of the solution
mapping T(-,A). We will show now that g, can not lay in 0Q. We already proved this property
if A = 0, thus we can assume that A € (0,1). From (4.11), we have, for a.a. t € [0, T], that

|G()] = AE(E, q:(8), 4« (£))] < B(14+(£)])-

Therefore, since |g.(t)| < R, for every t € [0, T|, Proposition 2.1 implies that |.(¢)| < B < 2B,
for every t € [0, T]. Moreover, according to Theorem 3.4 and Remark 3.9, hypotheses (iii) and
(iv) guarantee that g.(t) € K, for all t € [0, T]. Thus q. € Int Q, which implies that condition
(v) from Proposition 4.1 is satisfied, for all A € [0,1), and the proof is completed. O

Remark 4.4. An easy example of impulses conditions guaranteeing assumption (ii) in Theo-
rem 4.3 are the antiperiodic impulses, i.e. A; = B; = —I, for every i = 1,..., p. In this case,
the matrix C = (—1)PT1I (see [25]) and it is clearly regular. If p = 1 condition (ii) holds also
e.g. for Ay = —I and By = I provided T # 2t;.

5 Existence and localization result for the impulsive Dirichlet prob-
lem with upper-Carathéodory r.h.s.

In this section, we will study the impulsive Dirichlet b.v.p. (1.1)-(1.3) with an upper-Carathéo-
dory rh.s. and we will develop the bounding functions method with the strictly localized
bounding functions also in this more general case. The technique which will be applied
for obtaining the final result consists in replacing the original problem by the sequence of
problems with non-strict localized bounding functions which satisfy all the assumptions of
the following result developed by ourselves recently in [25].

Proposition 5.1 ([25, Theorem 4.1 and Remark 4.3]). Let K C R" be a nonempty, open, bounded
and convex set with 0 € K and let us consider the impulsive Dirichlet problem (1.1)—(1.3), where
F:[0,T] x R" x R" — R" is an upper-Carathéodory multivalued mapping, 0 = tp < t < --- <
tp <tpy1 =T,p € N,and A;, B;, i = 1,...,p, are real n x n matrices with A;0K = 9K, for all
i=1,...,p. Moreover, assume that



Impulsive Dirichlet problem for second-order inclusions 15

(i) there exists a function ¢ : [0,00) — [0, 00) continuous and increasing satisfying

lim >4 (5.1)
m ——ds = &0 .
S—300 gp(s)
such that

|F(t,c,d)| < o(|d]), (5.2)

for a.a. t € [0, T] and every c,d € R" with |c| < R := max{|x| : x € K};

(ii) the problem

) =0, foraa. t €]0,T],

5.3
t‘Jr):Aix(ti), i:1,...,p, ( )
tlJr) IijC(fj), izl,...,p,

has only the trivial solution;

(iii) there exists a function V € C'(R",R), with V'V locally Lipschitzian, satisfying conditions (H1)
and (H2);

(iv) there exists € > 0 such that, for all A € (0,1),x € KN N(9K), t € (0,T), and v € R", with
|| < 971 (@(2R) + 2R), the following condition

(HV(x)v,v) +(VV(x),w) >0 (5.4)
holds, for all w € AF(t,x,v);

(v) foralli=1,...,p,x € 0K and v € R", with |v| < ¢~ (¢(2R) +2R) and (VV (x),v) # 0, it
holds that
(VV(Ax),Bjv) - (VV(x),v) > 0.

Then the Dirichlet problem (1.1)—(1.3) has a solution x(-) such that x(t) € K, forall t € [0, T].

Approximating the original problem by a sequence of problems satisfying conditions of
Proposition 5.1 and applying the Scorza-Dragoni type result (Proposition 2.2), we are already
able to state the second main result of the paper. The transversality condition is now required
only on the boundary 9K of the set K and not on the whole neighborhood K N N¢(9K), as in
Proposition 5.1.

Theorem 5.2. Let K C R" be a nonempty, open, bounded and convex set with 0 € K and let
us consider the impulsive Dirichlet problem (1.1)—(1.3), where F : [0, T] x R" x R" — R" is an
upper Carathéodory multivalued mapping, 0 = to < t; < -+ < tp < tpy1 = T,p € N, and
Ai, Bi, i=1,...,p,are real n X n matrices with A;j0K = 0K, foralli =1, ..., p. Moreover, assume
that

(i) there exists a function B : [0,00) — [0,00) continuous and increasing satisfying
lim > ds — oo
s—oo B(s) o
such that
[F(t,c,d)| < B(ld]),
for a.a. t € [0, T] and every c,d € R" with |c| < R := max{|x| : x € K};
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(ii) the problem

5.5
H)=Ax(t), i=1..,p, (5.5)
B

tF) =Bix(t;), i=1,...,p,

has only the trivial solution;

(iii) there exists h > 0 and a function V € C*(R",R), with HV (x) positive semidefinite in Nj,(9K),
satisfying conditions (H1), (H2);

(iv) forall x € 9K and v € R", with |v| < B~1(B(2R) + 2R), the inequality
(VV(x),w) >0
holds for all t € (0, T) and w € F(t,x,v);

(v) foralli=1,...,p,x € 0K and v € R", with |v| < B~Y(B(2R) + 2R) and (VV (x),v) # 0, it
holds that
(VV(Aix),Bjv) - (VV(x),v) > 0.

Then the Dirichlet problem (1.1)—(1.3) has a solution x(-) such that x(t) € K, for all t € [0, T].

Proof. Since V € C%*(R",R), the function x — |VV(x)| is continuous on the compact set
0K, and hence there exists k > 0 such that |[VV(x)| > 0 for every x € Ni(dK). Define § =
min{h, k}. According to Urysohn’s Lemma, there exists a function p € C(R",[0,1]) such
that p=1¢€ N; (0K) and u = 0 € R"\ Ns(dK). Take a sequence of positive numbers {e, }
decreasing to zero, an open and bounded set G, with K C G, and L > B~ !(B(2R) + 2R).
According to Proposition 2.2 there exist a monotone decreasing sequence {6,, } of open subsets
of [0, T] and a measurable multimap F : [0,T] x G x {v € R" : |o| < L} — R" such that
v(0m) < €m, Fo(t,x,0) C F(t x,v) and Fy is u.s.c. on ([0, T]\ 6) x G x {v € R" : |v| < L} for
every m € IN. Trivially v(N$_,6,,) = 0 and limy, . Xp,, (t) = O for every £ & N5_,6,,
Define, for each m € N, (¢, x,v) € [0, T] x R" x R",

- Fo(t, x,0) +2p(x)B(|0))Xe, (H) ey if ¥ € Gand [o| < L
m /x/v -
F(t,x,0) + 2y(x)ﬁ(]v|))(9m(t)%, otherwise.

Since 6 < k, we have that u(x) = 0 for x € R" \ Ny(dK) and VV(x) # 0 in N;(dK), hence
it follows that F,, is well defined. Since u and B are continuous, V is of class C2,G is open,
Fyo(t,x,v) C F(t,x,v), and F is an upper-Carathéodory map, F, is a Carathéodory map as
well.

Let us now prove that problem

%(t) € Fu(t, x(t),%(t)), foraa.tel0,T]

x(T) =x(0) =0,

x(t1) = Aix(t;), i=1,...,p, 56
x(tl"’) :BiX(ti), iZl,...,p.

satisfies the assumptions of Proposition 5.1.
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First of all notice that, since 0 < p(x) < 1,0 < xy,(t) <1, for every x € R",t € [0, T}, it
holds, according to (i),

[En(t,c,d)| < [E(t,c,d)| +2B(|d]) < 3p(|d]),

for every (t,c,d) € t x R" x R" with |c| < R. Thus condition (i) of Proposition 5.1 is satisfied
by the continuous increasing function ¢ = 3p, since it clearly holds that

s2 1 S

li — = oo.

se@ow - 55113}0 ﬁ(s)

2

Moreover, conditions (ii) and (iii) imply the analogous conditions in Proposition 5.1.
Let us now observe that, since ¢(s) = 3B(s), then ¢~!(s) = B~1(5), which is an increasing
function, as inverse of an increasing function. Hence

o (ol2R) +2R) = p (PRI — 5 (p(ar) + R ) < b (B(2R) +28).

Therefore, condition (v) implies the analogous condition of Proposition 5.1. Moreover, for
every A € (0,1),x € KN N%(BK), t€ (0,T), and v € R", with |v| < ¢ 1 (@(2R) +2R),w; €
AFy(t, x,0),

(HV (x)v,0) + (VV(x),w1) = (HV (x)v,0) + A[(VV(x), w) + 2u(x) ([0 xe,, () [VV (x)]]
) +2B(Jo])xe, (1) [VV (x)]].

I
T
=
o)
8
G
=
<
=
b
g

Then, if t € [0, T] \ O
(HV(x)v,0) + (VV(x),w1) = (HV(x)v,v) + AM(VV(x),w) > M(VV(x),w),

with w € Fy(t,x,v), because KN Ns(0K) C K C G and ¢ !(¢(2R) +2R) < B~ }(B(2R) +
2R) < L. Since V is of class C?, F is w.s.c. on the compact set ([0, T] \ 0) X 0K x {v € R" :
lo] < ¢ 1 (@(2R) +2R)}, and Fy is compact valued, condition (iv) implies that there exists
k1 > 0 such that

(VV(x),w) >0

for every t € [0,T] \ 0, x € KN N, (0K),v € R" : |v| < ¢71(¢(2R) +2R),w € F(t, x,0).
Hence,
(HV (x)v,v) + (VV(x),w1) > A(VV(x),w) >0,

forall A € (0,1),t € [0,T]\ 6, x € KN N, (0K),v € R" : o] < ¢ 1 (¢(2R) +2R),wy €
AFy(t, x,0).

On the other hand, if t € 6,,, since x € N% (0K) and h > ¢,

(HV (x)v,0) + (VV(x), w1) = A[(VV(x),w) +2([o])[VV (x)]]

> A=+ 28| YV ()] > AB(o) [V ()| > 0.
Condition (iv) in Proposition 5.1 follows taking € = min{ky, §}.

Applying Proposition 5.1 we obtain that, for every m € IN, there exists a solution x,, of
(5.6) such that x,,(t) € K and |%,,(t)| < ¢~ 1(@(2R) 4 2R), for every t € [0, T]. Hence |, (t)| <
®(2R) + 2R for every t € [0, T]. The Ascoli-Arzela theorem implies that {x,,} — x uniformly
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in C1([0, T],R") and %,, — & weakly in L!(]0, T], R"). Thus x(t) € K, |#(t)| < ¢ "1 (¢(2R) +2R)

[ee]

for every t € [0, T], and x satisfies (1.2)-(1.3). Moreover, since v(N5_16,,) = 0,

lim 2y(xm(t)),5(‘xm(t)‘)Xf’m(t)m .

m—00
for a.a. t € [0, T]. Consequently, a standard limiting argument (see e.g. [28, Theorem 3.1.2])
implies that x is a solution of

%(t) = Fo(t, x(t), x(t))
and, since Fy(t, x(t), x(t)) C F(t, x(t), %(t)), a solution of the problem (1.1)—(1.3). O

Remark 5.3. Both Theorems 4.3 and 5.2 give an existence result for an impulsive Dirichlet
boundary value problem with a strictly localized bounding function respectively for u.s.c.
and upper-Carathéodory multimap. However Theorem 5.2 does not represent an extension of
Theorem 4.3, since the first one deals with a C2-bounding function, while the second one is
related to a C!-bounding function and can not be easily extended to the Carathéodory case.

In the case when the multivalued mapping F is u.s.c. and the bounding function V is of
class C?, i.e. when it is possible to apply both theorems, conditions of Theorem 4.3 are weaker
than assumptions of Theorem 5.2. In fact, in this case, according to Corollary 3.8, condition
(iv) of the first theorem reads as

(HV(x)v,v) + AM(VV(x),w) >0
for every x € 9K, A € (0,1), v € R", with |v| < B~1(B(2R) + 2R), and for every t € [0,T] \
{ti,...,tp},w € F(t,x,v) if (VV(x),v) # 0, or for every w € F(t;, x,v) if (VV(A;x), Biv) <
0 < (VV(x),v), which are implied by assumptions (iii) and (iv) of the second theorem.
6 An application of the main result
As an application of Theorem 5.2, let us consider the second-order inclusion
%(t) € a(t)x(t) + h(t,x(t))), fora.a.tel0,T), (6.1)

together with antiperiodic impulses and Dirichlet boundary conditions

x(th) = —x(t), i=1,...,p, (6.2)
x(th) = —x(t), i=1,...,p, (6.3)
x(0) =x(T) =0, (6.4)

where 0 = tg < t; < --- < t, < tppq = T, p € N. Assume that a € L°([0, T], R), with
llall > 0,and h : [0, T] x R — R is an upper-Carathédory multivalued mapping with

h(t,y)] < a(t)g(y)

for some « € L*([0, T|,R), g € C(R,R).

When £ is a function, the impulsive Dirichlet boundary value problem associated to the
single valued equation %(t) = a(t)x(t) + h(t, x(t)) represents a generalization of a wide class
of equations which are widely studied in literature (see, e.g., [1,13,16,26,29]) for its several
applications (including biological phenomena involving thresholds, models describing pop-
ulation dynamics or inspection processes in operations research). Much more rare are the
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results concerning the multivalued case which can be e.g. used for modelling optimal control
problems in economics.

We will show now that, under very general conditions, the Dirichlet multivalued problem
(6.1), (6.4) together with impulse conditions (6.2), (6.3) satisfies all the assumptions of Theorem
5.2. On this purpose, let us consider the nonempty, open, bounded, convex and symmetric
neighbourhood of the origin K = (—k, k), with k to be specified later, and the C2-function
V(x) = 1(x* — k?) that trivially satisfies conditions (H1) and (H2).

In order to verify condition (7), let us define the continuous and increasing function

Bd) = ||aflcod + [|aflg, forall d € [0, +c0),

where § = max|y|<|g(x)|. The function B obviously satisfies (5.1) and F(t,c,d) := a(t)d +
h(t,c) satisfies (3.16), for all t € [0, T] and all ¢, d € R, with |c| < k.

Assumption (ii) holds as well since, according to Remark 4.4, the associated homogeneous
problem has only the trivial solution.

Condition (iii) follows from the fact that V(x) = x and V(x) = 1, for every x € R.

Notice moreover that, whenever xv # 0, then (—x)(—v)xv = x?v?> > 0, hence also condi-
tion (v) holds.

Finally, since B7(d) = ——(d — ||a|~g), we easily get that

l[alleo

B (B(2k) + 2k) = 2k<1 + 1),

1a]]eo

Thus condition (iv) reads as

a(t)xv +xw > 0 (6.5)
for every t € [0, T], x with |x| = k, v with |v| < 2k(1+ m) and w € h(t, x). Taking x = k we
then get w > —a(t)v, for every w € h(t, k). Since the previous condition must hold both for

positive and negative values of v, h(t, k) must take only positive values and the transversality
condition is satisfied if

1

w > HaHooZk(l +
[alleo

) — k(o + 1) Ve h(tk).

Similarly,taking x = —k we get that (6.5) is equivalent to w < —a(t)v, for every w € h(t, —k)
which is satisfied only if w is negative. A sufficient condition then becomes

w < —2k(||al| +1)  Vw € h(t,—k).
Thus condition (iv) holds if there exists k > 0 such that for every wy € h(t, k), w, € h(t,—k),
wy > 2k(||a]|ee +1) and  wy < —2k(||a||e +1). (6.6)
The previous result can be stated in the form of the following theorem.

Theorem 6.1. Assume that a € L*([0,T],R), with ||a|lc > 0, h : [0,T] x R — R is an upper-
Carathédory multivalued mapping with

At y)| < a(t)g(y),

for some « € L®([0,T],R), g € C(R,R). Moreover, assume that there exists k > 0 such that, for
every t € [0, T], and w € h(t, k),
w > 2k([|alje +1)
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and that, for every t € [0, T], and w € h(t, —k),
w < —2k(||al|e +1).
Then problem (6.1)—(6.4) has a solution x(-) such that |x(t)| <k, for every t € [0, T].

Remark 6.2. Suppose that, in (6.1), h(t,x) = v(t) + a(t) f(x), where f is an odd semicontin-
uous multimap and «,y € L®([0, T],R). Then (6.6) is equivalent to require the existence of
k > 0 such that, for every t € [0, T},

a(t)f (k) > 2k(lalloo +1) = (t).
If a(t) > a > 0, for every t € [0, T], then (6.6) is equivalent to
af (k) > 2k([[alleo +1) = |7 [leo,

where v~ (t) = min{0,y(#) }, which holds, e.g., if f is superlinear at infinity, which is true in
many applications. The superlinearity of f at infinity is a sufficient condition also if a(t) <
—u < 0, for every t € [0, T]. Notice that the obtained solution is a nonzero function whenever
7 is a nonzero function.
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