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Abstract

The form of the thesis is a commentary on a collection of eight scholarly papers devoted
to studies of the second-order half-linear differential equations. We are interested mainly
in the qualitative theory and asymptotic properties of studied equations, focusing on the
applicability of the so-called modified Riccati technique. With its use, it is possible to
investigate especially conditionally oscillatory equations, which occur at the threshold
between oscillation and nonoscillation, and their perturbations. After the introductory part
presenting the historical background and the methodology, the results providing concrete
asymptotic formulas are commented. The next sections sum up our results in the form of
various oscillation and nonoscillation criteria for ordinary and neutral half-linear equations.
In the end, the numerical approach to finding approximate solutions of half-linear Euler-
type equations, which makes use of the differential transformation method, is introduced.
The thesis is concluded with a list of possible future directions of research.
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Preface

Since establishing the foundations of calculus, differential equations are one of the most
widely used tools for describing continuous real processes. The object of our interest -
half-linear second-order differential equations - can be seen either as a generalization of
ordinary linear second-order differential equations or as a scalar case of partial differential
equations with p-Laplacian. The qualitative theory of half-linear equations has been deeply
developed during the last decades and its research still continues.

The thesis is based on the papers [65, 66, 67, 109, 110, 111, 112, 114]. In the body of
the thesis, their results are summarized and commented, and printouts of the full versions
are enclosed at the end in the form of an attachment.

The work is organized as follows. In the first chapter, we provide a brief introduction
to the topic in the historical context and present the main proving techniques used in our
research. The second chapter is devoted to studies of asymptotic formulas for nonoscillatory
solutions of the so-called conditionally oscillatory half-linear differential equations ([109,
110]). The third chapter brings a variety of oscillation results in the form of integral
oscillation and nonoscillation criteria ([65, 66, 111]). An extension of some oscillation
criteria to neutral half-linear differential equations is presented in the fourth chapter ([67]).
In the last chapter, we change our perspective and turn our attention to numerical methods
for finding approximate solutions of half-linear second-order differential equations, in
particular to application of the differential transformation method to Euler type half-linear
equations without delay and with proportional delay ([112, 114]).

I would like to express my thanks to my coauthors for their fruitful cooperation and for
motivation.

My greatest gratitude goes in memoriam to Professor Ondiej DoSly for his kindness,
willingness, patience, guidance, and inspiration.



Chapter 1

Introduction

The object of study of the thesis is mainly the half-linear second-order differential equation
of the form
(r() )" + (1) P(x) =0, (1.1)

where ®(x) := |x|P~!sgnx, p > 1, and r,c are continuous functions, r(t) > 0. For p =2
equation (1.1) reduces to the second-order linear Sturm-Liouville differential equation
(also called second-order homogenous self-adjoint equation)

(r(t)x") +c(t)x = 0. (1.2)

From this point of view, the study of the properties of its generalization (1.1) is a natural
direction of research.

On the other hand, half-linear equation (1.1) can be achieved as a transformation of
some partial differential equations with the so-called p-Laplacian

Apu = div (||Ou|[P~20u),

where for u(x) = u(xy,...,xy), N € N, the symbol Ou stands for the Hamilton nabla
operator and div denotes the usual divergence operator. If u is a radially symmetric
function and ¢ = ||x||, then the transformation u(x) = y(¢) reduces the partial differential
p-Laplacian operator to the ordinary differential operator

_d
- dr’

In this connection half-linear equation (1.1) with () = 1 can be considered as a class
of differential equations with the one-dimensional p-Laplacian. Origins of p-Laplacian
are described, for example, in the paper [4]. Accordingly, the history of p-Laplacian is
closely linked to applications in the filtration of fluids through porous media and nonlinear
non-Newtonian fluid dynamics. Another application can be found, for example, in [2].
Here p-Laplacian is used to model a non-homogenous diffusion to determine the height of
a growing pile of noncohesive sand, where an ordinary differential equation arises in the
limit case of “infinitely fast/slow” diffusion (see also [107]).

Furthermore, half-linear equation (1.1) appears as a special case of the quasilinear
equation of the form

(r(1)®p, () + c(t)Pp, (x) =0, Dy, (x) = x|~ sgnx, P, (x) = x>~ sgnx, (1.3)

Bpu(x) =1t~ oy (1)),

_2_
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where py,p> > 1 and the coefficient functions r, ¢ satisfy the same assumptions as in
equation (1.1). If p; = p», then equation (1.3) reduces to equation (1.1). In this context,
half-linear equation (1.1) can be understood as the borderline between the so-called super-
half-linear and sub-half-linear equations, when p; > p»> and p; < p», respectively. In the
qualitative theory of quasilinear equation (1.3), half-linear equation (1.1) can be used for
comparison purposes.

Finally, the quasilinear equation (1.3) can be generalized to the following second-order
nonlinear equation of the form

(r()®(')) + F(x,1) =0,

where F(x,7) is a general nonlinear function. Half-linear equation (1.1), as its particular
case, can still play an important role in investigating even such general equations.

This chapter is devoted to an introductory treatise on the topic. The first section
attempts to present the historical background and the general scientific context of the
author’s results. In the second section, some relevant notions and the proving technique
common to a majority of the presented author’s results are recalled.

1.1 Historical background

According to the monograph [39], which is considered as a primer of half-linear equations,
the first results concerning the solution space of half-linear equations can be found in the
papers [5, 6] by Bihari from the years 1957-58. Equation (1.1) firstly appeared probably
in the year 1961 in [3], where the Riccati type transformation was introduced.

In Bihari’s paper [7] equation (1.1) was for the first time referred to as “half-linear”.
This designation comes from the fact that the solution space of (1.1) is only homogenous
butitis not additive (i.e., it has got only half of the linearity properties). In the late seventies,
Mirzov and Elbert published papers [104] and [55], respectively, which are considered as
the pioneering works of the theory of half-linear equations. In [55] the half-linear Priifer
transformation was presented. With its use, for the intervals where r(z) > 0 and r(z), c(t)
are continuous, the existence and uniqueness theorem for an initial value problem can be
proved. Hence solutions of (1.1) are extendable for arbitrarily large intervals.

In the following years, it was found out that the oscillation theory of half-linear equa-
tion (1.1) evinces many very similar aspects as that of linear equation (1.2). For example,
the half-linear version of Sturmian theory extends from the linear theory almost verbatim.
However, the missing additivity of the solution space of half-linear equations also causes
some differences, as, for example, the unavailable Wronskian identity and Fredholm alter-
native. These missing tools have to be overcome by new approaches, which, surprisingly,
sometimes lead to ways to obtain results that are new even in the linear case.

In the last decades of the 20th century and at the beginning of the new millennium,
the qualitative theory of half-linear equations was thoroughly developed by many authors.
A partial survey of the results was made in a chapter of the book [1] by Agarwal, Grace,
and O’Regan in 2002. Three years later, in the year 2005, the monograph by Dosly and
Rehak [39] was published, and since then, it has been widely used as a reference book
by many authors. The book exhaustively sums up the basics of the half-linear theory, as
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well as many branches of relevant research up to the year of publication. After 2005,
work on the research of half-linear equations has naturally continued. During this period,
until today, hundreds of papers dealing with equation (1.1) and with equations or their
systems generalizing it were published. Due to the content of this thesis, we consider
mainly ordinary differential equations. Concerning partial differential equations related to
half-linear equation (1.1), we refer, for example, to the group of authors around professor
Drébek from Pilsen (see, for example [52, 53]).

In the rest of the section, we try to indicate the main directions that the study of
equation (1.1) since 2005 went on. This attempt is not meant as an exhaustive overview,
which exceeds the possibilities of this work. The aim is to show the main branches of the
current research of half-linear equations, also that the topic is still actual and that it is being
addressed by scientists all around the world.

The Japanese school of half-linear differential equations has played an important role
in the research of half-linear equations throughout their whole history. The leading person-
ality of the group working in the theory of half-linear equations in the observed period has
been professor Sugie. Since 2005, he has collaborated on publications related to half-linear
equations with many coauthors, for example, Yamaoka, Onitsuka, Yamaguchi, Kono, Mat-
sumura, Hata, Wu, Ishibashi, and others. Sugie’s interest has been not only in half-linear
equations of the form (1.1), but also in other related fields such as nonlinear differential
equations with p-Laplacian, delayed half-linear equations, nonautonomous half-linear dif-
ferential systems and later also damped half-linear oscillators. From their papers, let us
refer at least to some of those dealing with equation (1.1): [117, 118, 119, 122]. Very
recently, the asymptotic properties of solutions of (1.1) were studied by Naito in [106].
Different groups of coauthors published their papers on half-linear differential systems
and damped half-linear oscillators (Onitsuka, Soeda, Naito, Pasic, Tanaka, Enaka). The
interest of Yoshida was in elliptic equations and inequalities with p-Laplacian. Yamaoka
in [123] considered nonlinear perturbations of the half-linear Euler equation. Recently, a
very new research direction has been introduced by Yamaoka and Fujimoto, who admit p
to be a function p(r) ([68, 69]).

Next, let us focus on the links between the two schools in Japan and in Brno. In addition
to the collaboration between Yamaoka and DoSly, and a very recent common work of
Fujimoto and Dosl4, let us mention the position of professor Jaro§ from Bratislava. In his
publications with Brno coauthors ([34, 94]) he proved some oscillation and nonoscillation
criteria for (1.1). In his own papers, he focused mainly on comparison and integral criteria
for even-order half-linear equations ([85, 86, 87]), and he presented a reduction-of-order
approach for higher-order equations ([88]). In cooperation with Kusano and Tanigawa,
several papers were published not only for equation (1.1) ([91]) but also for half-linear
differential systems ([89, 92]) and the fourth-order equation ([93]).

Another frequent coauthor of Kusano and Tanigawa has been Manojlovi¢. Their
cooperation resulted in papers on the existence of regularly varying solutions for retarded
half-linear equations ([96, 100]), on criteria for the fourth-order half-linear equations ([97])
and asymptotics of solutions of (1.1) ([95]).

With respect to the author’s scientific background and roots, we further focus on a more
detailed description of the role of the Brno school. In the observed period, Brno has been
one of the main research centers, where a group of authors around the leading personality of
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professor Dosly has continued in working on the theory of half-linear equations. Professor
Dosly published many papers on equation (1.1) either on his own, with his Ph.D. students
(e.g., Reznickova, Fisnarova, Patikova, Hasil, Vesely), or other coauthors (e.g., Lomtatidze,
Unal, Bognar, Ozbekler, Cecchi, Marini, Yamaoka, Jaro$). The contribution of Dosly was
in his innovative approach and many original ideas leading to new branches of the research
field. To present some of the topics of his studies from this period in more detail, let us
mention the following ones:

e various (non)oscillation criteria ([25, 35, 38, 41, 42, 46, 50, 37)),

e half-linear Euler type equation with its generalizations and perturbations ([19, 20,
30, 32, 40]),

e general conditionally oscillatory equations ([34, 47]),
e minimal solution of Riccati type equation ([8]),
e asymptotics of solutions ([9, 43, 48, 21]),

e cquations with periodic coefficients and coefficients having mean values ([31, 33,
36, 49]),

e involving perturbation in both the terms of equation (1.1) ([23, 24, 26]),
e power comparison theorems ([28]),

e distinguishing the principal solution and its characterization ([15, 17]),
e higher-order half-linear differential equations ([44, 45]).

The most frequent methods used by Dosly include the Riccati technique and its modifica-
tion, which is referred to as the modified Riccati technique, further comparing half-linear
equations with linear equations, variational technique, and the Priifer angle technique. The
untimely decease of Dosly was a great loss for the entire scientific community working in
the theory of half-linear differential equations.

The second author of the monograph [39] Rehak also continued in his work, especially
in studies of asymptotics of solutions of half-linear equations in the frame of regularly
varying functions. We refer to the survey paper [115], where a significant part of his
previous work is summed up and where the classification of solutions in the sense of
regular variation is finalized. Rehdk extended oscillation and asymptotic theory also to
half-linear difference and dynamic equations.

To the mental members of the Brno school also belongs the pair of coauthors Marik
and FiSnarova. Apart from their joint cooperation with Dosly ([27, 29]), let us mention
their work on extending the Picone’s identity ([59]), presenting a new class of constants for
which Hille-Nehari type criteria hold ([61]), working with the modified Riccati technique
and discussing the integral characterization of principal solution ([60, 62]). In the last
years, their joint research has shifted to half-linear equations with delay and to neutral
half-linear equations (see, for example [63, 64]). Mafik published several papers in fields
linking the half-linear ordinary differential equations with partial differential equations
with p-Laplacian (e.g., [102, 103]). FiSnarova has cooperated on a few papers also with
Patikova, who is the author of this thesis. Patikov4 has worked mainly with perturbations of
conditionally oscillatory and Euler-type equations ([65, 66, 111]), proved some asymptotic
formulas for nonoscillatory solutions ([108, 109, 110]), considered neutral half-linear
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equations ([67]) and worked within the numerical approach on the application of the
differential transformation method to half-linear Euler-type equations ([112]).

In the last years, a significant contribution to the topics studied in Brno has been
made by the pair of coauthors Hasil and Vesely. They master and contribute mainly
to techniques based on the generalized Priifed transformation, averaging technique, and
adapted Riccati transformation. Their interest has been in half-linear equations with
periodic and almost periodic coefficients ([75, 76, 77, 78, 80, 83]) and coefficients having
mean values ([73, 82]), they studied conditional oscillation of half-linear equations and
of Euler-type equations ([18, 71, 79, 81]). Hasil and Vesely have extended some of their
results also to half-linear equations on time scales and half-linear difference equations.
Recently, they collaborate also with Ph.D. students (Jurdnek, Sigoldkova, [72, 74]).

To complete the overview of the Brno school, let us also mention Sremr, who with
his coauthors published results for systems of half-linear differential equations (see, for
example [51]), Lomtatidze, whose interest was, for example, in boundary value problem:s,
and the three collaborating authors Cecchi, DoSla and Marini. At the beginning of the
regarded period, in the work of the three, they considered equation (1.1) and presented
some results on the principal solution and asymptotic properties of solutions ([13, 14, 16]).
Later, their attention has turned to more general nonlinear equations, for which half-linear
equations are a special case.

In the last years, delayed, advanced, and neutral half-linear equations have attracted
considerable attention. Apart from the authors already mentioned, let us present at least the
strongest groups of coauthors from all over the world: Bohner, Grace, Jadlovsk4, DZurina,
Li, Chatzarakis, Stavroulakis, Baculikova, Graef, Li, Zhang, Santra, Bazighifan (see, for
example, the latest results and references therein [10, 11, 54, 116]).

Concerning other topics, which belong to the half-linear theory but which are less
relevant to our work, let us continue with only a brief sketch of other branches. Half-linear
equations also appear as a special class of some nonlinear/functional equations (see, for
example, the works of Tiryaki). For the half-linear impulsive differential equations, see
the papers of Zafer, Ozbekler, and their coauthors. Tiryaki, Zafer, and Ozbekler have also
studied Lyapunov-type inequalities with the use in the theory of various types of half-linear
equations (see also papers by Liu, Dhar, Kayar, Agarwal, Kong, Cakmak). Sahinez, Zafer,
and Tiryaki also worked on elliptic equations with p-Laplacian.

Half-linear dynamic equations on time scales have been studied by a large number of
authors (for example, Saker, Agarwal, Peterson, Zafer, Zhang, Bohner, Hassan, Li), as well
as half-linear difference equations.

From the previous overview, it can be seen that the theory of half-linear equations
is very rich, diverse, and deeply developed. The aim of this work is to present the
contribution of the author to this theory. In particular, we have focused on the qualitative
behaviour and asymptotical properties of solutions of (1.1) on a neighbourhood of infinity,
i.e., for t € [T,0). We use the modified Riccati technique to obtain various types of
oscillation and nonoscillation criteria, which are used mainly for equations at the boundary
between oscillation and nonoscillation. Furthermore, we introduce the obtained asymptotic
formulas of nonoscillatory solutions of certain equations, present our oscillatory criteria
for neutral equations, and introduce the use of the differential transformation in the search
for a numerical solution of the half-linear Euler equation.



Chapter 1. Introduction 7

1.2 Methods in qualitative theory of half-linear equations

In this section, we recall relevant preliminaries, remind the concept of principal solution,
summarize some knowledge about conditionally oscillatory equations and Euler-type equa-
tions, and state the basis of the proving technique. Most of the preparatory work leads to
the introduction and implementation of the so called modified Riccati technique, which
plays key role in our research. Recall that the core idea of the modified Riccati technique
was introduced by Dosly at the end of the last century and although in his older papers the
technique was not named explicitly, its variations are present in many of his publications.

The classification of solutions of the object of our study - equation (1.1) - in terms
of oscillation is used in the same manner as in the linear theory. If a solution is of one
sign in some neighbourhood of infinity, it is called nonoscillatory. Otherwise, i.e., when a
nontrivial solution has got infinitely many zeros tending to infinity, it is called oscillatory.
Half-linear equation (1.1) can be classified as oscillatory if all its solutions are oscillatory
and nonoscillatory if all of them are nonoscillatory. The fact that if equation (1.1) has one
non(oscillatory) solution, then the equation preserves the same non(oscillation) property,
is a direct consequence of the half-linear version of Sturm separation theorem (see, for
example, [39, Theorem 1.2.3]). Hence, oscillatory and nonoscillatory solutions of (1.1)
cannot coexist and oscillation or nonoscillation of equation (1.1) is implied by the form
and properties of the coefficient functions r(¢) and c(¢).

If oscillatory behaviour, roughly speaking, depends only on a constant, we talk about
the so-called conditional oscillation. More precisely, assuming in addition that ¢(¢) is
positive and Y is a positive real parameter, the equation

(r(t)@ ()" + ye(r)®(x) =0 (1.4)

is called conditionally oscillatory if there exists a positive constant ) such that equation
(1.4) is oscillatory for y > Y and nonoscillatory for y < yp. The number Y is then called
an oscillation constant of equation (1.4).

The main tools of proving techniques used in the half-linear theory make use of
the Priifer transformation or are implied by the so-called Roundabout theorem (see, for
example, [39, Section 1.1.3] and [39, Theorem 1.2.7], respectively). The Roundabout
theorem presents relationship between solvability of Riccati equation, positivity of the
p-degree functional

b
F(y:a,b) = / [H(OY P = c()I?] dr,

which makes the base of the so-called variational technique, and the fact that a solution has
no zero on a particular interval. As its direct consequence for the interval I = [T, ), one
obtains the equivalence between nonoscillation of equation (1.1) and solvability of Riccati
equation (1.6) on [T, ). The use of this relationship is the basis of the so-called Riccati
technique. Its modification, as described later, is the main means of our proofs.

Recall that Riccati transformation is widely used also in the theory of second-order
linear equations (1.2) and the Riccati equation joined with equation (1.2) through the
relation w = r’% reads as

w+c(t)+r 1 (H)w? =0. (1.5)
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To extend the concept to half-linear equations (1.1), let x be a solution of (1.1) and ¢ the
so-called conjugate number to p for which

1 1

—+—-=1.

JZ}
Consider the half-linear Riccati transformation

W) =)o ().

X

Then a direct differentiation together with substituting from (1.1) gives

o O O() = (p— Nrd()r 2 (p—1) rix'|?
2 (x) |x[P
— —c—(p=Dr' 4wt
Thus, w solves the Riccati-type differential equation
w+e(t)+(p— 1)) w4 =0. (1.6)

Observe that in the linear case for p = 2 and g = 2, equation (1.6) is reduced to (1.5).

Together with the Riccati technique, the method of comparing a pair of equations of
the same form is often used. Similarly as in the oscillation theory of linear equations, the
following Sturm comparison theorem holds. Consider the equation

(R(®()) +C(0)®(y) =0, (1.7)
where the functions R, C satisfy the same assumptions as r, ¢, respectively.

Theorem 1.1 ([39], Thm 1.2.4). Lett| < t» be two consecutive zeros of a nontrivial solution
x of (1.1) and suppose that

C(t)>c(t), r(t)>R(t)>0 (1.8)

fort € [t1,2]. Then any solution of (1.7) has a zero in (t,tr) or it is a multiple of the
solution x. The last possibility is excluded if one of the inequalities in (1.8) is strict on a set
of positive measure.

The concept of principal solution was extended to half-linear equations by Mirzov
[105] (and independently by Elbert and Kusano [57], who used a different but equivalent
approach). Given a nonoscillatory equation (1.1) and the associated Riccati equation (1.6),
it was shown that among all solutions of (1.6) there exists a minimal one W, such that
w(t) > w(t) for any other solution w of (1.6) and for large ¢. The principal solution of (1.1)
is then defined by

x=exp{ / r1q<s>q>1<w<s>>ds},

i.e., it is the one which is “produced” by the minimal solution W of (1.6) with respect to
the relation w = r®(¥ /%). Note that ®~! is the inverse operator of ®.
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In the theory of linear differential equations, the principal solution has its integral
characterization. Its possible extension to half-linear equations was studied, for example,
n [22], [17] and [60]. Generalizing the linear version, a half-linear equivalent of the
integral characterization seems to be the condition

© dt
| reorar =" (12

and it was shown in [22] that it is under certain assumptions necessary or sufficient
for principality of x, but a complete integral characterization of the principal solution
applicable to general equation (1.1) has not been found.

Now, let us turn our attention back to conditional oscillation. A typical example of
a conditionally oscillatory half-linear equation is the half-linear Euler equation and its
extensions. Half-linear Euler equation
y

SO =0 (1.10)

p—1\”
p- (221
! p
i.e., (1.10) is nonoscillatory for y <y, and oscillatory for y > y,,. If y =y, then (1.10) is

nonoscillatory and it has got a pair of linearly independent nonoscillatory solutions. The
principal one

(@() +

has an oscillation constant

p—1

h(t)=t7r (1.11)

is known explicitly, and the second one is asymptotically equivalent to the function

r=1 2
hy(t) =17 logrt, (1.12)
as t — oo, see [56]. Since the Euler equation in the critical case

(CD(x'))'-l-r—iqD(x) —0 (1.13)
is nonoscillatory, it is natural to ask if it can be perturbed with another term so that the
perturbed equation remains nonoscillatory.

Up to this point, let us extend the the definition of conditionally oscillatory equations.
Suppose that equation (1.1) is nonoscillatory and let d(¢) be a positive continuous function.
The equation

(r() W) + [e(t) + Hd (1)) D(x) = 0 (1.14)

is called conditionally oscillatory if there exists a constant Ly > O such that (1.14) is
oscillatory for y > Uy and nonoscillatory for 4 < L.

Searching for a perturbation of equation (1.13), so that the perturbed equation is
conditionally oscillatory too, leads to the Riemann-Weber (sometimes called Euler-Weber)
half-linear equation

(QJ(x’))’—l—(;/_ﬁ_;_ H )GJ(x):O. (1.15)

tP logzt
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The oscillation constant of (1.15) is

1/p—1\""
I’lpzi T )

i.e., equation (1.15) is oscillatory for (> L, and nonoscillatory for u < L, see [58]. The
equation with the critical constant

AN Yp Hp —
@)+ (Bt ) o) =0 w16

has a pair of solutions asymptotically close to the functions
=l 1 =11 2
hi(t)=t 7 logrt, hy(t)=1t 7 logrtlogr(logt), (1.17)

as t — oo, Remark that /; is asymptotically close to the principal solution of (1.16).
The idea of looking for perturbations can be repeated and equations (1.10) and (1.15)
can be further generalized. For this purpose, denote the iterated logarithm functions by

log,t =logt, log,t=1og;_,(logt), k>2,
and their products by
J
Log ;t = | | log,.
i

By a generalized Riemann-Weber half-linear equation or generalized Euler-type half-linear
equation, we mean the equation

(¢(x’))’+(f—fj+n§ S >CD(x):O, (1.18)

= tl’Logft tl’Log%t

where n > 2. The equation is conditionally oscillatory with the oscillation constant (4 = L,
and naturally extends the Riemann-Weber equation (1.15). In the critical case 4 = U, the
equation

(@() + (f—f} i L) P(x) =0 (1.19)

2
/=i tPLogjt
is nonoscillatory and its solutions are asymptotically equivalent to the functions
p—1 1 1 2

ES —1 ES £
hi(t)=1t7 Logjt, hy(t) — Logytlog), 1, (1.20)

for ¢ tending to infinity, as was shown by Elbert and Schneider in [58]. Let us mention that
the above-described process of finding further perturbations which remain conditionally
oscillatory in the linear case was commented on, for example in [124, p. 133]. If p =2,
then also g = 2, the critical constants Y}, and U, become y» = L = %, and equation (1.19)

reduces to
= +i 1 0
X — —— | x=0.
42 £ 4 Logit
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Let us now consider general half-linear equation (1.1) and assume that it is nonoscil-
latory. Let A(t) be a positive solution of (1.1) such that /'(r) # 0 on some interval of the
form [7j, ) and denote

R(t) := r() IR (O (072, Glt) == r(t)h(1) D (7). (1.21)

Remark that condition (1.9), which is related to the principality of a solution, can be
expressed in the form [ R~!(¢)dt = co.
In [47] the authors showed that under the assumptions
© dt o
R@) = oo, htrgglf|G(t)| >0,
it is possible to construct a conditionally oscillatory equation seen as a perturbation of
(1.1). It is of the form

INY/ H .
(r()®d(x)) + {c(t) + P ORO(|TR-1(s) ds 2 ®(x)=0 (1.22)

and the critical oscillation constant of this equation is

1

Ho = Z
From this perspective, if we take the Euler equation with the critical constant (1.13)

in place of the general equation (1.1) and use the principal solution of (1.10), i.e., the
function A(t) =t » , in the introduced construction, we arrive at the Riemann-Weber

equation (1.15).

The proving techniques used in our papers vary and utilize different specialized state-
ments. Here we summarize the most frequent approaches. In studies of equations on the
threshold between oscillation and nonoscillation (as, for example, Euler-type equations
(1.15) and (1.18)), the classical Riccati technique is not efficient enough. It turned out
that the following modification of the technique is suitable in that case. The early version
of the modified Riccati transformation worked with two nonoscillatory equations, one of
them was supposed to have a solution which is known exactly and the other equation was
seen as a perturbation of the first one. To illustrate the idea, suppose that equation

(r(t)®(xX)) +&(t)P(x) =0, (1.23)

is nonoscillatory, A4(r) be its positive solution such that /#'(r) # 0 for large r. Within the
perspective of perturbations, supposing c¢(¢) > &(t) for large ¢, equation (1.1) can be seen
as a perturbation of (1.23), according to the rearrangement

c(t)®(x) = &(t)®(x) + (c(r) — &(1)) P(x).

Be x an eventually positive nonoscillatory solution (1.1). Denote w = r®(x’/x) and
wy, = r®(H'/h). Then the transformation

v(1) = hP (1) (w(t) —wa(1))
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applied to (1.6) leads to the modified Riccati equation
V() + B (C(1) = c(0)) + (p = 1)r' ()R~ (1) H (%, G) = 0, (1.24)

where
H(v,G) :=|v+ G| —q® 1 (G)v— |G| (1.25)

and G is defined by (1.21). The power of this approach is in the fact that the nonlinear
function H (v, G) can be under certain assumptions estimated by the function

K|G(n)|" (1), KeRY,

which is quadratic in v. The strength of such estimates is dependent on the knowledge
of the properties of H(v,G), which has gradually developed. The behaviour of H(v,G)
was considered, for example, in [23, 29, 58, 60]. The above described version of the
modified Riccati equation was used in many papers by Dosly and his coauthors mainly
at the beginning of the century and its derivation is clearly described, for example, in
[46]. It is useful especially in the situation when the equation which is being perturbed
is the Euler equation (1.13), since one of its solutions is known explicitly. However, it is
insufficient to use it with more general equations such as (1.16) and (1.19). In 2010 Dosly
and FiSnarova in [23] studied perturbations of both the coefficients r, ¢ and although their
modified transformation used again a known solution 4(z) of one of the two nonoscillatory
equations, their calculation formed a base for a new situation. That is, when A(¢) is,
instead of being a solution, only a function which is asymptotically close to it (in the
formulation, there appears a general function A(f), but the assumptions can ensure the
closeness to a solution which is known only asymptotically). The generalized version of
the modified Riccati equation, which extends the previous one, was firstly introduced in
[60] by Fisnarova and Mafik.

Lemma 1.1 ([60], Lem 2.2). Let h(t) be a differentiable function such that h(t) > 0 and
I (t) # 0 for large t, be wy, = r® (K /h),

I := (r(t) () + c(1)P(x),
and G,H defined by (1.21), (1.25), respectively. Put
vi=h’(w—wp),
where w is a continuously differentiable function. Then the following identity holds

WP () (W (1) + (p— D)r'=9(0)|wl?) = V(1) +h(@)I[B] (1) + (p— Dr' =)k~ (1) H(», G).
(1.26)
In particular, if w is a solution of (1.6), then v is a solution of

V(1) +h()IA () + (p— D)9~ (t)H(v,G) = 0 (1.27)

and conversely, if v is a solution of (1.27), then w = h™Pv+wy, is a solution of (1.6).
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With the use of the Roundabout theorem, we can say that Lemma 1.1 provides an
equivalence between the nonoscillation of (1.1) and the solvability of the modified Ric-
cati equation (1.27) on a neighbourhood of infinity. Remark that the transformation is
sometimes presented in another equivalent form

v="h(w—wp) =hw—-G. (1.28)
If 4 is a positive exact solution of (1.23), then
hi[h) = h{(r()P(H')) +c(t)P(h)] = (e(t) — &(1)) A

and this shows that (1.27) generalizes the prior approach in (1.24). The proof of (1.26) is
straightforward. Indeed, according to the definitions of v, G and H (see (1.28), (1.21) and
(1.25), respectively), we have (suppressing the argument ¢)

V = (WPw—G) = ph?'W'w+hPw — ((rd(H)) h+ r|H |P)
H(v,G)=|v+G|?—q®  (G)v—|G! = |v+G|? —q®~ (G)h'w+ (¢ —1)|G|*
= WP wld — grt W W hPw - (g — 1) hd | |P
= WP w)4 — qr? IR w+ (g — 1) hd |1 |P.

Now substitute to the right hand side of (1.26) and rearrange to the form

RHS =V (t) + h(t)I[A)(t) + (p— 1)r'~4(t)h™9(t)H (v, G)
= phP YW w4 Pw — ((r®d(H)) h+ W |P) + h(rd(H)) + ch?
+ (p— D' h= 9 (hP | w|? — gr1 "Wk w+ (g — 1) k9| K |P)
= ph? YW w 4 hPw — (r®()) h— | |P + h(rd(H)) + ch?
+ (p— D)t 9hP \w|9 — ph?~ K + r|H|P
= WPW 4 ch? + (p— 1) r' ~9hP w4,
which is equal to the left hand side of (1.26).
Under certain conditions, so that estimates of H(v,G) can be done (usually v needs to

tend to 0 as ¢ goes to infinity), equation (1.27) is in a certain sense close to the first-order
linear equation

/ q 2
t h(t)l|h|(t ——u(t)=0
(0 RORE) + 55 0) =0,
which is referred to as the approximate Riccati equation. In some situations, it is enough to
work only with modified and approximate Riccati inequalities. The variant of the modified
Riccati inequality for neutral half-linear equations is presented in Chapter 4.



Chapter 2

Asymptotic formulas of nonoscillatory
solutions

The classification of the asymptotic behaviour of solutions is often made within the frame-
work of regularly varying functions in the sense of Karamata (for an introduction, see
[84]). Let us recall the relevant nomenclature (for more information, see, for example, the
monograph [101]).

A measurable function f: [a,0) — (0,) is called regularly varying (at infinity) of
index 9 (and we write f € RV (9)) if

f(A1)

lim 22 =A% forevery A > 0.

e f(0)

If 3 =0, fis called slowly varying. The Representation Theorem (see, for example [115])
says that f € RV () if and only if it can be expressed in the form

o) =00 exp{ [ as},

N

where ¢t > a for some a > 0, ¢ and  are measurable functions such that lim,_,e @ (2) is
finite and positive and lim;_, (#) = 0.

Recall that the classification of solutions of half-linear equations in terms of regular
variation was deeply described by Rehék, see [115] and references therein. Among other
authors who considered half-linear equations in this context, mention, for example, Jaros,
Kusano, Mari¢, Manojlovi¢, Tanigawa, see [90, 95, 98, 99]. In our contribution to the
topic, we follow up on previous results and continue in finding the asymptotic formulas
for solutions of equations at the threshold between oscillation and nonoscillation and their
perturbations’.

_ 14—
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2.1 Nonoscillatory solutions of conditionally oscillatory
half-linear equations

In this section, we present asymptotic formulas for nonoscillatory solutions of conditionally
oscillatory equation (1.22)

[
he(£)R(1) (" R (s) ds)>

(r(O) D)) + | () + ®(x) = 0

in the cases when I < %1 and 1 = ﬁ, as was proved in [109]. We also discuss a link to the

special case the when the equation which is being perturbed is the Euler equation (1.13)
and our asymptotic formulas generalize those of the Riemann-Weber equation (1.15).

The first statement deals with the subcritical case I < %q and provides asymptotic
formulas of a pair of linearly independent solutions.

Theorem 2.1 ([109], Thm 1). Suppose that (1.1) is nonoscillatory and possesses a positive
solution h(t) such that W' (t) # 0 for large t and let

© dt
—— =0 and litrninf|G(t)| > 0.
—00

R(?)

Ifi < %1, then conditionally oscillatory equation (1.22) has a pair of solutions given by
the asymptotic formula

t (g=1)Ai
xi = h(1) (/ Rl(s)ds> Li(t), as t— o,
where A; are zeros of the quadratic equation
g;\ 2_A4a=0

and Li(t) are generalized normalized slowly varying functions of the form

Li(t) = exp {ft st} and &(t) — 0 fort — oo.

The second statement focuses on the critical case I = Ziq and brings an asymptotic
formula for a solution of the equation

1
2ghr (D)R(1) ('R~ (s) ds)?

(r(t)®(x)) + {c(t) + } ®(x) =0. (2.1

Theorem 2.2 ([109], Thm 2). Let the assumptions of the previous theorem be satisfied.
Then equation (2.1) has a solution of the form

x=h(t) ( / R(s) ds) % L(t), 2.2)

where L(t) is a generalized normalized slowly varying function of the form

L(t)= exp{f’mds} and (t) — 0 fort — oo,
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The proofs utilize the modified Riccati technique in combination with finding a fixed
point of a certain integral operator with the use of the Schauder-Tychonoff fixed point
theorem.

Consider the application of the theorems to the case when the equation which is
being perturbed is the Euler equation with the critical constant (1.13). It means that

-1
r(t) = 1,c(t) = ypt ™7 and h(t) = 7. Then conditionally oscillatory equation (1.22)
reduces to Riemann-Weber equation (1.15). Indeed, for t — o we have

R(t):rh2yh'yp—2:< )p i /R ( fl)pzlogt

and hence 5
3 =1\ o
H < p ) H

w(OR@) ('R (s)ds)2  tPlog’t

Observe that for I = %} the constant in the last expression is

p—1\"% 1
Lz '_:“p-
p 2q

Asymptotic formulas for I < i (and equivalently u < U, in (1.15)) then are

24, 2

p—1 p p=2 o 2A1
Xip~1t 7 (—1) log? — Const-t'7 logt P ast— oo,
p_

which coincides with the results of [108]. There the asymptotic formulas were found in
the form

x12(t) ~ pT(logt)"‘v2 ast— o,

—1

I-p
where V; , = % (P ) A12 and Ay ; are roots of

v
A 2
2 Atu=o.
4y,
It is not hard to check that 212 = = V12, respectively, and so both the ways lead to the same

result in a qualitative sense.
The second theorem can be applied to the Riemann-Weber equation in the critical case
(1.16), i.e., to the equation

(D)) + [ﬁ + L] P(x) = 0.

1P tplog’t

—1 1
The formula (2.2) then reduces to the formula asymptotically close to & (t) = I logr t
as ¢ tends to infinity (see (1.17), as was proved by Elbert and Schneider in [58]).
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2.2 Subcritical half-linear Euler-type equation

The paper [110] is devoted to finding a nonscillatory solution of generalized Euler-type
equation (1.18) with n terms in the sum (1.18), i.e.,

(d>(x’))’+(f—jj+ni1 o T )Cb(x):O

= tPLogﬁt tPLog>t

in the subcritical case for 1 € (0, ,). The found asymptotic formula can be seen as an
extension of that type of result for nonoscillatory solutions of Riemann-Weber equation
(1.15), which was proved in [108]. The main statement reads as follows.

Theorem 2.3 ([110], Thm 3.1). Equation (1.18) with |1 € (0, U,) has a solution of the form

1 2A

—1 1 2A
x(t) = i Log/  tlog; t(14+0(1)) as t— oo, (2.3)

where A = %—l—% l—uﬂp.
We showed that the solution (2.3) of equation (1.18) is a regularly varying function of
index 2= and the function (1 +o(1)) in its formula is a slowly varying function.
The proof is based on closeness of the modified Riccati equation (1.27) for equation
(1.18)

n—1 1
V(t) + Hp + H +p H(v(t),2u,) =0
O+ 3 Tormtimegn t 1 OO

=

and the so-called approximate modified Riccati equation

u’(z)+nz1 B H ! u*(1) = 0. (2.4)
tLog?t tLog2t Ayt

j=1
It is possible to find the solution of (2.4), and it serves in constructing a suitable set,
on which a certain integral operator is considered, and such that the Schauder-Tychonoff
theorem can be used. The closeness of both the equations is shown with the use of estimates
for the function H (v, G) from [23].



Chapter 3

Oscillation and nonoscillation criteria

One of the most important tasks of the qualitative theory of differential equations is to
provide the oscillation and nonoscillation criteria. With their use, one can decide, based on
the form of the coefficient functions, whether an equation is oscillatory or nonoscillatory.
In the first part of this chapter, we focus on extensions of Hille-Nehari type criteria for
conditionally oscillatory half-linear equations. The latter part presents a generalization
of an integral comparison theorem of Hille-Wintner type. Perturbations of conditionally
oscillatory half-linear equations are considered.

3.1 Hille-Nehari type criteria

Throughout the section, we suppose that equation (1.1) is nonoscillatory and we study its
perturbation in the form

(r(O)(PE) + (c(r) +d(1))P(x) = 0. 3.1

Oscillation and nonoscillation criteria then say if d(7) is large enough for (3.1) to become
oscillatory or if it remains nonoscillatory too.

The typical feature of Hille-Nehari type oscillation and nonoscillation criteria for (3.1)
is that they compare limits inferior and superior of certain integral expressions with concrete
constants. These integral expressions are usually either of the form

/TIR_I(s)ds/lwd(s)hp(s)ds if/ooR_l(t)dt:oo (A)
N /t "R\ (s)ds /Ttd(s)hp(s)ds if / TR () dt < o, (B)

where £ is a solution of equation (1.1) (or a function which is asymptotically close to a
nonoscillatory solution of (1.1)). Recall that the function R(¢) is defined by (1.21).

3.1.1 Euler-type equation

Let us summarize the results we will follow up on. The perturbed half-linear Euler equation

@)+ (L +d(r)) D) =0 (3.2)

_ 18—
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was considered in [35], where it was shown, under the notation

E(t) = logt/ d(s)sP~1ds,
t
that equation (3.2) is nonoscillatory if

limsupE(t) < Mp, liminfE(t) > =3,
1—500 [—e0
and oscillatory if
liminfE(t) > p,,.

00

The same couple of nonoscillation and oscillation criteria with the integral expression

1
~ logt

t
E(1) / d(s)s" og?sds
T

was then proved by Dogly and Rezni¢kova in [40]. Let us point out that the relation
—1 —1 2

between E(¢) and types (A) and (B) is given by taking A(r) = t'7 and h(t) = (' logrt,

respectively, which are (almost) solutions of Euler equation (1.13), see (1.11) and (1.12).

Now let us turn our attention to the perturbed Riemann-Weber half-linear equation with
critical coefficients

<¢<x’>>’+(ﬁ+ Hy +d<r>)¢<x>=o. (33)

1P tPlog’t

The criteria in terms of the integral expression
E(t) =log(logt) / d(s)sPogsds,
t

—1 1
that complies with (A) taking A(7) = i log” ¢, which is close to the principal solution of
(1.16), were proved in [19] (the nonoscillation criterion) and [46] (the oscillation criterion).

The case which corresponds to type (B) and to the function A(t) = t% log% tlog% (logt),
which is asymptotically close to the second solution of Riemann-Weber equation (1.16),
see (1.17), remained open.

Finally, we come to the perturbations of general half-linear Euler-type equation with
critical coefficients (1.19), i.e., to the equation

Lrw|x] := (® (X)) + (ﬁ + i i —l—d(t)) d(x) =0. (3.4

2
17 & tPlogjt

—1 1
Dosly in [20], with the use of the function A(f) = 7 Loght (i.e., hi(t) from (1.20)),
proved the following statement.

Theorem 3.1 ([20], Thm 3.3). Suppose that the integral [ d(t)tP~' Log ,t dt is convergent.
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(1) If

limsuplognﬂt/ d(s)s" ' Log ,sds < L,
t

t—0

liminflog,, . | t/ d(s)sP'Log,sds > 3L,
1

t—o

then (3.4) is nonoscillatory.

(ii) Suppose that there exists a constant 'y > % such that d(t)t? log®t > yfor large

t and -
11m1nflogn+1t/ d(s)s? ' Log ,sds > .
t

t—

Then (3.4) is oscillatory.

If n =1, then (3.4) reduces to (3.3) and the criteria from Theorem 3.1 reduce to those
obtained in [19, 46].
In our paper [65] we continued further with complementing Theorem 3.1 (and the

correspondmg results of [19, 46] in the case n = 1). We utilized the second function
1

hy =t P Log tlogn 11 from (1.20) and found a related couple of criteria for equation
(3.4) formulated in terms of the expression

fog +1f/d s)s" "' Log ,slog2. | sds
n

which corresponds to type (B).

The results of [65] are presented in the following statements. First, we present the
nonoscillation criterion. In comparison to previously mentioned nonoscillation criteria,
instead of the constant U, on the right hand side of the inequality we have a class of
constants, which enlarges the scope of the result.

Theorem 3.2 ([65], Thm 3.1). If

t
limsup1 / d(s)sP"'Log ,slog2, | sds < 2p,(—a +V2a), (3.5)
t—00 0gn+l tJr
t
liminf g /T d(s)s"~ Log,slog2, , sds > 241,(—a —v/20) (3.6)
n+

Jor some a > 0, then equation (3.4) is nonoscillatory.
Recall that if o = %, then
2up(—a+V2a) = pp,  2Up(—a —V2a) = =34,
and the constants from (3.5) and (3.6) in Theorem 3.2 reduce to the constants in Theorem

3.1, part (i).
The following statement is the oscillatory criterion which complements Theorem 3.2.
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Theorem 3.3 ([65], Thm 3.3). Suppose that there exists a constant Yy such that

u 2ypp(p—2)
Plogt | d(t) — —2 | >y> ZPA7 2
og < () l‘pLOg%Jrll) =Y 3(]?—1)2

for large t. If

t
liminf / d(s)s" ' Log ,slog2, | sds > Uy,
T

= log, 1

then (3.4) is oscillatory.

In the proofs we utilized general statements from [26] and [61]. There we employed the
1 2

—1 1 2
expansion of the term A(t) Lgy [h](¢) with the use of the function A(f) = 7 Logytlog,, ¢
1

. pt 1
and of the term A(t)Lgw[h](¢) with the function i(z) =1 » Logjt.

3.1.2 General conditionally oscillatory equation

Perturbations of general conditionally oscillatory equation with the critical coefficient (2.1)
were studied firstly by Dogly and Unal in [47]. One of its results (Theorem 5) provides a
nonoscillatory Hille-Nehari type criterion for the equation

() + : +500)

r CD)C, ,+
(r(n)®()) 2k ()R(1) (J' R (s) ds)

d(x) =0 (3.7)

and the integral expression

log (/tRl(s)ds) /twg(s)hp(s)/sRl(T)des

is employed. Note that the result is of type (A). The crucial role in the proof of this
criterion plays the fact that the asymptotic formulas for solutions of (2.1) are known. It
was shown in [21, 47] (see also [109]) that equation (2.1) has a pair of linearly independent
solutions that are asymptotically close (as t — ) to the functions

x1(1) = h(1) ( / R1(s) ds> % , (3.8)

(1) = h(t) (/tRl(s) ds)’l’logi (/tRl(s)ds) .

Our contribution to the topic was presented in the paper [66]. We improved the above-
mentioned nonoscillation criterion for (3.7), formulated a relevant oscillation criterion for
(3.7) and found a perturbation g(¢) in (3.7) such that the equation becomes conditionally
oscillatory. We also formulated a version of nonoscillation and oscillation Hille-Nehari
type criteria for equation (3.7) with the use of the asymptotic formula for the second
solution of equation (2.1) (i.e., of type (B)).
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The first theorem of [66] improves [47, Theorem 5]. The main difference is that we get
by the condition

1
: 2 -1 / _
tlglgolog (R (s)ds)R(t)G'(r) =0
considered in [47] and that the inequalities hold for a set of constants.
Theorem 3.4 ([66], Thm 3.1). Suppose that h is a positive solution of (1.1) such that
I (t) #0 for large t,
/ R (t)dt =0 and li[rginf\G(t)| >0, 3.9

hold and the integral [* g(t)h"(t) ['R™1(s)dsdt converges. If

limsuplog(/tRl(s)ds>/ s)hP (s /R T)dtds < — ( a+v2a),

R q

! 1
hlrgglflog (/ Rl(s)ds)/ s)hP (s /R des>q( —V2a)

Jor some a > 0, then (3.7) is nonoscillatory.

Note that the choice a = % reduces the right hand sides of the inequalities to the
constants 2 and — 2 T respectively, which appear in [47, Theorem 5].

Let us briefly describe the main characteristics of the other statements from [66] without
all the details. In all of them, condition (3.9) is assumed. In [66, Thm 3.2], an oscillatory
counterpart of Theorem 3.4 is presented. It summarizes the conditions, which together
with the inequality

! 1
-1 P( —
htnlglflog (/ R (s)ds)/ s)h /R T)dtds > 2

ensure that equation (3.7) is oscillatory. Note that the above mentioned results are of type
(A).

Next results of [66] are oscillation and nonoscillation criteria of type (B), formulated
in terms of the integral expression

Vi (s /R 1)d1)1 /R dr)d.
long ds/g 0g< ’

Finally, it is shown that for the perturbation g(z) of the form

o
t):= , 0€ER, 3.10
O W ORODR ) dsPlog (TR ) d 10
equation (3.7) becomes under certain conditions conditionally oscillatory. The precise
formulation is presented in the following theorem.
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Theorem 3.5 ([66], Thm 3.3). Suppose that h is a positive solution of (1.1) such that
I (t) # 0 for large t and (3.9) holds and consider the equation

- | 1 5 B
O+ |0+ T (3 e )| o
G.11)

Ifo < Lq, then (3.11) is nonoscillatory. If & > 2—1q and there exists a constant 3 such that

1 _ BIG )]
ROZ(FR(1)dr) ~ G()

holds for large t, then (3.11) is oscillatory.

-2
B> pp sgn G (1)

The proofs of the statements from the paper [66] refer to oscillation and nonoscillation
criteria [61, Theorem 3.1 and 3.2], [26, Theorem 1 and 2]. The choice of the used
helping function was x| and x, from (3.8) and /& = (" R‘l)% log% (/"R™1), according to
the conjec'ﬁure that this function is asymptotically close to one of the solutions of (3.11)
with 0 = 3

3.2 Hille-Wintner type integral comparison theorems

Consider equation (1.1) together with the equation
Llx] := (r(t)(® (X)) 4+ C(t)®(x) = 0. (3.12)

The Sturm comparison Theorem 1.1 compares the coefficient functions ¢(z),C(¢) point-
wise. On the other hand, Hille-Wintner criteria compare integral expressions with these
coefficient functions. The form of the criteria depends on convergence or divergence of the
integral [ r!=9(¢)dt. If [* r'~4(t) dt = 0o and assuming [* C(t) dt < oo, the Hille-Wintner
theorem says that if (3.12) is nonoscillatory and

0< / c(s)ds < / C(s)ds for large 1,
1t t

then (1.1) is nonoscillatory too. If [*r!79(¢)dt < o, denote K(t) := [ r'74(s)ds and
assume that ¢(z) > 0, C(¢) > O for large 7. Then if (3.12) is nonoscillatory and

/ c(s)Kp(s)dsg/ C(s)kP(s)ds < o for large t,
t t

equation (1.1) is nonosillatory too (for both statements see [39, Section 2.3.1]).

Our work in this field utilizes adopting the perturbation approach, which leads to results
applicable to equations on the threshold between oscillation and nonoscillation. Together
with (1.1) and (3.12), consider the equation of the same form (1.23) which is supposed to
be nonoscillatory and denote its left hand side by

L == (r(1) (@) + &(1) D(x).

We look at equations (1.1) and (3.12) as if they were the perturbations of nonoscillatory
equation (1.23).
The following theorem is the main result of the paper [37] and reads as follows.
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Theorem 3.6 ([37], Thm 1). Let [*r'=9(¢t)dt = . Suppose that equation (1.23) is
nonoscillatory and possesses a positive principal solution h such that there exists a finite
limit

lim G(¢) >0

t—0

/le(t)dt:oo.

Further suppose that 0 < [°C(s)ds < o and

0 [ (e~ e s)ds < [ (Cls) — o) (s)ds <,

all for large t. If equation (3.12) is nonoscillatory, then (1.1) is also nonoscillatory.

and

A direct application of the theorem leads to the corollary for the case when the equation
which is being perturbed (1.23) is the Euler equation with the critical coefficient (1.13).
We know its principal solution explicitly. Unfortunately, for Riemann-Weber equation
(1.16) and Euler-type equation with z terms in the sum with the critical coefficients (1.19),
only asymptotic formulas of the principal solutions are known. Hence, the theorem cannot
be applied. The question, if the principal solution in Theorem 3.6 can be replaced by a
function close to it, remained open for several years. Thanks to the fact that the modified
Riccati technique has been deeper developed, the answer could have been found. In [111]
we proved the following results.

Theorem 3.7 ([111], Thm 1). Suppose that there exists a positive continuously differen-
tiable function such that I (t) # 0 for large t and the following conditions holds:

/ R™Y(s)ds = o,
t

h(t)LIR)(£) > 0, / h(s)L{)(s)ds < o,

(liminf|G(¢)| >0 and limsup|G(t)] <o) or lim|G(t)| = oo,

—c0 {500 f—c0

all for large t.
Let the inequality

_ / h(s)L[H](s)ds < / (c(s) — &(s))hP (s) ds < / (C(s) — &(s))hP (s) ds < o0
t t t
be satisfied. Then if equation (3.12) is nonoscillatory, equation (1.1) is nonoscillatory too.

As an immediate consequence of the previous theorem, we see that under the assump-
tions of Theorem 3.7 oscillation of equation (1.1) implies that of (3.12).

Next comes the consequence of Theorem 3.7 for the case where the nonoscillatory
equation (1.23), which is being perturbed, is the Euler-type equation with the oscillation
constant (1.19). Denote its left hand side by

Lawld := (0()) + <ﬁ+ Z L) ®(x). (3.13)

2
1P & tPlogjt
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1

—1 1
Recall that Dosly in [20] showed that for A(f) = ¢ Log/ ¢t and the operator defined in
(3.13) we have

F(8) == h(0) L [B)(1) = 222" [2vpp<2 —p)

tlogr | 3(p—1)2

Corollary 3.1 ([111], Cor 2). Suppose that the condition

+0(1)] ast — oo, (3.14)

p—1 1
L {t p Log,’,’t] >0

holds for large t and take

~ Vr | < Hp
=2 :
&(1) <ﬂ, +jzl tPL0g§t>

If the inequality

—/ fdsg/ (c—E)splLogn(s)dsg/ (C—&)sP"1Log, (s)ds < o,
t t t

where f(s) is defined by (3.14), is satisfied, and if equation (3.12) is nonoscillatory, then
equation (1.1) is nonoscillatory too.

Further, apply the results of Theorem 3.7 to the generalized Euler-type equation with
n+ 1 terms in the sum as the testing equation (3.12) in order to obtain a Hille-Wintner type
comparison criterion for the perturbed Euler-type equation (3.4). Then the inequality

_ K
f(s ds</d (s)sP ' Log ,(s)ds < ,
/ 10gn+1( )
where f(¢) is given by (3.14), implies nonoscillation of equation (3.4). Note that this
consequence is in compliance with the Hille-Nehari type criterion, that was proved in [20],
see the nonoscillatory part of Theorem 3.1.



Chapter 4

Neutral half-linear equations

In the last years, oscillation properties of delayed and neutral half-linear equations have
attracted considerable attention. Our interest has been in looking for applications of a
variant of the modified Riccati technique. This chapter is devoted to our results from [67]
for the second-order half-linear neutral differential equation

(rOP(Z (1)) +c(t)P(x(T(1)) =0,  z(t) = x(t) +b(1)x(a (1)), (4.1)

where ¢ >ty and ®(x) = |x|P~2x, p € R, p > 1. We suppose that the coefficients of the
equation satisfy the conditions r € C([tg,),R"), b € C'([tg,),R}), ¢ € C([to, ), Ry ),
¢ is not identically equal to zero on any neighborhood of infinity and

Concerning the deviating arguments, we assume that T, € C' ([ty, ), R), lim;_,e T(t) = oo,
lim; ;e O(¢) = o0 and

We also suppose that
/ P 9(1) dt = o,

where g denotes the conjugate number of p, i.e., g = p%l. The above setting and conditions
are supposed to hold throughout the whole chapter.

Clearly, equation (4.1) can be seen as a generalization of equation (1.1) to which it is
reduced for 7(¢) =t and b(r) = 0. However, oscillation properties of both the equations
significantly differ and equation (4.1) evinces more complex and complicated qualitative
behavior.

By a solution of (4.1), one understands a differentiable function x(¢) (x(¢) # 0), such that
r(t)®(Z/(t)) is differentiable and (4.1) holds for large . Equation (4.1) is called oscillatory
if it does not have a solution which is eventually positive or negative. Contrary to equation
(1.1), oscillatory and nonoscillatory solutions can coexist and hence the existence of one
oscillatory or nonoscillatory solution does not ensure that equation (4.1) is oscillatory or
nonoscillatory, respectively.

One of the possible ways to prove oscillation criteria for (4.1) is via the Riccati technique
and our contribution to the topic was to present some criteria which can be obtained by

—26—
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its modification (cf. Chapter 1.2). The (modified) Riccati method here allows to work
only with Riccati type inequality, in contrast to Riccati equations (1.6) and (1.27) reated
to equation (1.1). In more detail, suppose that equation (4.1) has an eventually positive

solution x(z). Take
_ Z(1)
w(t) =r(t)® (Z(T(t))> .

A direct differentiation yields

proved in [67, Lemma 1], gives

W(0) < =) (1 b(r) ~ (= D 0T O S i
Assuming that there exists a positive function f() such that
20) 5 py >0 (42)

2(1)
we obtain the Riccati type inequality of the form
W (1) < —e()® (1= b(T(r)) = (p— D)r' 2T (1) (1) (1) .

To continue with the modification of the Riccati technique, let A(f) be a positive
differentiable function and denote

G(t) = r(t)h(1())® (%) . 4.3)

Using the modified Riccati transformation
v(t) = hP(T(0))w(t) = G(1)
provides (see [67, Lemma 3]) the so-called modified Riccati inequality

V(1) +C() + (p— D)r' ()T ()™ (T (1)) f(0)H(v(1), G(1)) <0,

) o (MEONY .
c) =ty | (oo (") ) s cwomranen -saw)| @

and H(v,G) is the function defined by (1.25).
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4.1 Oscillation criteria

The first theorem of [67] can be seen as a result of the same character as, for example,
[70, Theorem 5] or [120, Theorem 2.1]. In both the mentioned papers, a variant of Riccati
transformation is used as the proving technique, whereas we use the modification of the
Riccati technique as described in the previous section. The statement reads as follows.

Theorem 4.1 ([67], Thm 1). Let f be a positive function, G, H be defined by (4.3), (1.25),
respectively, h be a positive continuously differentiable function such that i’ # 0 for large
t and C(t) > 0 for large t. Moreover, let either

limsup |G(t)| < o (4.5)
and FOT
0 -l-/
/ () (40
Jim G()| =
and
[ s

r(e)h* (T ()W (t(2))|P~2

If

/ " Cltydt = o, 4.7)

then equation (4.1) is either oscillatory or in every neighborhood of © there exists t* such

that Z,Z(,t(f)(}*(gz) < 1 for all solutions of (4.1).

The main idea of the applicability of Theorem 4.1 lies in the fact that under our
assumptions we know how to choose the function f. Indeed, according to [67, Lemma 1],
for a positive solution x(#) of equation (4.1), we have

2(1(1) o g1 ()
s> () 9
This leads to the following consequence. Denote
R(1) = r(1) T,tt) R (TO)H (T(@)[P2 1P (). (4.9)

Under the assumptions of the paper, according to (4.8), we can take f(t) = ®~! (r(rr(ét)))>

and the functions G,C and R (see (4.3), (4.4) and (4.9), respectively) get the following
form:

a
~—~
~
N—
I
=

(1(6)) [(HT )P (T(0) + YO (1) D1~ B(T(1)))]
() = rr(0) 5 P T W ()2

In this particular case of the function f, we can formulate a version of Theorem 4.1 as
follows.
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Corollary 4.1 ([67], Cor 1). Let h be a positive continuously differentiable function such
that W' # 0 for large t and C\(t) > 0 for large t. Moreover, let either

, o T'(t .
hrtlls;lp|G1 (t)| <o and / T T 0) dt = (4.10)
or o
lim |G (1) = and / RY(1)di = .
If
/ Cy(t)dt = oo, (4.11)

then equation (4.1) is oscillatory.

The second result of [67] presents a Hille-Nehari type criterion which can be again
applied to the same situation as in the preceding Corollary 4.1.

Theorem 4.2 ([67], Thm 2). Let h be a positive continuously differentiable function such
that W' # 0 for large t and f be a positive function such that C(t) > 0 for large t,

/ R \()di =, liminfG(1)>0

t—
and
limsupG(7) <o or 1lim G(t) = co. (4.12)
t—o0 t—0

Suppose that [ C(t)dt < . If

t o) 1
liminf [ R™! d/ C(s)ds > —, 4.13
imin (s)ds [ (s)ds > 2 (4.13)
then equation (4.1) is either oscillatory or in every neighborhood of © there exists t* such

that ngt(f)(}zzz) < 1 for all solutions of (4.1).

4.2 Application to neutral Euler-type equations

Consider the Euler-type equation

(D(r) + box(0 (1)) + I—ZCD(X()\ 1) =0, (4.14)
where A € (0,1), 0(t) <t,limy_,0 O(t) = o, by € [0,1). Equation (4.14) is of the form
(4.1), where r(t) =1, c(t) = X, 1(t) = At, b(t) = by. It is also a generalization of the
Euler equation (1.10) to which it is reduced for 7(¢) = and by = 0.

p—1
Take h(t) =t

, then by a direct computation we have

Gi (1) = (ijl)pl, Ry (1) = (ijl)pzt @.15)
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o (¢ © ]
/ rql(T(t)()f)z‘I(T(t)) dr= / PRt
Hence condition (4.10) is satisfied. Furthermore, after some rearrangements, we have
p—1 ! 1
G = (an)' [((%) W)‘;”) +eno(i—bo) (an'7) ]

= {_ (ijl)erde(l—bo))\P‘l}. (4.16)

and

p
Positivity of the expression — <ij1> + y®(1 — by)AP~! implies (4.11). Thus, by Corol-
lary 4.1, equation (4.14) is oscillatory if

p—1\" 1
> (") sty “

This corresponds to the result known in the case by = 0 (equations with delay, see [63])
and also to the case bp = 0 and A = 1 (ordinary equations).

Grace et al. showed in [70] that under some additional assumptions, condition (4.8)
can be strengthened. Similarly as in [125], they considered the sequence

20(p) =1, gu1(p):=eP#P)  n=0,1,2,..., (4.18)

where p is a positive constant. For p € (0, %], the sequence is increasing, bounded above
and lim;_,0 gn(P) = g(p) € [1, €], where g(p) is a real root of the equation

g(p) = ePsP). (4.19)

With the use of this sequence and the notation
t
D(1) = D(1 —b(T(1)))clt :/ -
n
(1) = 1/ ASVA(T(5)))2(s)ds

for t > 11, where t; is large enough, Grace et al. proved in [70, Lemma 4] that if 7(z) is
strictly increasing, equation (4.1) has a positive solution x(¢) on [fy, ) and the condition

/ D(s)D((s))ds > p (4.20)

holds for some p > 0 and ¢ large enough, then

Z(1(1) o 41 [ &n(P)r(?)
Z(1) =¢ (r(T(f)))

for every n and ¢ large enough, where g,(p) is defined by (4.18).
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Thanks to the preceding estimate, condition (4.17) can be even strengthened for a class
of equations (4.14), which satisfy (4.20) with p € (0, %) By a direct computation (or see
[70]), one can show that for the considered Euler-type equation (4.14) we have

1 p-1 1
— (1 _ph Py P1 _ Al _ppl -
p=(1—bp)’ "yA <l+p_1)\ (1 —by) y) log <p—1)'

If p € (0,1), we can use in place of the positive function f() from (4.2) the function
o-! < glp MI)), where g(p) is defined by (4.19). Then functions G,C, R according to their

r(1(1))
definitions (4.3), (4.4) and (4.9), respectively, become

Ga(1) = r(T(0)h(T(1)P(H (1(1)))(8(P)) ™"

2 QEEONY )
o) = (x(0) | (rtrn 22 )+<>¢<k<r<z>)>¢<1 ).
Rale) = r(1(1) T,},)hz (I ()P (e(0) "

—1
These in our setting for equation (4.14) and again with A(r) = 7 read as

Galr) = (p—‘l)1 ((p)", Rifr) = (”le)z (s(p))" 't

and

e = [ (1) teton " +yora—mmar |

Since conditions (4.5) and (4.6) hold and (4.7) is implied by positivity of the expression

pP— 1 P -1 p—1
T (8(P))™" +y®(1 —bo)AP"",
equation (4.14) is oscillatory, by Theorem 4.1, provided
p—1 ) 1
> .
' ( p ) (&E)A7T(1—bo)

This corresponds with the condition derived in [70].

For Euler equation (1.10) it is known that it oscillates if and only if y > ijl
holds, which is the ordinary version of condition (4.17). The constant Y, = (”;1>p is
the critical constant between oscillation and nonoscillation of (4.14), and it is natural to
study perturbations of the Euler-type equation with this critical constant and to find critical
constants in the added terms. In the case of the delayed and neutral equations, there is not
such a boundary between oscillation and nonoscillation of (4.14). However, based on the
results known from the ordinary case, let us study the neutral version of the Euler-Weber
type equation

(D(x(2) +box(0 (1)) + (/\P—lcb(yf—bo)tl’ + mggzt) P(x(A(r)=0.  (4.21)
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For equation (4.21) we use Theorem 4.2 with f(1) = @~ (r(rr(—(tt)))) Similarly as

previously, we take h(f) = i r b , for which (4.15) holds, and with the use of the relevant
coefficient function ¢() in (4.16) we have

u
tlog’t

Ci(t) = D(1—bg)AP~!

and

® @ U1 —bo)A?~! (1 —bo)A?~!
[ciwas- HO—b)A! (1 —bo)d?"!
t slog”s log?
-2

P
Since R, ' = <L> %, condition (4.13) becomes

p—1
p—2
_pP _ 1o 1
<p_1) HCD(I b())A > 24

which, by Theorem 4.2, implies that equation (4.21) is oscillatory if

1 p—1\7!
H >2‘D(1—bo)/\p_1< » ) | *22)

Note that in the ordinary case A = 1 and by = 0, the constant from (4.22) is critical, which
p—1 P*I

P

Finally, let us con51der the perturbation of the Euler-Weber equation (4.21) with 4 = p,.

Take h(t) =1t 5 logpt and consider equation (4.1) with r(z) = 1, 1(t) = At, b(t) = 0.
Observe that

means that (4.21) is oscillatory if and only if [ > 5 (

p—1 _1 1 1
W(t)="—1+t rlogrt |14+ —-——]|.
) p ¥ { +(p—1)10gt}

By direct computation, we see that

1\ /!
6= (221) g0 (1-+o(1),

-2
Rlu)::(ﬂiil)p tlog(A1)(1+0(1))

as t — co. With the use of the power expansion formula

—1 —1)(s—2
s(s2 )x2+s(s é(s )x3—|—0(x3) as x—0

(I4+x)°=14sx+

one can show that for

APl 2 1 AP=1tPlog?(Atr)  tPlog?(At)log?(log(At)) '

we have
pAr-t

Ci(t) = tlog(A1) 10g2(log()\ 1))

(I+o0(1)) ast— oo,



Chapter 4. Neutral half-linear equations

Because
p—1\*7"
/ RY(t)dr ~ (T) log(log(A7))
and '
p—
foina- e
~log(log(At))’

as t — oo, condition (4.13) becomes

— 1\ 1
(1) Tt g
p 2q
Since 1 = pT the considered perturbed Euler-Weber equation (4.1) with r(f) =
At, b(t) = 0 and with ¢(r) given by (4.23) is oscillatory if

1/p—1\""! 1
(5

One can see that the constant is reduced to [, in the undelayed case A = 1.

1, 1(r)

33



Chapter 5

Numerical approach

Within the numerical approach to finding approximate solutions of differential equations,
we focus on a semi-analytical method based on the differential transformation. Contrary
to other numerical methods, where the result is a set of points and approximate function
values, we arrive at an approximate polynomial.

In [114] we proposed an algorithm using the differential transformation, which is con-
venient for finding numerical solutions to initial value problems for functional differential
equations. Our focus was on retarded equations with delays which in general are functions
of the independent variable. The main idea of the algorithm is that a delayed differential
equation is turned into an ordinary differential equation using the method of steps, and
subsequently, the ordinary differential equation is transformed into a recurrence relation
in one variable using the differential transformation. The approximate numerical solution
has the form of a Taylor polynomial whose coefficients are determined by solving the
recurrence relation. In the paper [112], the algorithm is used for finding approximate
numerical solutions to second-order half-linear Euler equation with and without delay, and
recurrence equations for Taylor series coefficients of solutions to initial value problems
are derived. Here we recall the basics of the differential method in such a depth, which is
necessary for understanding how the application to the Euler equations is made, and we
present the process, how the approximate solutions for half-linear Euler equations in the
form of Taylor’s polynomial can be found.

5.1 Differential transformation method
Differential transformation of a real function u(¢) at a point 7y € R is
P{u(1)}io] = {U () [to] }r=o- (5.1)

where U (k)[fo], i.e., the k—th component of the differential transformation of the function
u(t) at to, k € Ny, is defined as

k
oW =7 | ] 52

34—
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provided that the original function u(¢) is analytic in a neighbourhood of fy. Inverse
differential transformation of {U (k)[to] }_, is defined as

u(t):@—l{{m o]} 0}[z0 z U (K)[to] (t — to)*. (5.3)

In applications, the function u(¢) is expressed by a finite sum

N
u(t) = 5 Uit —10)"
k=0
Now we present the formulas for the differential transformation of such functions,
which we need for transforming the half-linear Euler equation. They can be found, for
example, in [114]:

Lemma 5.1. Assume that F (k)|to] and U (k)|to] are differential transformations of functions
f(t) and u(t), respectively.

1£0) = L then P@ofie) = EE R 0] 5.4
If f(t) =1t",r e R, then F(k)[ty] = (IZ) tg"‘for all t such that |t —ty| < |to|, (5.5)
where (Z) = rr=1). '].Cfr_ k+1) = <I}3k’ (r)x being the Pochhammer symbol.

If f (1) = g(2)h(t), then F (k)[to] —ZG (1) [t0] H (k — 1) [to]. (5.6)

Differential transformation of components containing nonlinear terms can be obtained
using the algorithm described in [113]:

Lemma 5.2. Let g and f be real functions analytic near ty and g(ty) respectively, and
let h be the composition h(t) = (fog)(t) = f(g(t)). Denote 2{g(t)}[t] = {G(k)}7_,
2{f(t)}g(to)] = {F(k)}y_o and Z{(fog)(t)}[to] = {H(k)}}_ the differential transfor-
mations of functions g, f and h at ty, g(ty) and ty respectively. Then the numbers H (k) in
the sequence {H (k) }y_, satisfy the relations H(0) = F(0) and

k
:[ZF(z)-Ek,l(G(l),...7G(k—z+1)) fork>1, (5.7)

where 3;(7 1(R1,-..,Xk_111) are the partial ordinary Bell polynomials.

Here, according to [113], the partial ordinary Bell polynomials B’k,l()%], e Xp—141),s
[=1,2,..., k>, satisfy the recurrence relation

A ey
Bii(®1,. . Xk—141) Z 7 RiBr_ii—1(R1,. . Raicia),
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where By =1 and B =0 for k > 1.

Finally, we need the following result which is proved in [114]. If 2{f(z)}[n] =
{F(k)[to] } . is the differential transformation of the function f(r) at fo. Then the com-
ponents F'(k)[t;] of the differential transformation 2{ f(¢)}[t] = {F (k)[t1]} 7, of f(¢) at
t1 > tp may be expressed as

F[t] = ,20 (k jf) (1 — 1) F(k+ )lto], k> 0. (5.8)

5.2 Application of the differential transformation to half-
linear Euler equation

In the paper [112], the differential transformation method is applied to half-linear Euler
equation in the form

(X ()7 + -2-x(r) = 0, (5.9)

X
ta+ 1
as well as to the second-order half-linear Euler equation with a proportional delay

(1)) + 5727 (A1) =0,

where a > 0 is a quotient of two odd positive numbers and A € (0,1). Note that o = p—1
and equation (5.9) is a special case of equation (1.10).
Consider the initial value problem for half-linear Euler equation

((x’)“)/+ta‘ilx“:o, x(io) =a, *(i) =b. (5.10)

To apply the differential transformation of (5.10) at 7, we use Lemma 5.1 and succes-
sively obtain:

20} = X0}, X(0)E 0, x(1) =,

2 (0} 2 {(k+ DX (k+ 1)}
k .
(1)) 2 { 5 (7) <x<1>>“—lék,z<zx<z>,3x<3>,...>} = (H )

k=1

= {(k+ DH (k+ 1)},
k

57 {[Z (Ol’) (X(O))a—lghl(x@),x(z%...)} =: {Hy(k)}i1
=1




Chapter 5. Numerical approach 37

Hence equation (5.10) transformed at t = £y, with use of the rule for transforming product
(5.6), reads as

k
(k+ DHi(k+ 1) +yS F(DH(k—1)=0, k>0. (5.11)
=0

This is a recurrence relation, to which it is possible to substitute the initial conditions and
then compute successively further members of the sequence X. In the end, the inverse
transformation (5.3) is applied.

Example 5.1. As a concrete example, take Euler equation (5.10) with a = 3. We know

thatif y=\5 = (%)4, then #3/4 is a solution of the initial value problem

3 4
((x’>3)’+%x3 =0, x(1)=1, ¥(1)=7. (5.12)
Let us illustrate the process of finding the Taylor series of the solution on this problem
(5.12). Transformed equation (5.11) expands for (5.12) witha =p—1=3,5p=1,y= (%)4
to

k1 /3 s
0= (et 1) 3 (30K B 2X(@)...)

+vs ()3 G o) (§) o

J=1

The initial conditions imply X(0) = 1 and X(1) = 3. Substituting for k =0, 1,2 provides

the results
3 5 45

X(2)= —32 X(3) = 128’ X(4)= ~2048"
The precise calculations can be found in [112]. We see, that using the differential transfor-
mation algorithm we get the Taylor series coefficients of the exact solution. Indeed, Taylor
series expansion of /% atty=11is

3

3 2 5 3 45 4 5
I+-(—-1)——=@—-1)"+—@—-1) ——=(—-1)"+ —1 -1 <1

A different approach to find recurrence relations for obtaining the coefficients of a
Taylor series of the solution is used in the Parker-Sochacki method (see, for example
[12, 121]). The main idea is to transform the studied ordinary differential equation into a
polynomial system, if possible. The polynomial system is then transformed, and recurrence
relations are found. Such a method can be applied to a wide class of ordinary differential
equations. However, the description of the process of finding the polynomial form is not
simple, and the polynomial system might not be unique. A-priori error estimates presented
in [121] can be applied especially to this polynomial form of the equation. Within this
context, choosing the transformations y; = x(¢),y» = x'(t),y3 =t~*,ya = t,y5 = 1/y, the
initial value problem (5.12) can be rewritten in the polynomial form, as is shown in [112].
However, we find our approach more elegant less demanding with respect to the number
of needed calculations. Note that the role of Theorem 5.2, which enables us to transform
compound functions, is crucial within our algorithm.
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Now let us focus on the half-linear Euler equation with proportional delay. We show
how the process of combining the differential transformation with the method of steps, as
described in [114], is applied. Consider the initial value problem (for A € (0,1))

() + e (x(A0)T =0, x() =a, X(1) =, (5.13)

with the initial function
@) =a+b(t—19), t€(0,00]=1l. (5.14)

Denote ; = 4% and I; = [t; 1,4, i > 1. If € I; then At lies in [;_.
For ¢ € I} = [ty, 1] we denote the solution of initial value problem (5.13)+(5.14) as x (1)
and its differential transformation at 7y by X; (k)[fp], K > 0. Since At for ¢ € I, falls into Iy,

we substitute for x(A7) the initial function (5.14) and rewrite equation (5.13) into the form

((x'(t))“)'+ta‘il(ﬁb(m—tg))a:o, (i) =a, (i) =b. (5.15)
Because
a+b(At—1ty) =a+btg(A —1)+DbA(t —1y),
we have

P{a+b(At—19)}[to) = {a+Dbty(A —1),bA,0,0,...},

k
P{(a+b(At 1))} (k) [to] 2 I; (‘;) (a+bto(A —1))2~'By,(bA,0,0,..)

= (Z) (a+bto(A — 1)) KA k> 1,
P{(a+b(At—19))*}(0)[to] = (a+bto(A — 1))

Equation (5.15) transformed at fy with the use of the rule for transforming the product (5.6)
reads as

k1 /g .
(k—|— 1) Z (l) (Xl(l)[l‘()])ailBk+17l(2X1 (2)[10],3)(1(3)[2‘0] .. ) (5.16)
=1

+ yli) <_al_ 1) (t())_a_l_l (k(i l) (a+ bty(A — 1))G—k+l(b)\ )k—l -0

and the initial conditions transform, according to (5.2), to
X (O) [l‘()] =a, X (1)[1()] =b.

Substituting for k =0, 1,... into (5.16) provides recurrent equations, from which one can
successively calculate X (k)[fo] for k > 2. Resulting solution on interval /; then is

) = 3 X)) — )"
k=0
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In the applications and programming, this series (and every other) will be truncated. The
solution x; will be just approximate.

Notice that with a different (general) initial function ¢, equation (5.16) would be of the
form:

k+1

(k+1) 121 (?) (X1 () [t0]) ™" Brs1,1(2X1(2) [10], 3% (3) to] - - )

k

vy (7)o e} - il =

=0

Now let us move to the second step, take ¢ € I, = [t1,%,], denote x,(f) approximate
solution on I, and X, (k)[t;], k > 0, its differential transformation with the center at #;.
Because Az for 1 € I lies in I;, we substitute for x(A#) the function x;(A¢) and rewrite
equation (5.13) into the form

(@) taﬁ(Xl(/\t))“:O, x(t) =xi(n), x(n)=x ") (5.17)

Since At = Aty +A(t —11), we have
D{At} ={A1;,A,0,0,...}
and because At; = fy, we have with the use of (5.7)
Q{xl )\l‘ [l‘l ZXI )\l‘l Bk[ )\ 0 0,. ) 1(k)[t0]/\k21 G(k)[l‘l],kz 1,

Z{x1(An)}H0)[n] = 1(0) [t0] = a=: G(0)[n].

Furthermore, again according to the way how to transform a compound function (5.7),

k
0 M) Bl = 5 () (GO Bus(G(1le) G-k =0
Equation (5.17) transformed at #; reads as
k+1 a .
0= (k+ 1) Z (l) (Xz(l)[Il])a_lBk+1’1(2X2(2) [tl],3X2(3)[t1] .. ) (5.18)
=

k k—1
e (_a,_l)@)_“_l” > (a) (G(O)[])* By (G 1], G)[n]....)

=AY

and the initial conditions are (according to (5.8))

(o]

X(0)[n] = X1 (0)[n] = 5 X1 (k)[to] (11 —10)"*
k=0

[ee]

XQ(])[Z‘]] :X1(1)[l‘1] = Z (k—l— 1)X1 (k—l— 1)[2‘0](11 —t())k.
k=0
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The approximate solution for ¢ € I, then is
() =5 X(k)n])(—n)k.
k=0

Further steps for ¢ € I;, i > 3 employ again recurrent equation (5.18), only with shifted
indexes (e.g., X becomes X; and #; becomes #;_1). The process of the i-th step follows the
path of the second step.

The paper [112] presents numerical results for a concrete example of the initial value
problem (5.13)+(5.14) together with their comparison with results obtained by Matlab
function ddesd. In particular, the following problem is considered

(1)) + (3)4}4@((0.8;))3 =0, x()=1, Y)=3, (19
with the initial function
cp(z)=1+§(t—1), t € (0,1]. (5.20)
The first step of the algorithm takes place on the interval [fy,7;] = [1, %] and the second
step on the interval [t1, 5] = [, 1] (because #; = /t\—‘),)

The results are illustrated in the figure. There we see, how the approximate solutions
of the delayed problem (5.19)+(5.20) tend to rise more at the end of the interval [fy, 1]
compared to the original undelayed solution of the initial value problem (5.12). We can
observe, and it is discussed in more depth above the table of numerical results in [112], that
our algorithm provides an approximate solution that is very close to the solution calculated
by the built-in Matlab function ddesd designed for solving delay differential equations.

1.44 + ddesd solution 4
DT solution
solution without delay | |

142

1.4 .

1.38 g

1.36

Solution x

1.34

1.32

1.3 4

1.28 7

1.35 1.4 1.45 1.5 1.55
Time t



Conclusion

We conclude the thesis with some remarks presenting further possible research directions
and open problems and with a brief summary.

Remark 5.1. Further possible work in a search for asymptotic formulas of nonoscillatory
solutions is straightforward and concerns the generalized Euler-type equation in the sub-
critical case (2.2). The formula for its second nonoscillatory solution linearly independent
to (2.3) is still to be found.

Another potential direction would be turning the attention to formulas for oscillatory
solutions. Some of the formulas for oscillatory solutions of (1.22) in the supercritical case,
where proposed by Dosly in [21], but as far as we know, this area remains unexplored.

Remark 5.2. Based on the results of Section 3.2 for perturbations of general conditionally
equations and their comparison with those for the perturbed Euler-type equation in Section
3.1, we suppose that we can study perturbations of equation (3.11) with 0 = zl and find a
perturbation such that the obtained perturbed equation is conditionally oscillatory. More
generally, we conjecture that the equation with an arbitrary number of iterated logarithmic
terms

u 1
,Zo 2qhP(1)R(1)(' R~ (s) ds)* Log3 ("R~ (s) ds)

(P() + (C(t) + ) ®(x)=0 (5.21)

is, under certain assumptions, conditionally oscillatory (here Logyf :=1). This would
generalize the result of [58] concerning generalized Euler-type equation (1.19) and give us
the possibility to generalize the oscillation and nonoscillation criteria of the paper [66] to
the case when we study perturbations of equation (5.21), similarly as in [20, 65], where
perturbations of generalized Euler-type equation (1.19) are studied. Another task would
be to find the asymptotics of nonoscillatory solutions of equation (5.21).

Remark 5.3. Interesting problems arise from the approach of Fujimoto and Yamaoka
([68, 69]), who started to consider second-order half-linear equations with function p(r)
instead of the number p in the operator ®@. A natural question from our perspective is to
what extent the Riccati technique can be applied and if there could exist a variant of the
modified Riccati transformation which would be of use.

Remark 5.4. The qualitative theory of delayed and neutral half-linear equations is still a
rather new research field where many branches deserve exploration. Compared to ordinary
half-linear equations, one of the disadvantages is that, within the Riccati technique, only
Riccati type inequalities can be applied. This fact leads to the bigger number of oscillation
criteria, which are currently proved, whereas nonoscillation criteria are harder to achieve.

4] -
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Remark5.5. The applicability of the differential transform method for finding the numerical
solutions of differential equations is limited by the proposed calculating algorithms in
concrete programs like Matlab. To overcome the limits of extending the solution to longer
intervals, a different approach to implementing the code could help. One of the possible
directions to overcome the effect of division by a number close to zero might be the concept
of automatic differentiation. Another task also is to find the recurrent equations providing
Taylor’s polynomial of solutions of more general types, like half-linear Riemann-Weber
equation and further generalizations of the half-linear Euler equation.

The focus of the thesis has been mainly on the usage of the modified Riccati technique
for half-linear second-order Euler-type and generally conditionally oscillatory equations to
obtain oscillation and nonoscillation criteria and to prove asymptotic formulas of nonoscil-
latory solutions. Our results are applicable especially for equations at the narrow bound-
ary between oscillation and nonoscillation, for example, for half-linear Euler equation,
Riemann-Weber equation, and generalized Euler-type equation. Results of our studies
of half-linear neutral equations and of numerical approach within the application of the
differential transform method are presented too. We have also pointed out further possible
extensions of the considered research fields.
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ABSTRACT. We establish asymptotic formulas for nonoscillatory solutions of
a special conditionally oscillatory half-linear second order differential equation,
which is seen as a perturbation of a general nonoscillatory half-linear differential
equation

(rt)®(a)) +e()@(2) =0,  &(z) =z’ 'sgnz, p>1,
where r, ¢ are continuous functions and r(t) > 0.
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1. Introduction

In this paper we investigate asymptotic properties of nonoscillatory solutions
of a special conditionally oscillatory half-linear second order differential equation,
which was constructed in [3] as a perturbation of a general half-linear differential
equation

(r(t)®(z")) + c(t)®(z) = 0, O(x) = |z|P"tsgna, p>1, (1)

where t € [tg, 00), r, ¢ are continuous functions and r(t) > 0. In the case p = 2,
equation (1) reduces to the linear Sturm-Liouville differential equation

(r®)z") +c(t)xr =0 (2)
2000 Mathematics Subject Classification: Primary 34C10.

Keywords: half-linear differential equation, conditionally oscillatory half-linear equation,
modified Riccati equation.
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and it is well known that the linear oscillation theory of (2) can be naturally
extended also to half-linear equation (1). In particular, (1) is called oscillatory
if its every nontrivial solution has infinitely many zeros tending to infinity and
nonoscillatory otherwise.

In the whole paper we suppose that (1) is nonoscillatory. Let d(t) be a positive
continuous function, we say that the equation

(r(t)®(2"))" + [e(t) + pd(t)]@(z) = 0 3)

is conditionally oscillatory if there exists a constant po > 0 such that (3) is
oscillatory for u > o and nonoscillatory for u < pp.

Let h(t) be a positive solution of nonoscillatory equation (1) such that
R (t) # 0 on some interval of the form [Ty, c0) and denote

R(t) = (RN (0P, G(1) = r(t)h(t)R (W' (t)). (4)

Under the asumptions

oo

dt o
/R(t) = 00, htrgloglf\G(t)\ >0,

the authors of [3] constructed a conditionally oscillatory equation seen as a
perturbation of (1) in the form

(r(O®()) + | e(t) + . Pa@)=0. ()
he (@) R(t)([ B~ (s) ds)?

1

2q’

conjugate number to p, i.e., ; + é = 1. In [3] it is also shown that (5) has for

this constant p = pg a solution with the asymptotic formula

The critical oscillation constant of this equation is pg = where ¢ is the

1
t P

x(t) = h(t) /R_l(s)ds 1+O<</R‘1(s)ds> ) as t— oo.

(6)
The aim of this paper is to give more precise asymptotic formulas in terms of
slowly and regularly varying functions in the case where the constant p is less
than or equal to 21q.
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The “perturbation approach”, when the studied equation is regarded as a
perturbation of another half-linear equation, has been also used in [7]. Here, the
asymptotics of nonoscillatory solutions of

(@)Y + 7 @) + () B(x) = 0, (7)

P
where v, = (p ;1> , was established under the assumption

oo
: ~ p—1 _ 1 (p—1\pP—1
tlggologt/c(s)s dse( 00, 5 ( » ) }
i
Equation (7) has been seen as a perturbation of the half-linear Euler type equa-
tion

(@) + [ @(x) =0 (8)

with the critical constant -,.

In this paper, we apply the perturbation principle combined with the so called
Riccati technique to get our asymptotical results for (5) with p < qu'

2. Preliminaries

As in the linear oscillation theory, the nonoscillation of equation (1) is equiva-
lent to the solvability of a Riccati type equation (for details see [2]). In particular,
if x is an eventually positive or negative solution of the nonoscillatory equation

(1) on some interval of the form [T, 00), then w(t) = r(t)® (Z/) solves the

Riccati type equation
w +c(t) + (p— Dr'=(t)|w|? = 0. (9)

Conversely, having a solution w(t) of (9) for t € [Ty, 00), the corresponding
solution of (1) can be expressed as

t

z(t) = Cexp /rlq(s)Cbl(w) ds p,

where ®~! is the inverse function of ® and C a constant.

Using the concept of perturbations it appears useful to deal with the so called
modified (or generalized) Riccati equation. Let h be a positive solution of (1)
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and wy(t) = r(t)® (7;) be the corresponding solution of the Riccati equation

(9). Let us consider another nonoscillatory equation
(r(t)e(") + C(t)®(z) =0 (10)

and let w(t) be a solution of the Riccati equation associated with (10). Then
v(t) = (w(t) — wp(t))hP(t) solves the modified Riccati equation

v+ (C(t) — c(t))h? 4 pri=h? P(®~(wy,), w) = 0, (11)

where
|ul? |v]?

P(u,v) := —uv + >0,

with the equality P(u,v) = 0 if and only if v = ®(u). Equation (11), in this
form, was derived e.g. in [1]. We deal with this equation in a slightly different,
but still equivalent, form

v+ (C() — ()P + (p — 1)1~ 1h=9|G|IF (g) =0, (12)
where G(t) is defined by (4) and
F(u) = |lu+1]9 —qu— 1. (13)

Regularly and slowly varying functions in the sense of Karamata (see [4], [5]
and the references therein) have an important role in half-linear theory, see e.g.
[6]. Let us recall their nomenclature.

Let a continuously differentiable function J(t): [Ty, 00) — (0, 00) be such that

J'(t) >0 for t>Tp, tlim J(t) =
—00
and let g(t),e(t) be some measurable functions satisfying
tliglo g(t) =g € (0,00) and tliglo e(t)y=p0€R.

According to the terminology of the above mentioned papers a positive mea-
surable function f(t), such that f o J~! is defined for all large ¢, and which can
be expressed in the form

ro=atesd [ TG ash e

to
for some Ty > to, is called generalized regularly varying function of index o with
respect to J (the notation f € RV;(p) is then used). If g(t) = ¢ (a constant),
f(t) is called normalized regularly varying function. For p = 0 the terminology
(normalized) slowly varying function is used.
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Let us only remark that in [6] this terminology is introduced for J(t) defined
on the interval [0, 00) but since the point is in describing the asymptotic behavior,
the interval of existence of the function f(¢) is sufficient even for J(t).

3. Main results

In this section we establish asymptotic formulas for nonoscillatory solutions
1

of conditionally oscillatory equation (5) in the cases p < 21q and p = 9> Tespec-

tively.

THEOREM 1. Suppose that (1) is nonoscillatory and posseses a positive solution
h(t) such that h'(t) # 0 for large t and let

T dt
| aiy == 14

htlggolf |G(t)] > 0. (15)

and

If u < 21q, then the conditionally oscillatory equation (5) has a pair of solutions
given by the asymptotic formula

t (=D

x; = h(t) /ngms Li(t),

where \; are zeros of the quadratic equation

q
2

and L;(t) are generalized normalized slowly varying functions of the form

t
L;(t) = exp {f Si®) ds} and g;(t) — 0 for t — oco.
R(s) [R='(7)dT

M- A+pu=0 (16)

Proof. We are looking for solutions of the modified Riccati equation associated
with (5), which reads as

v+ M - nrneleorE (G0 <o an
RO)(J B1(5) s

where G is defined in (4) and F' in (13).
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Assumptions (14) and (15) imply the convergence of the integral

[T RTI()|G(t) | F (g&%) dt, from which follows (see [3]) that v(t) — 0
and g((tt)) — 0 for t = o0.

Let Cy[T,00) be the set of all continuous functions on the interval [T, 00)
(concrete T will be specified later) which converge to zero for ¢ — oo and let us

consider a set of functions
V={wey[T,00): |w(t) <e, t>T},

where € > 0 is so small that

1
le< . 18
S —agat e, (18)
Let us also observe that the fact
1 q
1) <1 19
\/1—2qﬂ<2+ °= (19)

is implied.

Let us denote the roots of the quadratic equation (16) for u < qu as

:1—\/1—2q,u )\2:1+\/1—2qu

A1
q q
We assume that two solutions of the modified Riccati equation (17) are in the
form
i t
vi(z,t) == | +2(t) ,
J R1(s)ds

for t € [T,00) and z € V, i = 1,2. Substituting this function and its derivative
into (17), we have

w— N — z(t)

A+ "
R(t) [ R—1(s)ds

+(p— D)r () hU(4) |G ()| TF (“(;t;)> /Rl(s) ds =0

which can be rewritten as
R(t) [R'(s)ds R(t) [R~1(s)ds
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where

2

Ei(z,t) == p— X — Xiqz(t) + (p— 1) /Rl(s) ds | G*(O)F (vzc(;t)f)> '

This means that looking for solutions v; of the modified Riccati equation (17) is
equivalent to looking for solutions z; of the equation (20). In the next we shall
show that two solutions of (20) can be found through the Banach fixed-point
theorem used onto suitable integral operators.

Firstly, let us turn our attention to the behavior of the function F(u), which
plays an important role in estimating of certain needed terms.

Studying the behavior of F'(u) and F'(u) for u in a neighbourhood of 0, we
have

Py = PO P10
= 0y (@D ot (a4 o

where ¢ is between 0 and u. For |u| < j and hence also || < ; there exists a
positive constant M, such that

‘q(qg2)1+Cq_SSgn(1+C)‘ <M, for ¢>1.
Therefore
r = 11 < - D, (21)
Similarly,
F'(u) = F"(0)u+ FWZ(CI)u2 =q(qg—1)u+ ala— 1;((1 -2 |14¢/|773 sgn(1+¢)u?,

where ¢’ is between 0 and u. Again, considering |¢’| < é we have

|[F"(w) = (g — 1)u| < 3(q — 1) Mlul*. (22)
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¢
Now, let us denote J(t) := [ R™!(s)ds, then the estimate of the function
E;i(z,t) for z € V, reads as

B 0] = = & = dasto) + 2000220

+(p— D)J2OG2()F (“é@?) — gJQ(t)vf(z,t)‘

=X = Xigz(t) + (i + (1))

P (0 ala=1) (u) ]
MMH@)} s )" (e )

GO @)

g e KM+ ()
< ()] + ,
ol 17(0)

+{(p = 1)J2($)G*(1)

< 012+

where (21) was used for u = % and K := sup |G%t)‘ is a finite constant for T'
t>T

sufficiently large because of (15). According to (14) there exists 77 such that
the last term in the previous inequality is less than €2 and therefore

[Bi(, )] < fe? 42 <2 (g +1) (23)

for t > T7.

Furthermore, for z1, 20 € V we have

|E;i(21,t) — Ei(22,1)]
- \—wzl — )+ (= DI OGW) [F (vi&i’)ﬂ) - (vigft’)t))]

which, by the mean value theorem with a suitable z(t) € V', becomes

)

= ‘—)\iq(zl — 22) + qJ (t)vi(2,t) (21 — 22)

+(p—1)JOGH)F (Uézt)t)) (21 — 22) — qJ (t)vs (2, 8) (21 — 22)

< ‘—Aiq gz )

o= 07060 (7 (") =" )
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3K M,(\; + 2(1))?

< (a1 + \ s X e - s,

where (22) was used. Similarly as in the previous estimate, there exists T such
that the middle term in the last row of the inequality is less than € and hence

|[Ei(21,1) = Eiz2, 1) <e(g+1) - |21 — 2 (24)
for t € [T, 00).

Now, let us consider the pair of functions

t

1+ A .
ri(t) :== exp / s + A ds 3, 1=1,2.
s) [R=Y(r)dr
Then equation (20) is equivalent to
1
(ri(®)z(t)) + ri(t) . Ei(z,t) = 0. (25)

For i = 1, we have a function

t t
-1+ A —/1-2
r1(t) = exp / s A ds » =exp / \{ a ds
9 ) R 5 R
and it is easy to see that r1(t) — 0 for t — 0.

Finally, let us define an integral operator F; on the set of functions V' by
1 oo
0= o MY B
" t s) [ R
We observe that

/°° ns o nlt)
S)st_l(T) dr V-2

Taking 7' = max{71,T»}, by (23) and (18) we have
1 T rl(s)
EH0 < / w Fariyas 2

)
1 q
1) <e,
\/1—2qu<2+ © =
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which means that F; maps the set V into itself, and by (24) and (19) we see
that

r1(s)

|(F1z1)(t) — (F122)(t)] < s
(s) [ R=Y(r)dr

|Er(21,8) — E1(22,5)|ds

A
=
=

1
fg+1) < e - 2l

A
N
S

w
N

1
V1-—2qu

which implies that F} is a contraction. Using the Banach fixed-point theorem
we can find a function z (¢), that satisfies 27 = F1z;. That means that z1(¢) is

a solution of (25) and also of (20) and v (t) = éﬁzl(t) is a solution of (17).
S R-1ds

For i = 2 we have

t

ro(t) = exp / —1+ A ds » =exp / V=2 ds
R(s) [R~(r)dr R(s) [R~Y(r)dr

and we define an integral operator F5 by

/t ra(s) Es(z,s)ds.

(F22)(t) = — s
R(s) [R=(r)dr

1
T2 (t)

Since

/t ra($) ds — ro(t) — ¢ ’
R(s) [R-\(r)dr V17 2H

where c is a positive suitable constant, the inequality

t

1 ro(s) . 1
72(t) / R(s)jR*l(T) dr ds < V1 —2qu

holds for ¢ sufficiently large, as ro(t) — oo for t — oco. Taking T = max{T1, T2},
the estimates for the operator Fy are the same as in the previous case and we
can find a fixed point z5(t) satisfying Frzo = zo. Thus 22(t) solves (25) and
_ Aotza(t)

Ug(t) = ¢
JR-1ds

solves the modified Riccati equation (17).
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Expressing the solutions of the standard Riccati equation for (5) correspond-
ing to the solutions v;(z;,t) of the modified Riccati equation, we have

V; (ZZ‘ y t)
he (t)wn (t) )

ot (1 e ) ) (1 R ) |
he(t)wy (t) [ R~ ds G(t) [ R~1(s)ds

¢
Since solutions of (5) are given by the formula x(¢) = exp {f r1=(s)® 1 (w) ds},

wi(t) = h7P(t)vi(zi,t) +wp(t) = wi(t) <1 +

we need to express

"(t)
h(t)

(t)e~
( A+ () )ql
“1(s) ds
tt( = Aokl +0( Nkl ))
) [ R G(t) [ R-1(s) ds

_h(;+ @ <qt—1>zi<t> +0( ) )
Rt)fR—l(s)ds R(t) [ R R(t) [ R

Because

t
R(t) [R™!(s)ds o Ai""zi(t)
o ( A + 2zi(t) ) R(t) [ R=1(s) ds

R t)ftR*1 R(t) jR*l(s) ds
(>\ + zi(t))

t)fR I(s)ds

holds for large ¢, the pair of solutions of (5) for i = 1,2 is in the form

t (g=1)X;
zi(t) = exp{log h(t) + log (/ R™(s) ds)
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As z; € V and hence z;(t) — 0 for ¢ — oo, the statement of the theorem holds
for g;(t) = (¢ — 1)z (t) + o(N\; + zi(t)). O

1

9g" which gives an

Now let us present the asymptotic formula in case y =
improved version of (6).

THEOREM 2. Let the assumptions of the previous theorem be satisfied and let

W= 21q. Then equation (5) has a solution of the form

= h(t) / RY(s)ds | L), (26)

where L(t) is a generalized normalized slowly varying function of the form

t
L(t) = exp {f NS ds} and £(t) — 0 for t — oco.
R(s) [R=Y(7)dT

Proof. For u = qu the quadratic equation (16) has a double root A = é. We
assume the solution of modified Riccati equation to be in the form (for z € V)
1
+ 2(t
v(z,t) =, 1 ) )
J R~(s)ds
which gives, after substituting into the modified Riccati equation (17) for p = 21q,
—2(t) —
2 (t) + 2

R(t) f R-1(s)ds

+(p— D)r )R (4)|G (L)1 F (”éi;?) /Rl(s) ds = 0.

Let us denote
t

Bt = =20~ + 01 | [ A0 ) or ()

and let us consider an integral operator Fj

o0

<F3z><t>—/ i ! . B(z.s)ds
+ R(s) [ R~Y(1)dr

on a set of continuous functions

V={we Cy[T,00): |w(t)|<e, t >T},

234



ASYMPTOTICS FOR CONDITIONALLY OSCILLATORY HALF-LINEAR EQUATIONS

where T and ¢ are to be established similarly as in the proof of the previous
theorem. Then the solution of modifed Riccati equation and also the solution of
the studied equation can be found in almost the same manner as for the previous
statement. O

Remark 1. If 7(t) = 1,¢(t) = vpt™? and h(t) = t"s" then the conditionally
oscillatory equation (5) with u = qu, seen as a perturbation of the Euler equa-
tion (8), becomes the Euler-Weber (or alternatively Riemann-Weber) half-linear
differential equation

(@(x'))’+{7p+ Hp }@(x)—o

P trlog’t

1 (p-1)"7!
2 D
(26) then reduces to the formula given in [7, Theorem 2].

with the so-called critical coefficient p,, = . The asymptotic formula

Remark 2. For the Euler-Weber half linear equation also the asymptotic for-
mula for its second linearly independent solution is known (see [8]). An open
question remains whether the second linearly independent solution of (5) with

w= 21q could be found in a similar form

1 2
t P t P

2a(t) = h(t) / R '(s)ds | [ 1og / R Vs ds | | Lao),

where
t

Ls(t) = exp / s e2(s) s ds

and e5(t) — 0 for t — oo.
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1 | INTRODUCTION

We consider the half-linear Euler-type equation with n terms

<¢<x’>>’+(%+"il =y L

P tPLongt tPLogflt> d(x) =0, &(x) = |x|P'sgnx

in the subcritical case when O<u<u, and p>1. The solutions of this
nonoscillatory equation cannot be found in an explicit form and can be studied
only asymptotically. In this paper, with the use of the perturbation principle,
modified Riccati technique, and the fixed point theorem, we establish an
asymptotic formula for one of its solutions.

KEYWORDS
asymptotic formulas, Euler equation, half-linear differential equation, nonoscillatory solution,

perturbation

MSC CLASSIFICATION
34C10

The aim of the paper is to find an asymptotic formula for a nonoscillatory solution of half-linear Euler-type differential

equation

. 14 n-—1 u U B
(®(x)) + <[—1§’+ > — +tPLog§z>q)(x) =0 (1)

1 tPLoglt

for 0<u<u,, t€[T,00). The operator @ is defined as ®(x):=IxIP~'sgnx, p>1, n € N, y, and p,, are the constants

—1\? 1/p-1\""
(. el
P 2\ p

and Log;t are products of iterated logarithmic functions:

Jj
Log;t: = ,BIIngt’ log,t: =logt, log.t: =log,_,(logt), k=>2.

The studied Equation (1) is a special case of a general half-linear second-order differential equation

Lix]: = (r()®(x)) +c(t)@(x) =0, 2

Math Meth Appl Sci. 2020;43:7615-7622.
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where x=x(t), functions r(t),c(t) are continuous, and r(¢) is positive on the interval of consideration. The solution space of
(2) is linear (but not additive) and contains either oscillatory or nonoscillatory solutions. Within the studies of
Equation (2) in some neighborhood of infinity, ie, t€[T,00) for some T, its solution can be classified as oscillatory, if
it has got infinitely many zeros tending to infinity, and nonoscillatory otherwise. Oscillatory and nonoscillatory
solutions cannot coexist; hence, half-linear equations are said to be oscillatory or nonoscillatory according to behavior
of their all solutions (for more information, see the basic literature’ summing up the results for half-linear equations up
to the year 2005).

Describing asymptotic properties of solutions is one of the main tasks of qualitative theory of differential equations.
Asymptotic behavior of solutions is often being classified with the use of the theory of regularly varying functions in the
sense of Karamata. Let us recall the following notation (for more information, see, for example, the monographz).

A measurable function f:[a,00)—(0,00) is called regularly varying (at infinity) of index 4 (and we write fERV(Y)) if

flar)

lim =2 =2% forevery 1> 0.

N0

If 9=0, f is called slowly varying. The representation theorem (see, for example, Rehdk?) says that fERV(9) if and only
if it can be expressed in the form

110 = storfesp{ [, * s},

where t>a for some a>0, ¢ and i are measurable functions such that lim,..@(t) is finite and positive and
lim,_ ,3%(t) = 0.

Half-linear equations have been studied in the framework of regularly varying functions, for example, by the group of
authors Jaro§, Kusano, Manojlovi¢, Mari¢, Tanigawa, and Rehak, see previous works>® and references therein. Consid-
ering the latest papers that sum up, improve, and extend previous results in this field, Rehak® provided an exhaustive
overview of asymptotic formulas for (normalized) regularly varying solutions of (2) in the case when r is positive and
¢ negative on [T,00). Furthermore, Kusano and Manojlovi¢” established asymptotic formulas for nonoscillatory solutions
of (2) depending on the rate of decay toward zero of the positive function

Qe =71 ¢(s)ds — C

"p

as t— oo, where C <

. However, the results are inapplicable to our Equation (1), because the constant C in this case

does not satisfy strict inequality, but equality. The reason is that Equation (1) lies on the threshold between oscillation
and nonoscillation. For such equations, it was shown, for example, in Patikova’ that it can be useful to regard the
studied equation as a perturbation of a nonoscillatory equation with less terms.

Equation (1) can be seen as a perturbation and in some sense also a generalization of the half-linear Euler equation

(@) + Lo =o. 3)

The critical coefficient y=y, is its oscillation constant: Replaced by a greater constant, the Euler equation becomes
oscillatory, and for y, and smaller constants, it is nonoscillatory. In view of this property, one can say that the Euler
equation is conditionally oscillatory. Equation (3) in the case y=y, has a pair of linearly independent nonoscillatory
solutions (see, for example, Dosly and Rehak?, chapter 1.4.2)

p-1

b, xa(t) = £7 logh(t)(1+0(1)) as t— co.

~

xi(t) =
If y<y,, then (3) has a pair of solutions

gq-1
x1,2 =th2

where 1, , are zeros of |17 — 1 + ﬁ = 0, as can be seen by a direct substitution.



PATIKOVA Wl LEY 7617

The Euler equation (3) with the critical constant can be perturbed so that the resulting equation is again condition-
ally oscillatory. Such a one term perturbation leads to the half-linear Riemann-Weber equation
(Y %
®x)) + | +—|Px) =0, 4
@) + (24 o) @
whose oscillation constant is =g, In this critical case for u=g,, Equation (4) is nonoscillatory and possesses a pair of
linearly independent solutions (see Elbert and Schneider®)

x1(t) = £7 logt(1 +0(1)), xa(t) = £7 logrt logr(logt)(1 +0(1)) as t— co.

In the subcritical case for 0 < u < up, the asymptotic formulas of a pair of linearly independent solutions were found in
Patikov4’, namely,

x12(t) = t‘%l(logt)“'z(l +o0(1)) as t— oo,

1/, \1-P A ) .
wherev;, = E(pTl) A1 and 4, , are zeros of W — A1+ u = 0. These formulas can be obtained also as a special case of
p
more general results proved in Dogly” (a link between these two approaches can be found in Patikova'®).
Finally, the Euler-type equation (also called the generalized Riemann-Weber equation) with an arbitrary number of
perturbation terms (1) was studied in Elbert and Schneider,® and it was shown that its oscillation constant is again M=Hp
and that the equation

@@ﬂ+(§+i ”’)M@=o s)

FitPLloght

has a pair of linearly independent solutions
— 1 —1 1 2
x(t) = t%Logit(l +0(1)), x(t)= tpTLog};,tlog};lHt(l +o0(1)) as t—oo.

Notice that all the above solutions are regularly varying of certain indexes and the functions of the form (1+0(1)) are
slowly varying functions (see other studies’”'").

In this paper, we consider the subcritical case of (1) when 0<u<u,, and reveal asymptotics of one of its solutions. Our
motivation comes among others from Patikova,'® where the asymptotic formulas for solutions of (1) were proposed in
the case n=2. Let us point out that also further generalizations of (1) are a subject of recent studies, see Dosly’ and
Hasil'? and references given therein.

2 | PRELIMINARIES

An important role in the proof of the main result is played by the so-called Riccati technique, which is based on the

following facts (see, for example, Dosly and Rehak"). If x(£)#0 is a solution of (2) on I, then w = r(t)® (%) isa

solution of the half-linear Riccati equation

w(O) +elt) + (p = (T =0, g=F. ©)

Within the perturbation approach, the Riccati equation (6) is insufficient for our purposes. The way how to employ
the idea of perturbation in the Riccati equation is in making its following modification. Denote for a positive differen-
tiable function h(r)

R(t) = r()R* ()[R ()72, G(t) = r(6)h(1)® (R (1)). (7)
Then v()=h”(t)w(t)—G({) is a solution of the so-called modified Riccati equation (see, for example, Dosly and Fi§narova'?)
v (t) +h(t)LK)(t) + (p = Dr' (DR ()H(v, G) =0, (8)

where
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H(®v, G) = v+ G|? —q@ ' (G)v—|G|*.
According to Dogly,” Equation (8) is in some sense close to the so-called approximate Riccati equation

(1) + BOLIRNE) + 55070 =0, ©

where the nonlinearity is only quadratic. The estimates of how close to each other are the solutions of (8) and (9) can be
done with the use of the calculations from the proof of theorem 2 in Dosly and Unal** (see also Dosly’, lemma 1), which

-1 p-2
we formulate here in the case of our interest for n(¢)=1, h(t) = pT, G=2u,=I'p, R = (‘%) t.

Lemma 2.1. If e€(0,1) and

-2
‘%‘(1 +¢) for ¢>3,
bie) = ,
‘q(q6 )‘(l—s)q_3 for q<3,
then for Iv/2u,l<e,
-1 1 L
F (v, 1) <Pp, (10)
t At t

3-2p
where L = (‘%1) )

3 | MAIN RESULT

The main result of our paper providing an asymptotic formula of a solution of (1) reads as follows.

Theorem 3.1. Equation (1) with w€(0,i,) has a solution of the form

1 1
where A = =+ = 1- £
2 2 My

Proof We consider Equation (1) to be a perturbation of the Euler equation (3), which is the reason for
choosing its solution as the function h in the modified Riccati equation (8). The modified Riccati equa-
tion (8) for (1) with

_ 1 2
x(t) = t%Logi_ltlogﬁ t(14+0(1)) as t—oo, (11)

h(t) =17, G(t) =T, = 2u, (12)
reads as
' "o M “ p-1 _
v+ X + +——H(v(t), Tp) =0, (13)

/1 tlogtt  tLognt t

and the approximate Riccati equation (9) is the in the form

T S R a4
1 tlogit - tloght  4uyt '

’

One can see that, with the use of the substitution u = 4/,Lpt’§, this is the classical Riccati equation of the

linear second-order equation

(4Mpty'(t))'+<ni1 B, K >y(t)=0,

/1 tlogit  tLognt
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which can be rewritten, using the notation 7 = :— as
p

(ty’<r>>’+("il ! i )ym:o‘ (15)

+
1 4tlogit  4tLogit

1
The transformation of variable ?dt =ds, t = €°, s = logt leads to the equation

y”<s>+<4isz+"i2 Ty >y<s>—o.

/14s?Log’s  4s2Log, ;s

First, we use the change of variable and substitution s = e“1, y(s) = /sz1(u1), and if n>2, we continue in
the same manner with u; = e+, z;(u;) = \/UiZi4+1(Uit1) for i=2,..,n—1 to obtain the equation

" T
Zyy (Un-1) + %Zn—ﬂun_ﬂ =0.

This equation has a couple of solutions z,—1 (up—1) = uﬁlfl, where 4, , are two (real) zeros of the quadratic
equation

LI LI B I (16)
4 4,up

Backward transformations result into the couple of solutions of (15)

Y12(t) = /Log,_(log,t)"?

and solutions of (14) are

Log,_,t N Alﬁzlog'nt>

=4 ty— =4u t
He =T, T <2L0gn_1t log,t

17)
n-1 1 1 1
=2 — 44 —_—
o lzzl Log;t Ay “?Log, t
1 1
Observe that for ue(0,u,), the zeros 4, , of (16) are in the interval (0,1). The bigger one 4, = > + 5 1-— ,uﬁ
P
1
lies in the interval (5, 1).Now, let us introduce the function
3

p(t) = [0 as)

and the set of functions
V={veC[T", ), v(t)-u (1) < Kp(t)},

where T™ and K will be specified later. Since @(f)=0(u;(t)) as t— oo and u;(f) is positive for large ¢, there exists
To such that u,(t)—Kep(£)>0 for t>T,. x To find a solution of the modified Riccati equation (13), we construct
the integral operator

n-—1
o0 ,up ©p — 1
FW)(t) = P Vas+ PP "Hw, 1,)d 19

(V)( ) jt (}21 SLOngS SLOgiS) S j‘t s (V, P) S ( )

and show that it has a fixed point on the set V.

op—1
First, we show that the integral j pTH (v, Tp)dt converges. Be T; such that the estimate (10) holds. For

vE V and t>T,, we have 0<v(t) <u;(t)+Ke(t), and since the function H is increasing in v for v>0, we
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observe (using Lemma 2.1 and suppressing arguments) that for ¢ > max{Ty, T1}

op — wop—1 1, o 1 ,
£~ < g~ —_ -
| H(v r,)dt < | —H(. T;) T e+ | o dr

since p(t)=0(u,(t)) as t—oo and j 1dt < co.

Next, we show that for suitably chosen constants K and T', the operator # maps V into itself. Using (19)
together with (14), Lemma 2.1, and estimates of v, we have for ¢ large enough

[FE)(O-m()] =

t

o 1 pou?
= p—H(v T,)ds — — | “Lds
A4, s

jf"p—H (v, T,)

f Vsl 4 L °°|V —u |
N 4,up N
1 oo(ul +v)|u1—v|ds

s

o (2u; + K@)K
(2u; + Ko) P,

The first integral satisfies
© K 3 oyl 03K 2 K2 2 K3 3
fc (u1+s ?) 4 _ Ltslds+§t3 uip +3 Sulco +K¢
S g(t) +o(p(t)) = ()1 +0(1)) as t—oo.

ds

Next, we have

j\001<2§02

; ds =o(p(t)) as t—oo.

Finally, we show that

_joo2u1K¢J

ds < KL 20
1 , 1 ( ) ( )
Up to this point, first, we show that

uz (1)
t

< —4u,yuy (1) (21)
for ¢ large enough. Indeed, using (17) and some arrangements, we arrive at the inequality

nol 1 1) 1 4/11(/11—1)"2—:1 1 )

0<(24 -1
(@4 -1) &1 Logit 1<i<j<n-1LogitLog;t Log, o1 Logt

1 1
Observe  that Mh—-1€e (—5, 0), A -1)= —ﬁ € (0, _Z) and 24,—-1€(0,1). Since
P

1 n—1 1 n—1 1 n—1 1 .
s —— =0 ———)and Y,  ———=0 . —— |, there exists T, such that
lel<f<”_1LogitLogjt (le Logft) Zin Log;tLog,t <z‘1 Log’t 2

inequality (22) and also (21) is satisfied for t>T,. Now, inequality (21) implies

j?@ds < Zup/hf:o(—Zm (s)u; (s))ds,
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4

which is equivalent to

o(1) < 2 A1),
Multiplying by % leads to the integral inequality

IO < g, 00Ny

and with the use of the definition of ¢ (18), one can see that (20) holds for ¢>T,.
In total, we have

| FW)(O)—ur(0)] < (Lb(e) + KAy + 0(1))e(1).
Let T; be so large that the term o(1) is less than or equal to 1 for £>Ts. Then for T" = max{T, Ty, T2, T3}
Lb(e) +1

-1

1
and for K > (such K exists since 1; € (E’ 1)), we obtain

| FW) ()= (6)] < Kop(1).

Hence, & maps V into itself. All the other assumptions of the Schauder-Tichonoff fixed point theorem are

satisfied too: #(V) is bounded, and since the derivatives F (v)(t) are bounded on compact subintervals of
[T",00), the operator (V) is also equicontinuous. Hence, the operator ¥ (v)(t) has a fixed point

F)(£) = v(t)
on P, for which v(f)=u;+0(¢(t)). The function v(t) now generates a solution of the half-linear Riccati

equation (6)w(t) = @(%) =hP(v+ G), from which one can express a solution of (1) in the form

x(t) = exp{jtdfl(w(s))ds}. In more detail, according to (12) and (17),

w(t) = @(;;((:))) = 2u, P (1 + tLog”_i +2tA izgn + O(fP(f)))-

Applying the inverse function @', we have

’ ’ ’ -1
x(t) p-11 Log,_,t log,t 1
— = 1+¢ 2t t

x(t) D t< + Log,_,t 2k log i Ole(®) ’

n

and using the powe ej pansmn f0r<‘nula we arrive at
— 1

) i+ it amla = DR 0o(0)

n— 1 n
p-11 1Log, ¢t 2Alog,t of?W
p t plog,,t plog,t

t

Finally, integrating gives (11).

CONCLUDING REMARKS

1. Within the framework of regularly varying functions, we can say that the solution (11) is a regularly varying

function of index

p_

1 -
(see the properties of indexes described, for example, in the appendix of Rehak?) and the

function (14+0(1)) in its formula is a slowly varying function.

. The so-called approximate Riccati equation (14) has two linearly independent solutions u,,u, described by (17). To

get the solution of (13) and consequently of (1), we used u;—the one with the larger zero of (16). The natural
question arises whether also u, with the smaller zero of (16) could be used to find the second linearly independent
solution of (1). This remains as an open problem.
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Abstract. We establish new oscillation and nonoscillation criteria for the perturbed
generalized Riemann-Weber half-linear equation with critical coefficients

(@(x) + (Z;’ + f Kp +E(t)> d(x) =0

in terms of the expression

1 t
—— [ &)L log? ds.
logn+1t/ é(s)s og,slog;, i sds

The obtained criteria complement results of [O. Dosly, Electron. ]. Qual. Theory Differ.
Equ., Proc. 10'th Coll. Qualitative Theory of Diff. Equ. 2016, No. 10, 1-14].

Keywords: half-linear differential equation, generalized Riemann-Weber equation,
(non)oscillation criteria, perturbation principle.

2010 Mathematics Subject Classification: 34C10.

1 Introduction

Consider the half-linear differential equation of the form
Lix] := (r(H)@(x")) + c(t)@(x) = 0, ®(x) = |x|PTsgnx, p>1, (1.1)

where 7, ¢ are continuous functions, 7(f) > 0 and t € [T, c0) for some T € R. The terminology
half-linear comes from the fact that the solution space of (1.1) is homogenous, but generally not
additive for p # 2. In the special case p = 2 this equation reduces to the linear Sturm-Liouville
differential equation

(r(t)x") +c(t)x = 0. (1.2)

In this paper we deal with oscillatory properties of equations of the form (1.1). It is well known
that the classical linear Sturmian theory of (1.2) can be naturally extended also to (1.1), see [8].

™ Corresponding author. Email: fisnarov@mendelu.cz
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In particular, (1.1) is called oscillatory if all of its solutions are oscillatory, i.e., it has infinitely
many zeros tending to infinity. In the opposite case all solutions of (1.1) are nonoscillatory, i.e.,
they are eventually positive or negative and (1.1) is said to be nonoscillatory. Let us emphasize
that oscillatory and nonoscillatory solutions of (1.1) cannot coexist.

If we suppose that (1.1) is nonoscillatory, one can study the influence of the perturbation &
on the oscillatory behavior of the equation of the form

(r(t)(®(x))" + (c(t) + &(t))(x) = 0. (1.3)

The concrete (non)oscillation criteria measure the positiveness of the function ¢ (generally
of arbitrary sign). If ¢ is “sufficiently positive” then the perturbed equation (1.3) becomes
oscillatory, if ¢ is negative or “not too much positive”, then (1.3) remains nonoscillatory. This
approach is sometimes referred to as the perturbation principle and leads, e.g., to the Hille—
Nehari type (non)oscillation criteria for (1.3) which compare limits inferior and superior of
certain integral expressions with concrete constants. These integral expressions are usually

either of the form
t
/R_l(s)ds/ &(s)hP (s) ds 1f/ £ df = oo (1.4)
T t

/tOOR_l(s)ds/T &(s)hP(s) ds 1f/ £ dt < oo, (1.5)

where § is a solution of (1.1) (or a function which is asymptotically close to a solution of
(1.1)) and R = rh?|W'|F~2. Criteria of this type can be found in [1-3,5-7,9, 10, 13], see also
the references therein. Note that the divergence or convergence of the integral [ R~1(¢t) dt is
closely connected with the so called principality of the solution & of (1.1), see [4, 8] for details.

Let us summarize the known results concerning the above mentioned criteria which apply
to perturbations of the Euler and Rieman-Weber type equations. Denote

p—1>P 1<p—1>"1
")/ = —_— , = — —_—
g ( p =2y

An example of a nonoscillatory equation of the form (1.1) is the half-linear Euler type equation
with the critical coefficient -y, (called also the oscillation constant)

or

(@) + T (x) = 0, (16)

whose principal solution is hi(t) = t:T]l and the second one (linearly independent of hy) is
asymptotically equivalent to hiz(t) =t 7 log? t, see [11]. Note that the criticality of , in (1.6)
means that if we replace <y, in (1.6) by another constant v, then (1.6) is oscillatory for v > 7,
and nonoscillatory for 7y < ,. It was shown in [7] that the perturbed Euler type equation

(@(x)) + (12 +2(1)) @(x) =0 (17)

is nonoscillatory if
11rtn_>s;1p E(t) < pp, 11¥L1g1fE(t) > =3y
and oscillatory if
LBminf E(t) > pp,

t—o0
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where E(t) = logt [~ &(s)sP~! ds. Dogly and Reznitkova [9] proved the same couple of non-
oscillation and oscillation criteria with E(t) = 101? i Tt &(s)sP~'log? s ds. Compare both cases of
E(t) with (1.4) and (1.5) taking h(t) = hy(t) and h(t) = hy(t), respectively.

Further natural step was to find similar statements also for perturbations of the Riemann-—
Weber (sometimes called Euler—Weber) half-linear equation with critical coefficients

(@(x')) + (Zf SR ) ®(x) = 0. (1.8)

tPlog? t

-1
This equation has a pair of solutions asymptotically close to the functions 1 (t) = 7 log% t

—1
and hy(t) = £ log% tlog%(logt) and if we replace the constant y, in (1.8) by a different
constant y, then (1.8) is oscillatory for u > u, and nonoscillatory for y < pp, see [12]. The
(non)oscillation criteria for the perturbed equation

(®(x)) + (Z]f y_Hr +5(t)> d(x) =0 (1.9)

tPlog? t

were formulated in terms of
E(t) = log(logt) / &(s)sP'logsds,
t

which complies with (1.4) taking h(t) = hy(t). The relevant nonoscillation criterion for (1.9)
was proved in [2] and oscillatory criterion in [10]. The case which corresponds to (1.5) and to
the second function h; remained open.

Recently, the criteria from [2,10] were generalized in [3] to perturbations of the following
generalized Riemann-Weber half-linear equation with critical coefficients

(@(x)) + (Zf’ + i Fr ) ®(x) =0, (1.10)

=1 tPLogjz-t
where n € N and
log, t = logt, log, t =log, ,(logt), k>2, Log ;t = 1_[{;:1 log, t.
Elbert and Schneider in [12] derived the asymptotic formulas for the two linearly indepen-

dent nonoscillatory solutions of (1.10). These solutions are asymptotically equivalent to the

functions
1 2

h(t)=t7 Loght,  ha(t) = s Log tlog’, , t. (1.11)
Dosly in [3] studied the equation
Y T v M
L = (P + | =+ +é(t) | P(x) =0 1.12
] 1= (@(x') (t,, L e >) (¥) (112

and proved the following statement.
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Theorem A. Suppose that the integral [~ &é(t)tP~! Log tdt is convergent.
(i) If
limsuplog,,. , t/ &(s)sP ' Log ,sds < pp,
t—o0 t
limguclogwrl t/t &(s)s* ' Log ,sds > —3p,,
then (1.12) is nonoscillatory.

(ii) Suppose that there exists a constant y > 2;,(,;:(_1522) such that &(t)tP log> t > -y for large t and

ligi?flognﬂ t/t &(s)sP ' Log ,sds > pp.
Then (1.12) is oscillatory.

Observe that the integral expression from Theorem A relates to (1.4) with h(t) = hy(t)
from (1.11). If n = 1, then (1.12) reduces to (1.9) and the criteria from Theorem A reduce to
that obtained in [2,10].

The aim of this paper is to complement Theorem A (and also the corresponding results of
[2,10] in case n = 1). We utilize the second function h; from (1.11) and find a related couple
of criteria for equation (1.12) formulated in terms of the expression

1
logn—i-l t

t
/ &(s)sP ' Log ,slog>,,sds

which corresponds to (1.5).

2 Auxiliary statements

In this section we present the known statements which will be used in the proofs of our main
results in the next section. Denote

R(t) = r(OR (D)W (P72, G(t) = r()h(HP(H (1)) (2.1)

and recall that g = p—fl is the so called conjugate number of p.
The following statement comes from [13].

Theorem B. Let h be a function such that h(t) > 0 and W' (t) # 0, both for large t. Suppose that the
following conditions hold:

/oo Rt dt <o, JimG(t) /oo R™(s) ds = co. (2.2)
—00 ¢
If
lim sup OoR‘l(s) ds /th(s)L[h](s) ds < 1(—oc +V2a), (2.3)
t—o00 t T q
liminf OoR’l(s) ds /th(s)L[h](s) ds > 1(—oc —V2u) (24)
t—o0 t T q

for some « > 0, then (1.1) is nonoscillatory.
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The following theorem was proved in [6].

Theorem C. Let h be a positive continuously differentiable function satisfying the following conditions:

ROL() () >0 for large t, / “R(L() () dt = oo, 2.5)
/°° Rt dt =0 and Jim G(t) = . 2.6)

Then (1.1) is oscillatory.

In the following lemma we summarize some technical facts which are either evident or
were derived in [3].

Lemma 2.1. For n > 2 and large t we have

Log,t>---> Log,t =logt>--->log,t

and L ;
t 1
1 = L /= % .
o8, 1) = oy (Logat) =~ 3" L
-1 1
Moreover, for h(t) = t'7 Lo g i t and the operator defined in (1.12) we have
(H=""1 )
W) =52—¢ l’ Lo 1+
p gn 12 ng‘t
n L 27,p(2 —p)
08 ! [ WwP2—Pp) | . 3 }
h(t)Lrw|h](t) = L +&(t)tP log” t 4+ o(1 as t — oo. 2.7
(Ol = S840 | T + 0 1og -+o(1) @)
3 Main results
Our main result concerning nonoscillation of (1.12) reads as follows.
Theorem 3.1. If
1 t
lim sup o ; / &(s)sP ' Log s logiJrl s ds < 2up(—a+ V2ua), (3.1)
t— o0 gn+1
1
h{ggﬁ 10gn+1 / s)s" ! Log ,slogh. s ds > 2u,(—a — v24) (3.2)

for some « > 0, then equation (1.12) is nonoscillatory.

-1 1 2
Proof. We prove the statement with the use of the function h(t) = £ Log/tlog),  t in Theo-
rem B. By a direct differentiation (and using Lemma 2.1) we have

-1 2 1 1-1 Log t [ 1 1 2
/ - 2 n - P
H(t) = e t77 Log tlogn+1t+Pt " Logj ; (logt+ + Lognt>10gn+1t
1
1

-l-gt r Logltlo
p En g”“ tLog t

-1 1 2
Y R vLo ntlo " 1+ + '
; g g +1 ( Z (p—1)Log t (P_l)[‘ogn+1t>
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Denote I', = (ijl)p_l. Then

p—1
1 2
O() =Tyt~ Logy "tlog. 1t [1+ + '
( ) p & n gn—i—l ZZ% p — 1) LOgit (P - 1) Log n+1t
By a direct differentiation (and using Lemma 2.1 again) we obtain
Y oyl 1-1 o p2 < 1 2 "
(1)) = —ypt "7 Log, "tlog, jt|1+ +
(@(n')) p gn Bn+1 ; (p—1)Log;t (p—1)Log, t
2 n n "
S 2
L Logy Ttlog] 3 1+
, L p . p . Z”: 1 2 p—1
+ 29, t p o) tlo t + +
p Sn gn+1 = p 1) Log 1 (P - 1) Logn+1t
141 2 .
4T — 1)t ""rLo ptlo 1+ +
p(p ) gn gn+1 ( = p )Log -t (p— 1) LOgn+1t>
y 1 1 N 1 < 1 n 1 ) n 1 i 1
(p—1)t [log’t = Log,t \logt = Log,t " Lo, 5 Tog

2 n—+1 1
+
LognHt = Log ;t

Observe that the expression in the square brackets can be rearranged as follows:

n n+1
1 1 2 1
ZL 2t+ Z Log .t Lo -t+Lo t Log .t’
i-1 Logit 1<i5j<, 108t LOg; &n1t ;3 LO8;
Hence
n 1 2 P2

D)) =t L ”tl tl1
(@Y = £} Log! Fiog ] ( 1 1>Logit+<p_1>Logmt>

1 2
1+ +
{ 7”( 21 (p—1)Log;t (P—l)LognH)

o1 & 1
T Togi * Log ;t <1+Z (p— 1)Logit+( -1) LognHt

i=1 i=1

Foy 1+i L +
IYPL 08,41t (p—1)Log;t (p—1) LognHt
1

i=1
1 2 n+1

1 1
—Ip [22,5 + Z Logt Log ;t * Log .t ; Logit] }

i=1 Logz 1<i<j<n

Denote by A(t) the expression in the curly brackets. By a direct computation with using the
fact that
2

2
n 1 n 1
(Eww)ziuwﬁ‘zmwmw

i 1<i<j<n
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we obtain
p—2” 1 p—2 1
Al) = — 2y ————
2—p 2—p 1 €
-1, Log, tLog] Prp—1 Log, 1t X; Log ;t

Next, denote

n 1 2 P2
B(t):=[1+ + .
) ( 1; (p—1)Log;t (P—l)LOgan)

Using the power expansion
-1 —1)(s—2
(1—|—x)s:1—|—sx+s(52 )x2+s(s (s )x3—|—0(x3) asx =0, s €R,

we obtain

2(p—

3
poa) (& 1 2 S
<§ Log ;t * Log .t Follog"t),

2
1 2 (P=2)(p—3) (& 1 2
+ t) * 1)2 1:21 Log ;t * Log, 4t

ast — oo.
Next observe that if at least one of the indices i, j, k is greater than one, then

1
(log ) ast — oo.
Log; tLog]tLogkt

Hence we can write B(t) in the form

op—2(e 2
Bt) =1+ p—1 <§ Log ;t * Logn+1t>
n+1
2 4 1 ) (3.4)

(P=2)(p-3) [+ 1
Z + Z Logit‘Log]-t—‘_Lognﬂl‘i:1 Logit

+
2(p—1) S Logit 1T
(r=2)(p—=3)(p—4) 1 -3
+ 4+ o(l t
6(p—1)3 log® t o(log 1)

ast — oo.
From (3.3) and (3.4), we obtain

A(t) - B(t)
p—2<& 1 p—2 1 1
’ pp_lz;Logit "p—1Log, .t pi; Logt
—p 2_p 1 n+1 1
—+2
L -1 Logl-tLog]-if+ Ty Pp—1 Log, 1t Z; Log ;t

p—2\2& 1 p—2\2 1
> L 2 +2’Yp< —1) Z Log ;t Log ;t

2

P <

p-2y¢ (

Pp 1 2 LOgit P p— 1 i=1 LOgit p 1<i<j<n
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L
2 n 2
p—2 p—2> 1 1 (p—Z) 1
YN e B | 14
TPy 1Tog,.t P\p-1 Logn+1f;L0git "\p=1) Log2

n+1
(P—=2)(p—3) ¢ 1 (p—2?%*(p—3) 1
o 2(p—1)2 ;Log?t—kw 2(p—1)° log’t
(r—2)(p —3) 1L, (p=2)(p-3 1 K 1

- =27
P (p-1? .5, Log;tLogt " (p-1? Log, .t & Log;t

o (p=2)(p-3)(p—-4 1 -3
Ty 6(p—1)3 log’ t Folog 1)
Z 1 C2ypp(p—-2) 1 -3
— o~ 1 t

as t — co. Summarizing the above computations, we have

n 1 2'ypp(p —-2) 1 _3
E - +0(1 t
Hr i— Logft 3(p—1)? 10g3t o(log™"t)

as t — oo. Consequently, for the operator Lgy defined in (1.12) we have

Ny g—2+3 1_% 2_%
(®(H')) =t “"rLog, tlog, 1 t| —vp—

hLgw[h] = h(®(K'))" + ¥ (7” + i Fr +5(t)>

Log tlogZJrl t o1 2y,p(p—2) 1 3
- novontl — +o(lo t
TeHp ; Logft 3(p—1)? log3t (log t) (35)

n
=1 Log tlog?, t| 17 Hr (t
+ Ogn Ogl’l+1 (tp +]_Z; tpLOgjzt +C( )

Log tlog2+1t ( Z’Ypp(p —2) > _ 2
= L n — +0o(1) | +é(t)t* Iy, t1 t
tlog3t 3(p _ 1)2 ( ) ( ) Ogn Ogn+1

as t — oo. In order to check conditions (2.2), express R(t) and G(f) from (2.1):

R(t) = (1) |1 (1)]"~
p—

p—1 1 2 n 1 2 "
_ tLog,tlog? ¢ |1+ +

1

p—1\"?
= <P> tLog ,tlog> , t(1+0(1))

and

D(H'(t))
1

h(t
( >p Log ,tlogl, £ (143 g+ : -
&nt 108,11 ~ (p—1)Log;t (p—1)Log,. it

1

P ) Lognt‘logi+1 t(1+o0(1))
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as t — oo. Since [T R7!(s) ds < oo, the first condition in (2.2) is satisfied. The second
condition in (2.2) is also fulfilled, since

© 1 (p \?r 1
/tR(S)ds_(p_l> logn+1t(1+o(1)) (3.6)

and hence

© 1 _p-1
G(t)/t R() ds = ; Log ,tlog, . t(1+o0(1)) = oo

ast — oo.
Finally, we show that conditions (2.3) and (2.4) hold. To this end, let € € (0,1). Then

Log tlog? .t logi ™1t !
lim —08n! 108t logy b (D!
toeo Joglttt t—eo log®t t—oo g"t1]og" t
and hence
1 t Log slog? . s 1 £ 1
lim 6% O8nt1° 45 < lim / —ds=0. (3.7)
t—eo log, .1t JT slog’s t—olog, .1t JT slog® s

From (3.5) and (3.6) we obtain

</too R ds) </Tth<S>LRw[h] (5) ds>

:<P>H L 14001))

p— 1 10gn+1 t
t Log,slogh ;s < 2y,p(p — 2) ) . 2
n — 1 #(s)s" 1 Log s1 d
. /T slog’s 3(p—1)2 o) ) Fels)s" Log slog, .y s ds

as t — co. Conditions (3.1) and (3.2) together with (3.7) imply

imsup ([ R s)ds) ([ 6L hs) )

p—2 t
p . 1 /~ 1 2 1
= | P=1L 1 ds < =(—a+ V2
(P—1> Tl log, ot OIS Log slogyy sdo < (mat van)

and
00 t
lim inf < / R1(s) ds) < / h(s)Lrw [k (s) ds)
t—o0 t T
P P 1 i -1 2 1
= <p—1> 11{r_1>g1f log, ., /T &(s)s"~" Log ,slog;, . sds > 6(—& —V2u).
All assumptions of Theorem B are true, which finishes the proof. O

To obtain the oscillatory counterpart of Theorem 3.1, we first prove the following criterion
for the equation

4 L N/ ’YP (o= V]ﬂ _
Lrw[x] := (®(x")) + (H’ + ]; " Log?t + d(t)) d(x) =0, (3.8)

which is in fact equation (1.12) shifted from n to n 4+ 1. The reason why we formulate this
criterion rather for (3.8) than for (1.12) is only technical.



10 S. Fisnarovi and Z. Pdtikovd

Theorem 3.2. Suppose that there exists a constant <y such that

2 -2
AP log>t > ¢ > % (3.9)
for large t. If
/ d(t)t" ' Log, ., t dt = oo, (3.10)

then equation (3.8) is oscillatory.

1

-1 LY
Proof. Take h(t) = ' Log, . ,t. According to Lemma 2.1 (with n replaced by 1 + 1)
1 1

W (t) = F’;lw Log/ t(1+0(1)) ast — co.

Hence, by (2.1)

R(t) = (1) (£)|P2 = (’T)pz fLog,.,t(1+0(1)) ast oo

and consequently

t —_1\2P
/ R7(s) ds = (ppl> log, ,t(1+0(1)) — o0 ast— co.

Further,

N
G(t) = h(t)® (K (t)) = <ppl)p Log, 1t(1+0(1)) = o0 ast— co.

Rewriting (2.7) for the operator from (3.8) we have
. _ Log, it [27pp(2 — p)
tlog>t [ 3(p—1)2
&
~ [27pp(2—p) Log 1t
= |3 TV 5
3(p—1) tlog” t

L b, o T
* %8ai1’ dt is convergent, condition (3.10) implies
tlog”t

/ " hLrw[H](£) dt = oo,

+d(t)tP log® t +o(1)
+d(t)t" ! Log .1t

as t — co. Because the integral [

Thanks to condition (3.9) we have also hLgw/[h](t) > 0 for large t. This means that equation
(3.8) is oscillatory by Theorem C. O

The following statement is the oscillatory criterion which complements Theorem 3.1.

Theorem 3.3. Suppose that there exists a constant <y such that

. 27pp(p —2)
Plogit [a(t) — —12 | > ZPP 5 3.11
og ( (t) ” LOgiHl‘ = 3(p—1)2 (3.11)
for large t. If
1 t
.. ~ p—1 2
ll{gglf o, 1t /T &(s)s""" Log ,slog,, . 1 sds > pp, (3.12)

then (1.12) is oscillatory.
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Proof. Let us rewrite (1.12) into the form
n+1

v H ~ M
o)) + [ L+ P rlet) - —E— | |ox) =0,
(P(x)) (tp ) PLoglt &(t) tLog? ! (x)

j=1

so (1.12) is seen as a perturbation of the generalized Riemann-Weber equation with the critical
coefficients and with 7 + 1 elements in the sum. We apply Theorem 3.2 with the perturbation

term d(t) = &(t) — L:g”z .. Then (3.9) is guaranteed by (3.11). With respect to (3.12) there
- n+1
exist e > 0and T > T such that
1

lim inf
t—eo log, .t

t

/ &(s)s" ' Log,,slog, 45 ds >y +e
T

and also

t
/T &(s)s" ' Log,. slog, 15 ds > (up +e)log, ;t

for t > T. Let b > T. With the use of integration by parts and the above inequality, we have

b
~ Hp -1
t) - ———— | tP7'L tdt
/T <C( ) P Logiﬂt) OgnJrl

b b u
:/ 5(t)tp*1Logn+1tdt—/ — P dt

T T tLOgn-Ht

b 1
_ ~ -1 b
= | log, |1 é(t)t"~' Log, 4tlog, 4 t dt —pp [log,., ] T

t b T t~ P*l L 1 d
B [ [ )5 Log, 5 10g, 15 ds] + UULRL AL R
081 f T T JT tLog ,tlog, ¢

N /b th &(s)sP'Log,_ 4slog, s ds
T tLog,, logfwrl t

b
di —pp [lognH t] T
S 1
- logn-i-l b

b b
> ppte+ K+ (up+e) [log, ot — pp [log, o t]
=pup+e+Ky+elog, ,b— Ky — o0

+¢€
L dt— iy [log,.0 ]

b
F(H)PTL £l t dt + K P -
/T C( ) 0gn+1 Ogn—H + K1+ 7 tLOgn+1

as b — oo, where

T [Lé(s)sP~1Lo slo s ds -
K = /T Jré(s) & n+15108n 41 dt, Ky = (up+e)log, ., T —pplog, ,T.

tLog ,t logfZ+1 t
Hence condition (3.10) is satisfied and (1.12) is oscillatory according to Theorem 3.2. O

Remark 3.4. If « = % in Theorem 3.1, then
2up(—a+V2u) = pp, 2pp(—a — V2u) = =3y

and the constants from (3.1) and (3.2) in Theorem 3.1 reduce to the constants in Theorem A,
part (i). The generalization for a # 1 is due to Theorem B. Note also that the constants
in the nonoscillatory part of Theorem A could be generalized in the same way by utilizing

[13, Theorem 3.2] in the proof of Theorem A.



12 S. Fisnarovi and Z. Pdtikovd

References

[1] O. Dosry, A remark on the linearization technique in half-linear oscillation theory, Opus-
cula Math. 26(2006), No. 2, 305-315. MR2272298

[2] O. Dosvy, Perturbations of the half-linear Euler-Weber type differential equation, J. Math.
Anal. Appl. 323(2006), No. 1, 426-440. MR2262216; https://doi.org/10.1016/j. jmaa.
2005.10.051

[3] O. Dosry, Half-linear Euler differential equation and its perturbations, Electron. |. Qual.
Theory Differ. Equ., Proc. 10’th Coll. Qualitative Theory of Diff. Equ. 2016, No. 10, 1-14.
MR3631082; https://doi.org/10.14232/ejqtde.2016.8.10

[4] O. Doy, A. ErBerT, Integral characterization of the principal solution of half-linear
second order differential equations, Studia Sci. Math. Hungar. 36(2000), No. 3-4, 455-469.
MR1798750; https://doi.org/10.1556/SScMath.36.2000.3-4.16

[6] O. Dosry, S. FiSNArROVA, Half-linear oscillation criteria: perturbation in term involving
derivative, Nonlinear Anal. 73(2010), No. 12, 3756-3766. MR2728552; https://doi.org/
10.1016/j.na.2010.07.049

[6] O. Dosry, S. FisSnarovA, Two-term perturbations in half-linear oscillation theory,
in: Differential and difference equations with applications, Springer Proc. Math. Stat.,
Vol. 47, Springer, New York, 2013, pp. 3-11. MR3110251; https://doi.org/10.1007/
978-1-4614-7333-6_1

[7] O. Dosry, A. LomtaTiDZE, Oscillation and nonoscillation criteria for half-linear second
order differential equations, Hiroshima Math. ]. 36(2006), No. 2, 203-219. MR2259737

[8] O. DosLy, P. REHAK, Half-linear differential equations, North-Holland Mathematics Studies,
Vol. 202, Elsevier, 2005. MR2158903

[9] O. Dosty, J. Rezni¢kovA, Oscillation and nonoscillation of perturbed half-linear Euler
differential equations, Publ. Math. Debrecen 71(2007), No. 3—4, 479-488. MR2361727

[10] O. Dosry, M. UNaAL, Half-linear differential equations: linearization technique and its
application, J. Math. Anal. Appl. 335(2007), No. 1, 450-460. MR2340334; https://doi.
org/10.1016/j. jmaa.2007.01.080

[11] A. ELBERT, Asymptotic behaviour of autonomous half-linear differential systems on the
plane, Studia Sci. Math. Hungar. 19(1984), No. 2-4, 447-464. MIR874513

[12] A. ELBERT, A. SCHNEIDER, Perturbations of the half-linear Euler differential equation, Re-
sults Math. 37(2000), No. 1-2, 56-83. MR1742294; https://doi.org/10.1007/BF03322512

[13] S. F1sSNAROVA, R MARIK, On constants in nonoscillation criteria for half-linear differential
equations, Abstr. Appl. Anal. 2011, Art. ID 638271, 1-15. MR2846243; https://doi.org/
10.1155/2011/638271


http://www.ams.org/mathscinet-getitem?mr=2272298
http://www.ams.org/mathscinet-getitem?mr=2262216
https://doi.org/10.1016/j.jmaa.2005.10.051
https://doi.org/10.1016/j.jmaa.2005.10.051
http://www.ams.org/mathscinet-getitem?mr=3631082
https://doi.org/10.14232/ejqtde.2016.8.10
http://www.ams.org/mathscinet-getitem?mr=1798750
https://doi.org/10.1556/SScMath.36.2000.3-4.16
http://www.ams.org/mathscinet-getitem?mr=2728552
https://doi.org/10.1016/j.na.2010.07.049
https://doi.org/10.1016/j.na.2010.07.049
http://www.ams.org/mathscinet-getitem?mr=3110251
https://doi.org/10.1007/978-1-4614-7333-6_1
https://doi.org/10.1007/978-1-4614-7333-6_1
http://www.ams.org/mathscinet-getitem?mr=2259737
http://www.ams.org/mathscinet-getitem?mr=2158903
http://www.ams.org/mathscinet-getitem?mr=2361727
http://www.ams.org/mathscinet-getitem?mr=2340334
https://doi.org/10.1016/j.jmaa.2007.01.080
https://doi.org/10.1016/j.jmaa.2007.01.080
http://www.ams.org/mathscinet-getitem?mr=874513
http://www.ams.org/mathscinet-getitem?mr=1742294
https://doi.org/10.1007/BF03322512
http://www.ams.org/mathscinet-getitem?mr=2846243
https://doi.org/10.1155/2011/638271
https://doi.org/10.1155/2011/638271

/ - X \\

Electronic Journal of Qualitative Theory of Differential Equations
2019, No. 71, 1-22; https://doi.org/10.14232 /ejqtde.2019.1.71 www.math.u-szeged.hu/ejqtde/

Hille-Nehari type criteria and conditionally
oscillatory half-linear differential equations

Simona Fignarova ®! and Zuzana Patikova?

IMendel University in Brno, Zemédélska 1, Brno, CZ-613 00, Czech Republic
2Tomas Bata University in Zlin, Nad Stranémi 4511, Zlin, CZ-760 05, Czech Republic

Received 18 February 2019, appeared 2 October 2019
Communicated by Josef Diblik

Abstract. We study perturbations of the generalized conditionally oscillatory half-linear
equation of the Riemann-Weber type. We formulate new oscillation and nonoscillation
criteria for this equation and find a perturbation such that the perturbed Riemann-
Weber type equation is conditionally oscillatory.

Keywords: half-linear differential equation, generalized Riemann-Weber equation,
non(oscillation) criteria, perturbation principle.

2010 Mathematics Subject Classification: 34C10.

1 Introduction
In the paper we study oscillatory properties of the half-linear equation
Llx] := (r(H)®(x)) +c(t)@(x) =0, D(x)=|x|P"tsgnx, p>1, (1.1)

where the coefficients r, ¢ are continuous functions, r(t) > 0 on the interval under consid-
eration, which is a neighbourhood of infinity. In the special case when p = 2 this equation
becomes the linear Sturm-Liouville equation. If p # 2, equation (1.1) is called half-linear since
it has one half of the properties that characterize linearity: the solution space is homogeneous,
but is generally not additive. Despite the missing additivity, the classical linear Sturmian
theory has been extended to half-linear equations. We refer to the book [8] for the overview
of the methods and results concerning half-linear equations up to year 2005. Concerning the
recent results on half-linear differential equtions, see, e.g., [14-20] and the references therein.

Recall that equation (1.1) is said to be oscillatory if all its solutions are oscillatory, i.e., all the
solutions have infinitely many zeros tending to infinity. In the opposite case equation (1.1) is
said to be nonoscillatory. Note also that oscillatory and nonoscillatory solutions of (1.1) cannot
coexist and this means that this equation is nonoscillatory if all solutions have constant sign
eventually.

™ Corresponding author. Email: fisnarov@mendelu.cz
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Throughout this paper we suppose that equation (1.1) is nonoscillatory and we study the
influence of perturbations of the coefficient ¢ on the oscillatory behaviour of equation (1.1),
i.e., we study equations of the form

(r(H)@(x"))" + (c(t) + é(t))D(x) = 0. (1.2)

It is known from the Sturmian theory, that if the perturbation ¢ is “sufficiently positive”, the
equation becomes oscillatory, if it is “not too much positive”, the equation remains nonoscil-
latory. If we find a positive function d and a constant Ay such that the equation

(r(H)@(x'))" + (c(t) + Ad(t))D(x) =0 (1.3)

is nonoscillatory for A < Ag and oscillatory for A > Ay, we say that equation (1.3) is condition-
ally oscillatory with the oscillation constant Ag. Examples of conditionally oscillatory equations
(written below with the oscillation constants) are the Euler type equation

Y —1\”
(P(x")) +t7f<1>(x) =0, 7p:= (pp> (1.4)

and the perturbed Euler type equations, such as the Riemann-Weber type equation

_1\ 71
(P(x)" + (?,’f +F ) d(x) =0, pp:= % <”1) (1.5)

tp log2 t p

or equations with arbitrary number of perturbation terms of the form

(@(x')) ( i F’Log ) (x) =0, (1.6)
j

=1

where n € N, log, t = logt, log, t = log,_,(logt), k > 2, Log ;t = [1,_,log, t. All these equa-
tions are nonoscillatory also in the critical case with the oscillation constants. The appropriate
results concerning the Euler type equation and its perturbations in the coeff1c1ent # including
the asymptotic formulas for nonoscillatory solutions of these equations can be found in the
paper of Elbert and Schneider [11]. Note that the result of Elbert and Schneider has been gen-
eralized to the case when also perturbations in the term with derivative are allowed and also
to the case of equations with non-constant coefficients, see, e.g., [4,6,7,14] and the references
therein.

In this paper we study perturbations of general nonoscillatory equation (1.1). We suppose
that h is a solution of (1.1) such that h(t) > 0 and /' (t) # 0, for t > ty, where f; is a real
number from the interval of consideration of (1.1). Moreover, we suppose that

/ R7Y(t)dt =co and lipﬂnf\G(t)] >0, (1.7)
— 00
where

R(t) = r(O (D)W ()P, G(t) = r(h(H) (' (1)). (1.8)

Note that we follow the notation used in [10] and wherever we consider the integral
[ R7L(t)dt, its lower limit is omitted, as it can be a constant greater or equal to ty such
that all relevant conditions hold.
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The motivation for our research comes from paper [10]. In that paper, under assumptions
(1.7), it is shown that if d(t) = (hp(t)R(t)(ft R71(s)ds)?) “Lin (1.3), then (1.3) is conditionally
oscillatory equation and the oscillation constant is 2%1, where g is a conjugate number to p, i.e.,

% + % = 1. It is also shown that the equation in the critical case with the oscillation constant zl—q

1 J—
c(t) + thP(t)R(t)(ft PR ds)2] P(x)=0 (1.9)

is nonoscillatory and the asymptotic formula for one of solutions of (1.9) is established. Con-
sequently, the perturbed equation

1 J—
c(t) + 2P ORE (TR ) +g(t)] O(x) =0 (1.10)

is studied. In particular, a nonoscillation criterion of the Hille-Nehari type for (1.10), where
limits inferior and superior of the expression

log (/t R71(s) ds) /too Q(s)hP(s) /S R7Y(t)drds

are compared with certain constants, is proved, see [10, Theorem 5]. The crucial role in the
proof of this criterion plays the fact that the asymptotic formula for a solution of (1.9) is
known.

The aim of our paper is to improve the above mentioned nonoscillation criterion for (1.10),
to formulate a relevant oscillation criterion for (1.10) and to find a perturbation g in (1.10) such
that (1.10) becomes conditionally oscillatory. We also formulate a version of a nonoscillatory
Hille-Nehari type criterion for (1.10) in the case when we handle the asymptotic formula for
the second solution of (1.9), which has been found recently in [3].

The paper is organized as follows. In the next section we formulate auxiliary results
and technical lemmas which are important in our proofs. The main results, oscillation and
nonoscillation criteria for (1.10), are presented in Section 3. The last section is devoted to
remarks.

2 Auxiliary results

The proofs of our main results are based on the following theorems which can be found in [5]
and [12]. For a positive and differentiable function ¥ denote

R(t) :=r()B()|Z()[P72, G(t) := r(H)x(H)P(F (t)). (2.1)

Theorem A ([12, Theorem 3.2]). Let X be a function such that %(t) > 0 and %' (t) # 0, both for large
t. Suppose that

/Oo X(t)L[%](t)dt is convergent and

y Fods
im 1G] | gy = @2)
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where T € R is sufficiently large. If

hrnsup ds/ ) ds < 1( a+V2a), (2.3)
t—00 t q

lim inf R ) ds / ) ds > S (—a — v2a) 2.4)
t—o00 t q

for some « > 0, then (1.1) is nonoscillatory.

Theorem B ([5, Theorem 1]). Let X be a continuously differentiable function satisfying conditions

FOL[F () >0 forlarge t, / T R(OL[F (1) dt < oo, 2.5)
o o
0] =oco and tlggo G(t) = oo. (2.6)

If

liminf [ R-1(s)ds /toof(s)L[JZ] (s)ds > -

t—o0 T 26], (2.7)

where T € R is sufficiently large, then (1.1) is oscillatory.

Theorem C ([12, Theorem 3.1]). Let % be a function such that %(t) > 0 and &' (t) # 0, both for large
t. Suppose that the following conditions hold:

/°° R7(1) dt < oo, lim |Gt y/ — . 2.8)
If
lim sup TR (s) ds /tx( )L[%](s) ds < 1(—&—#@), (2.9)
t—oc0 t T q
lim inf OQR’l(s) ds /tf(s)L[f](s) ds > 1(—zx —V2a) (2.10)
t—o0 t T q

for some « > 0, T € R sufficiently large, then (1.1) is nonoscillatory.

Theorem D ([5, Theorem 2]). Let £ be a positive continuously differentiable function satisfying the
following conditions:

F(OL[E](t) > 0 for large t, / Y H(OLE () df = oo, @.11)
/ "R dt=oo and lim G(1) = oo. 2.12)

Then (1.1) is oscillatory.

In the next lemma we collect some technical facts which are frequently used in the proofs
of our main results.

Lemma 2.1. Suppose that conditions (1.7) hold.
(i) Let j € Z be arbitrary and k,1 € Z be such that k > 0,1 > 0. Then

log/([FR"1(s)d
. togl(J R7H(s) s)
t—o0 Gl f R S

=0. (2.13)
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(ii) The integrals

/oocf ) log/ fR ds) /°° log/(J'R™"(s) ds) (2.14)
TG0 [TR )(J'R1(s) ds)? |

are convergent for arbitrary j € Z, T € R sufficiently large.

Proof. (i) Assumptions (1.7) imply that there exists a constant K such that \Glﬂ < K for suffi-
ciently large t and

1

. og/(['R™1 ds)
f—00 f R— 1

which can be shown by L'Hospital’s Rule as follows. If j < 0, then (2.15) is evident. If j > 0,

then we apply L'Hospital’s Rule j times to obtain

=0 (2.15)

I ] i
o 108 ([fR ds) 3 1
t—o0 f R- 1 k K t—>oo f R-1 ds)

Therefore also (2.13) holds.
(ii) The integrals are convergent by the comparison test for improper integrals. The first
integral in (2.14) is convergent, because the integral
©° G'(t) 1 . 1

r a2 YT e MG

is convergent and
log/ ([ R ds) B
t—o0 f R-1 o

Concerning the second integral in (2.14) we show that the integral

/oo log/([* R~1(s) ds) 4 216)
R(£)([" R1(s) ds)? '

is convergent. If j = 0, the convergence follows immediately from (1.7), since in this case

© 1 1 ) 1
T R(t)([" R™1(s)ds)? [T R-(s)ds t7* [[R7I(s)ds

By induction, suppose that integral in (2.16) is convergent for a positive integer j and consider
the case j + 1. Using integration by parts we obtain

/°° log]+1 ([fR? ds) 4 — log/ ([T R ds) Ctim log/ ™( f R™! ds)
f R-1 f R— 1 t—oo f R-1

. 00 1ogf( [ R71(s) ds)
+“+”/ fo*@dwdt

This implies the convergence of the integral in (2.16) for any positive integer j. If j is negative,
the convergence is evident. The convergence of the second integral in (2.14) follows then from
the fact that IGlW is bounded for large t. O
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In the last part of this section we evaluate #1.[%] from (1.9) for some particular functions #.
The first of the following statements comes from [10]. The identity (2.17) follows from [10,
Theorem 3], where we use the fact that ' /h = G/R and fix the constant in the leading term.
The convergence of the corresponding integral is shown in the proof of [10, Theorem 4]. It
follows also from Lemma 2.1.

Lemma 2.2. Let h be a positive solution of (1.1) such that h'(t) # O for large t and (1.7) holds. Set
) ([TR(s)ds)". 7. Then

(HL[E](1) = 2;’; (;2?3)(1[;{’? )f(;;§to)ls(1 +0(1))

(2.17)
2(1—p)(p—2) 1+ o(1
; z(1+0(1))
3P2G(HR(H) ([ R-1(s) ds)

as t — oo and the integral

/ #(H)L[F](F) dt
converges.

In the proofs of the following two statements we use the notation
t
£ = / R(s) ds. (2.18)

Lemma 2.3. Let h be a positive solution of (1 1) such that h'(t) # O for large t and (1.7) holds. Set
(1) == h(t) (ff R-1(s)d ) log? (f R ds) Then
1
2qR(t (fR I ds)log(fR 1(s)ds)
_ (p=2)(1 = p)G'(t)log( f R™!(s)ds)

x(t)L[)() +

2220 f R (1+0(1)) (2.19)
L2 —p)(p 2) log( ffR*1 (£)d5) 1 4 o))
Bp2G(OR(1) (' R71(s) ds)”

as t — oo.
Proof. We use notation (2.18). By a direct computation and using the fact that 1G = I'R we
obtain

1

#(£) = 1 ()97 () log? g(t) + ph< R (£)gr ' (+) log7 o(t)

£ LhORT (g7 (1) log? ! g(1)
» l " - (2.20)
=1 (t)gr (t)log” ¢(t) [l TP ORD () T P DR g(1) log ol >]
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Let us denote

1 1
AN =14 e T pCHe log (D)
Then )
OB (1) = r(D(H (1) T (1) (log p(t)) T APL(2)
and hence,
(OB (1)) = (OB (1)) 9T (1) (log p(8)) 7 AP~1(1)

+ P L o ()R (D97 (1) (log g(t) 7 AP1(1)

+ P Lo ()R (1) (1) (log p(t)) 7 AP (1)

+(p— DrBOH ()T (H)(logp(t)) T AP 2(1)A'(1)
Consequently,

() (r() (% (1)) = h(t) AP~2(t)B(t)

where

Next, for the derivative of A(t) we have

(HR'(1)
t)
)+ G(H)R™'(t) log () + G(H)R™'(¢)
pG2(t)92(t) log® ¢(t)
G'(t) 1 B G'(t)
~ pG2(te(t)  pG(HOR(HX(t)  pGA(t)g(t)log ¢(t)
1 1

pG(HR(E) @ () log () pG(t)R(t)¢2(t)log® (t)’

pG=(t

A/(t): _Gl(t) ()2()
_ G'(H)e(t)loge

t
A(
(t

hence, substituting formulas for A(t) and A’(t) in B(t), we obtain

Ly (r()@(H' () logp(t)  (r()P(H'(t)))
B(t) = (r®(H'(t))) ¢(t) log o(t) + HG (1) + oG 0)
L (= Dr()@(1))log p(t) _ (p — 1)%r(H) (K (t))log ()
pR(t) P2G(t)R(t)g(t)
_(P—l)( )(t)<1>(h/() +(P—1)r<1>(h’)_ (p—1)*r() (K (1))
2G(HR(H) (1) pR(t) p*G(H)R(t)g(t)log ¢(t)

te
_(rJ—1> (K (1)G () logp(t)  (p—D)r(t)@(W'(t))G'(t)
pG2(t) pG(t) '
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Using the fact that G’ = h(r®(I'))’ + W'r®(h') and hG = h'R, we simplify the previous formula
as follows

BO) = () (@0 (1) g0 tog () + 2~ PN E N Tog )
L 2= (U (1) (- ) ( )O(1(t)) log ¢(t)
pG(t) 2G(HR(E)g(t)
_(p=D(p=2)r(()@(H'(t)) ( D2r(H) (1 (1))
PPG(OR(H)g(t) 2GR (1) ¢(t) log (1)
To express AP~2(t) we use the power expansion
(1+x) = ]}?] C) ¥, |x| <1, s€R (2.21)
with
1 1

= + _
pG()e(t) ~ pG(H)e(t)log o(t)
Note that the applicability of this power expansion is guaranteed by conditions (1.7). Hence

2 (P2 1 1 j
4 (”‘]20< ") e * rewemE®
SR p—2
(t) (6 " pG(H)g(t) log 9 (1)
+( 2)(10—) (r—2)(p—3) (r—2)(p—3)
2p>G2(t) 92 (t) 2C52( (1) log (t) ~ 2p2G2(t)@2(t) log? ¢(t)
( 6pggj()3;p)<() —I—O(go_S(t)) as f — oco.

By a direct computation we obtain

APTA(D)B(E) = (r(H) (DK (1)) p(t) log ¢ (1)
— — , 2
P DB ) ot (1)) - e B e ()

- 20D gy - LD S
e rO@W W)~ Fep (@ (1)
(-

L p=20-p) <r<t>(<1><h'<t>>)’— (1" o)
2p2G3(t)@(t) log ¢(t) p>G(t)R(t)¢(t)log @(t)

£ 2= 2)(;;;@3)(() (3t))10g P00 (@ (1) (1+0(1)
(

_(p=1*(p- 2)10gg0t)r , ) _—
p3G(t)R(t)@2(t) (H)P(H'(t))(1+0(1)) ast— oco.

Now, using the identities

+

(ro(W)) G W ro() W
T e
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which follow from the definitions of R, G in (1.8), we get

/

(1) (r(H (' (1)) = h(t)AP72(t)B(t)
= h()(r(t) (@ (1)) () log o (t)
logfp [P 2)(1-p)G'(t) p—lh’(t)]
p? G(t)  2p h(t)
[p 2)(1—19 (t)]
tfpt) p? G(t)

_|_

p? G(t) 2p h(t

1 [(P 2)(1-p)G'(t) 1h’(t)]
G(t)¢(t)log ¢(t)

2 (")
+ G {(p —2)(A-p)(p=3)G'() _2(p-1(p-2) h'(t)}
CAD*(1) 3p° G(t) 32 I
G'(t) (logg(t) W) (logg(t)

Finally, we have

F(OLF (1) = 2(1) (((OP(F (1)) + c() (H)g(t) log p(t) + m

Using the facts that & is a solution of (1.1), #'/h = G/R and q = p/(p — 1), the last two
formulas lead to (2.19). O

Lemma 2.4. Let h be a positive solution of (1 1) such that h'(t) # O for large t and that (1.7) holds.

Further let %(t ([ R logP ([ R"Y(s)ds). Then
cig— (P=2)(A—p)G'(t log f R(s)ds) 1
L = (1+0(1))
2(p—2)(1 - log f R! ds) 222
32GORM) ([ R (140(1))

ast — oo,

Proof. We use notation (2.18) and, suppressing the argument t, we proceed similarly as in the
proof of Lemma 2.3. By a direct differentiation of ¥ and since hG = h'R, we obtain

% =W P logh g+ :,thqv’l’_l log? ¢ + 2thqﬂl"1 log? ¢

) (2.23)

+ .
pGe  pGelogg

, 10 2
=heorlogr ¢ |1+

Let us denote
- 1 2
A

+ + .
pGe  pGelogg

Then

p—1 2p—2

r®(&) =r®(h)p 7 log 7 @Al
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and its differentiation gives

() = (ro(H))'9'7 log™* AP+ P~ Lo )R 17 1o
g7 log 7 g ; ¢rios

2p -2

+ rd(h )R Lp7 loglf% PAP L+ (p— 1)rd>(h’)(pp7 log 7 @AP2A’

where

& G/ 1 2G' 2 2

~pG?¢  pGRg*> pG’¢logg pGRg?logg pGRg?log’ ¢’

Denote the inside of the last curly brackets as B. With the use of formulas for A and A’
followed by the fact that G’ = h(r®(h')) + h'r®(I') and hG = I'R we get

(r&(n)) logg | 2(r&(K))" | (p—1)ro(h)loge

B = (ro(1)) ¢log g +

pG pG PR
(p=DFre()loge | 2(p—1)(2—p)rd(H) | 2(p — Dro()
p?GRy p?>GRey pR
20p—=1)2—p)re(H) (p—1rd(H)G'loge 2(p—1)rd(H)G
p>GRelog ¢ pG? pG?
_(p=Drre()loge  2(p—1)(2—p)re(k')  2(p—1)(2 - p)ro(h')
p?GRey p?>GReo p>GRelog ¢ '

Next, since conditions (1.7) hold, we can use the power expansion (2.21) with

e Lo, 2
pGe  pGelogg

and we obtain
w2 _q,P=2 2p=2)  (p=2)(p=3) 2(p—2)(p—3)
4 t pGo * pGolog ¢ * 2p2 G292 * p>G2¢*log ¢
2(p—2)(p—3) , (p—2)(p—3)(p—4)

p2G2g2log’ ¢ 6p°G3¢>

+o0(¢p73) ast— oo,

Expanding A”~2B and joining the terms together with respect to ¢ yields
AP=2B = (r&(h')) plog ¢
log ¢ (_ (p=D2re()  (p=2)(1=p) (VCD(W))')
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logy ((p—1)*2—p)r®()  (p—=2)(1—p)(p—3) r®H))
per < p? " 3p? G >
4 lo )Y [lo
0, (1050 | (RO, (0

Using the identities
r®m') W (@) G N

R G G W
the above product AP~2B simplifies to

758 = (000 glog 195 (LI (=D =p) )

Go 2p K2 2p? hG

L (2p=2)A-p) G 1 2(p-2)(1-p) G

Go p? hG Gologg p? hG
Llogo (2(p-1)2-p) i  (p=2)A-p)(p—3) G

G?¢? 3p? h? 3p? hG

W (logg G [(loge
+ﬁo <G2q)2>+hGO<G2(p2) ast — oo.

Altogether we have
. 4
FL[7] = 2(rd()) + o7 + 2qh§R¢2
log® ¢

= hlog pAP~2B + ch” plog? ¢ +

2qRe-
Since h solves the equation (r®(h'))" + c®(h) =0, % pT and £ = G/h, we finally obtain
s = (P=20=p) G'log’e  2(p—2)(1—p)G'loge
2p2 G2 2 Gl
2(p—2)(1—p) G 2(p—1)(2—p)log’g
+ 2 G2¢(1+0(1))+ 32 GRg? (1+0(1)).
as t — co. This means that £L.[%] can be written in the form (2.22). O

3 Oscillation and nonoscillation criteria for (1.10)

The following theorem is an improved version of [10, Theorem 5]. In contrast to that result,
we do not need the condition

11m log (["R7(s)ds)R(t)G/(t) =0

considered in [10] and we have generalized the statement to a # %

Theorem 3.1. Suppose that hisa posztzve solution of (1.1) such that h'(t) # O for large t, (1.7) holds

and the integral [ g(t)hP(t) [ R=1(s) ds dt converges. If
lim sup log (/ R71(s) ds) / s)hP (s / R7Y(1)drds < q( «+V2a), (3.1)
t—c0 t

hmmflog (/ R™! ds) /t s)hP (s / R7Y(t)dtds > ;( —V2a) (3.2)

for some & > 0, then (1.10) is nonoscillatory.
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Proof. The idea of the proof is to apply Theorem A to equation (1.10), i.e.,, L := L. We take

1
%(t) = h(t) (J'R7Y(s)ds)”. By a direct differentiation and using the fact that /'R = hG, we
get

¥ (1) =W (0] RIS ds)? [14 o],

Now we express the functions R and G defined in (2.1) for this concrete # and use (1.8) and
(1.7) to obtain

R(t) = r() 20 (1)~

-2
= ORI O (R @ ds) |14 e 63
=R t)(ftR_l(s) ds)(1+0(1)) ast— oo

and

p—1
=G() (' R(s)ds) (1+0(1)) ast— co.
It follows from (3.3) that

/tR_l(s)ds = (1+0(1))log (/tR‘1> ~K, KeR,

T

hence conditions (1.7) and (3.4) imply that (2.2) is fulfilled.
Since

(HL[x)(t) = (L[] () +g(1)|%(1)]" = (L[] (¢) + g(1)" (1) /tR‘l(S) ds,

Lemma 2.2 and the condition for the convergence of [* g(t)h?(t) [' R™(s) dsdt guarantee
that the integral [~ %(t)L[#](t) dt is convergent and we have

[ R as [T x(e)Li(s) s

T

o s (3.5)
~ log </ R™! ) < +g(s)h”(s)/ R71(1) dT) ds
t
as t — oco. Now we show that
t [eS)
thm log </ R71(s) ds) / xL[%](s) ds = 0. (3.6)
— 00 t
By (2.17), it is sufficient to show that
lim 1 R / ! _ds =0 3.7)
fimlog [ RO -

and

, S © G'(s) _
}g?olog </ R™(s) ds> @) PR e ds =0. (3.8)
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Since lim; o ft ds = 0, using L’'Hospital’s rule and (2.13) we have

GRfR

Him log </ R ds)/ GERE)( fis—l(r)dr)z ds
1 2

T e G(t) ff R—l(s) ds

hence (3.7) holds. To show (3.8), we use integration by parts

1 o 1
/ G2(s f R 1 dszc(t)ffzz—l(t)dt_/t GERE)([FR (0 dne ™

which, together with (2.13) and (3.7), yields to (3.8). Hence (3.6) is proved. Consequently, by
(3.5), we obtain

/TtR—l(s) ds /toof(s)i[f] (s) ds

~ log (/t R7Y(s) ds> / s)hP (s / R (t)dtds

as t — oco. This means that conditions (2.3), (2.4) follow from (3.1), (3.2). All the assumptions
of Theorem A are fulfilled, hence (1.10) is nonoscillatory. O

(3.9)

The next statement is an oscillatory counterpart of Theorem 3.1.

Theorem 3.2. Suppose that h is a positive solution of (1.1) such that I’ (t) # 0 for large t, (1.7) holds,

the integral [ g(t f R~1(s) ds dt converges and let there exist constants vy and 7y, such that
/
PP (¢ / R 71|G (t )| - ik (3.10)
(£) ' R1( [GOIR(E)(J" R (s) ds)?

for large t, where

T > (}9—12)19(2;9—2) sgnG', 7 > 2p _;;gp ~2) sgn G. (3.11)
If
hmmflog (/ R! ) / s)hP (s / R7Y(t)drds > 2101 (3.12)
then (1.10) is oscillatory.
Proof. We apply Theorem B with L := L. Taking %(t) := h(t f R71(s)ds) ? we obtain (3.3)

and (3.4). Consequently, conditions (1.7) imply that both condltlons in (2 6) are satisfied.
Similarly to the proof of Theorem 3.1, we conclude that the second condition in (2.5) holds
due to Lemma 2.2, since

*(OLIFI(H) = *(OLIE () + g (1) [ R (s)ds
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and condition (2.7) follows from (3.9) and (3.12). Concerning the first condition in (2.5), we
have from Lemma 2.2 that

“(Lisn = L G0 1101y
2( —p)p— 2)
260 (f PRy ) (1+0(1))

+ g(t)hP (¢ /R s)ds

as t — oo. Hence, the first condition in (2.5) is ensured by (3.10). Equation (1.10) is oscillatory
by Theorem B. 0

In the next theorem we handle equation (1.10) in the case, when the perturbation g(t) is of

the form \
t) = AeR 3.13
s(t) f R—1(s)ds) 2log f R- ds) (3.13)

In this special case equatlon (1.10) becomes condltlonally osc1llatory.

Theorem 3.3. Suppose that h is a positive solution of (1.1) such that I’ (t) # 0 for large t and (1.7)
holds and consider the equation

1 1 A
r(t)®@(x") + ct—|— ®(x) =0.
(r(8)(x))" + |e(t) (R (Zq o2 ([ R ds)>] (x)
(3.14)
IfA <5 then (3.14) is nonoscillatory. If A > 2 and there exists a constant <y such that
1 G (1) p—2 /

> , > sgn G'(t 3.15
IOg f R- 1 dT) el Gz(t) Y p gn () ( )

holds for large t, then (3.14) is oscillatory.

Proof. If A # 2%;/ then the statement follows from Theorem 3.1 and Theorem 3.2. Indeed, if
g(t) is given by (3.13), then

/ AP (1 /R s)dsdf — /oo A dt
f R=1(s) dslog?( [* R=1(s) ds)

)L
— lim
logf R-1(s)ds) Hoologf R-1(s)ds)’

so the integral [ g(t)h” f R71(s)dsdt is convergent. Consequently, concerning condi-
tions (3.1), (3.2) and (3.12), we have

hm log (/ R™! ) /toog(s)h”(s) (/s R7Y(7) dr) ds = A.
1

Hence, if —2‘% <AL ﬁ, then (3.14) is nonoscillatory by Theorem 3.1, where we take & = 5
in (3.1) and (3.2). If A < —%, the nonoscillation of (3.14) follows form the well-known Sturm

comparison theorem. If A > zl—q, we use Theorem 3.2. It remains to show that condition (3.15)
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is sufficient for (3.10). Since A > 2%/, there exists ¢ > 0 such that A = 2%/ + ¢ and condition
(3.10) with g(t) defined in (3.13) can be written as

1
23 +E > mlG'(®)| 12
Hlog?([fR-1(s)ds) ~ G*(t)  |G(t)|R(t) [* R
where 1, 7, satisfy (3.11). If we set ;1 := Zq’ then
/ J— JE—
s =2 _(p-De-2)
2pq 2p
and condition (3.15) implies that
/
! > 11|G(H)] for large t.

2gR(t) log? f R-1(s)ds) ~ G*(t)
Hence, it remains to show that

€ > 72
long |fR

ie.,
72 log ([fR ds)
(B R
for large t. This inequality is satisfied for any 72 € R since the limit of the function on
the right-hand side of this inequality is zero as t — co. Oscillation of (3.14) follows from

Theorem 3.2.
In the remaining part of the proof we deal with the critical case A = 217/ We use Theorem A

with %( B ([ R? ds)P logr’ ([*R1(s)ds) and
- 1
L(t) :== L(t) + 2 (R ([ R-1(0) o) o2 ([ R-1(5) ) D(x(t)). (3.16)

In this case we have from (2.20)

=KW () ([ R (s)d ) logf’(f R71(s)ds)

1
b pG(t) ftRfl(s)ds (t) [* R=1(s) dslog( [* R~ ds)]

hence, according to (2.1) (suppressing the arguments) we have

p—2
5 213 p=2( [t p-1 tr-1 1 2
R=rl?[W'[P2(["R™") log([" R™") [1 T pG([TRT) + pG(ftRl)log(ftRl):|

=R(['R ) log(['R)(1+0(1)) ast— oo
and

p—1

G = rh()(J*R™")log(J"R™) |1+ pG(f}R*I) " pc(ftRfl)ljg(ftRfl)

= rh® (1) ([* R~ log ([ R71)(1+0(1)) ast— co. (3.17)
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These computations and conditions (1.7) imply that

t
/T 1(s)ds ~ log (log/ R™! ds> as t — oo (3.18)
and thus condition (2.2) is satisfied.
Next, since pp = g, from (3.16) and Lemma 2.3 we obtain
. 1
S(ALIEN(E = (0] [%
#(HLIF() = 2L + zqR IEEIS I IS EIErs
_ Gl(D)log(J' R ) [(=20-p) ;o] 1
0 R » oW 1)

log J'R7Y(s) ds) 2(p-2)(1—p)
(t) (f R-1(s) dS)z[ 3p? +0(1)]

as t — oo. By Lemma 2.1 we have that [~ %(t)L[%](t) dt is convergent. Using L'Hospital’s rule
we obtain

tlbr{)\o log <log </tR_1 >> /t G5 10g ERS 1(1—1) i;)) o) ds
-1

(
i S LR o L
" log2(log f R as)log [ R [ R e iy G2
~ lim log? long ds log lesds)_O
_t~>oo f R— o

Integration by parts gives
/°° G'(s)log([° R7Y(7)dT) ds — log [fR? ds) © 1—log([*R7(1)dT) ds
G R )dr) () [[R1(s)ds ) GRE)( R ()dep ™
hence, by Lemma 2.1 and (3.20), we obtain

hm log <log </ R™ ds>> /too Gl(ﬂ(:;?g{s R (1_(;)1_[) v) ds = 0. (3.21)

Consequently, (3.20) and (3.21) imply
t

lim [ R7(s) ds /toof(s)L[ ¥](s) ds = 11m log (log/ R ds) /toof(s)L[JZ] (s) ds = 0.

t—oo JT

Hence, conditions (2.3) and (2.4) are satisfied with & = i and this means that (3.14) with
A= is nonoscillatory by Theorem A. O

The next result is a nonoscillatory criterion for (1.10) based on Theorem C.

Theorem 3.4. Let h be a positz’ve solution of (1.1) such that h’(t) # 0 for large t and (1.7) holds. If

t
R7Y(1)d7)1 R7Y(t)drt) d
lim sup HOLEOIN i og (f )dr) ds 1( a+V2a), (3.22)
t—00 log f R=1(s) ds) q
t
R~ (7)d7) l R~ ds
lim ing JT8E O 12 Og S dr) ds L e —vam) (3.23)
t—oo log( f R-1(s)ds) q

for some « > 0, T € R sufficiently large, then equation (1.10) is nonoscillatory.
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Proof. Take X( f R~ logl’ f R7!(s)ds) and L := L in Theorem C.
Using (2. 1) and (2 23) we express (suppressmg the arguments)

p—2
R =W |P~2(["R"") log? (' R~ [1+ L+ 2 ]
rh|h| (f ) 0og (f ) pG(ftR,l) pc(ftR,l)log(ftR,l)

=R(["R Y 1og?(['R)(140(1)) ast— oo

and

p—1
G = rh® (1) (' R~1) log? (' R™! [1+ — 2 ]
(f ) log™(f ) b (J R ) pG(SR V1og(S R 1)
=G(['R ) Iog?(['R7)(1+0(1)) ast— co.
From these formulas we have that the integral | ® R7I(t) dt is convergent since
| R~1(s)
— 1+0(1))d
/T R(s) / [ R 7)dtlog?( [* R-! dr)( 0(1))ds

(1+0(1)) < .

logf R-1(t)dt

Next, let us observe that

|/t R(s) ds G(t) </R d5)10g</R ds)(1+0(1))—>oo

as t — oo, hence cond1t10ns in (2.8) hold.
Further we are interested in the expression

/too R71(s) ds /th(s)L[f](s) ds

J# (L)) + g()hP(5)(J* R (x) dT) log? (f* R!(7) d7) ) dis
log( f R=1(s) ds)
as t — co. Since, by Lemma 2.1 and (2.22), the integral [ #L[%]ds is convergent, property
(3.22) is sufficient for (2.9) and (3.23) is sufficient for (2.10). O

To formulate the oscillatory version of Theorem 3.3 we first prove the following oscillation
criterion.

Theorem 3.5. Suppose that there exist constants 71, vz satisfying (3.11) such that

ore(e) [ R ’71|Gl( )| —+ 72 304
/ (1) J'R1( GOIR(E)(J* R (s) ds)? o2

for large t. If
/ f R™1(s) ds) log( f R71(s)ds)dt = oo, (3.25)

then equation

, s 1
Lix] :== (r(£)@(x")) + <c(t) + 207 (1) f R (3.26)
1

thP £)([* R=1(s) ds)2log?( [* R=1(s) ds) +§(t)> ®(x) = 0.

is oscillatory.
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Proof. Let us take () := h(t) (/' R71(s) ds)% log% (/*R7Y(s)ds) and verify conditions (2.11)
and (2.12) in Theorem D. Let us remark that & is chosen to be the same as in the second part of
the proof of Theorem 3.3. Condition (2.12) is a direct consequence of (3.17) and (3.18) together
with (1.7).

Next, let us consider the operator L[x] given by (3.16). According to the proof of Theo-
rem 3.3, [~ %(t)L[%](t) dt converges. Since L[x] = L[x] + §(t)®(x), we have

/oof(t)i[f](t)dt:/ #(HLF|(¢ dt+/ ()P dt

—/ dt+/ “1(s)ds)log( [* R™1(s)ds) dt = co

thanks to (3.25).
Finally, using (3.19), we see that

G'(t)log(J* R71(s)ds) [(p—2)(1—p)
G2(t) [*(R- 1(s)ds) [ 2p? +0(1)}
log J'R7Y(s)ds) 2(p=2)d-p) |
(1)
t(fR* sds)z[ 3 : ]

t)([*R™1(s)ds) log( [* R~ (s) ds)

X(t)L[E](H) =

which is, provided (3.11) and (3.24), nonnegative for large t. Hence both the parts of (2.11)
hold and the statement follows from Theorem D. O

The oscillatory counterpart of Theorem 3.3 reads as follows. Here, equation (1.10) is seen
as a perturbation of (3.14) with A = zl—q, i.e., (1.10) is considered as an equation of the form
(3.26).

Theorem 3.6. Suppose that there exist constants 71, y2 satisfying (3.11) such that

1
(g(t) 2ghP(t) f R-1 ds2log f R- ) /R (-27)

71!G’( )| 2

+ Y
2(t) ['R-1(s)ds  |G(t)|R(£)(f" R

>

for large t. If

t
R-1(7)d1)1 R-1(7)dr) ds
OOV ©)log” (J° )d7) >21q, (3.28)

t=roo log( f R~1(s)ds)

then equation (1.10) is oscillatory.
Proof. Equation (1.10) can be rewritten in the form of (3.26) with
1
thP £)([* R-1(s) ds)2log?( [* R-1(s)ds)’

on which we apply Theorem 3.5. Condition (3.24) follows from (3.27). Next we show that
(3.25) holds. From (3.28) we have that there exists ¢ > 0 and T > T such that

[r8(s)hP(s)(J* R™Y(7) d7) log (J°R7Y(7)d1) ds -
log( f R-1(s) ds) 2q

+e t>T. (3.29)
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Let b > T, then (suppressing some unnecessary arguments)

b 1 t 5 5
= /T (g(t) 2qh? (HR([' R~ Zlogz(ftR-1)>hp<t)(f K Dsl K

b
_ p -1 -1 b 1
[ @ R log(f' R dt = [} s

b 1 b
S . R1)1 R-1)dt - —
T log(J R) DR log’ ([ Jr SR e 7

dt.

With the use of integration by parts and the notation

_/ " Jrs R )" R log” fR ®dt
R([*R7Y)log*([' R~
we have
1 t b
I= [W/ g(s)hp(s)(fs R‘l)logz(st—l)ds LK
T
2 S -1
o st hpf Rf Rlog 1Ofg Rf = - [ogllog(J' R,

With respect to (3.29), we can estimate:

b b +€ 1 ¢ b 1
+/ 9 dt — — |log(lo R-1 > 44K

N (2117 " 8) loglog( /' R_l))y; - zlqlog(log(f "R1)) + 1. log(log(/" R™!

1
=g tetkit elog(log(f"R™)) + Ky,

where K; = — (2177 +¢€) log(log(fT R7Y)) + zl—q log(log(fT R~1)) is constant and therefore inte-
gral I tends to infinity as b — co. O

4 Remarks

Remark 4.1. Let us consider the nonoscillatory Euler type equation with the oscillation con-
-1

stant (1.4). It is known that the function t 7 is a solution of this equation. To show how our
results apply to perturbations of (1.4), consider the interval [1,00) and take the solution

p2
o p poopl
h(t) := (p—1> tr.
Then R(t) =t, G = -1 and [/ R~'(s) ds = logt, hence conditions (1.7) hold. Consequently,

1 _ M
207 (HR(1) ([ R-1(s) ds)”  #71og’t
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and this means that equation (1.9) becomes the Riemann—-Weber type equation (1.5) and results
of the previous section reduce to those for the perturbed Riemann-Weber type equation

(@(x)) + (Z: + - IP;Z;Zt +g(t)) P(x) =0. 4.1)

In particular, Theorem 3.1 with a = % reduces to [1, Corollary 2], see also [2, Theorem 3.3] in
the case n = 1. Theorem 3.2 is a generalized version of [9, Corollary 1] and also of [2, Theorem
3.3] with n = 1. Note that, since G’ = 0, condition (3.10) simplifies to

29,p(p —2) p—1\""

tt”lo3t2'y>p7, Yi=7 | — ,
s()ilos 3(p 17 b

which is condition (3.15) from [2]. Concerning Theorem 3.3, observe that condition (3.15) is

satisfied and equation (3.14) with A = ﬁ is equation (1.6) with n = 2. Hence, Theorem 3.3

generalizes results of [11] for n = 2. Finally, Theorem 3.4 applied to (4.1) is [13, Theorem 3.1]

in the case n = 1.

Remark 4.2. Based on the results of this paper and their comparison with those for the per-
turbed Euler type equation discussed in Remark 4.1, we suppose that we can study perturba-
tions of equation (3.14) with A = 21—{1 and find a perturbation such that the obtained perturbed
equation is conditionally oscillatory. More generally, we conjecture that the equation with
arbitrary number of iterated logarithmic terms

/ / « 1 —
(@(x)) + (c(t)+]z(;J P ORI ds P Log? (] R ds)) D(x)=0 (42)

is conditionally oscillatory (here Log ,t := 1). This would generalize the result of [11] concern-
ing equation (1.6) and give us the possibility to generalize the oscillation and nonoscillation
criteria of this paper to the case when we study perturbations of (4.2), similarly as in [2,13],
where perturbations of (1.6) are studied.

Remark 4.3. Let us comment the particular choice of the functions % in the proofs of our
results. Consider the operators L and L defined in (1.9) and (1.10), respectively. If ¥ is a
solution of (1.9), then (¢)L[%](t) = g(t)%P(t) and hence, when applying one of the Theorems
A, B, C to equation (1.10), the expression (s)L[%](s) appearing in conditions (2.3), (2.4), (2.7),
(2.9), (2.10) is replaced by g(s)%?(s). It has been shown in [3,10] that equation (1.9) has a pair
of linearly independent solutions that are asymptotically close (as ¢t — o) to the functions

= (1) (/tw(s)ds)’l“,
(/ R ds> log? (/ R ds>

We have taken % := x; in the proofs of Theorem 3.1 and Theorem 3.2 and ¥ := x; in the
proof of Theorem 3.4. Computations in proofs of these theorems together with Lemma 2.2
and Lemma 2.4 show that in both the cases % := x; and ¥ := x», the expression J?t[i] is small
enough such that it does not have an influence on the limits superior and inferior in conditions
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(2.3), (2.4), (2.7), (2.9), (2.10), hence the expression g(s)xf(s) appears in (3.1), (3.2) and (3.12),
and g(s)xb (s) appears in (3.22) and (3.23).

In the proofs of Theorem 3.3 and Theorem 3.5 we have taken % := h( [* R‘l)% log% (['RY),
since we conjecture that this function is asymptotically close to one of the solutions of (3.14)
with A = zl—q This conjecture is supported by Lemma 2.3 (observe that the left-hand side
of identity (2.19) is equal to %(t)L[%](t)) and by the asymptotic formulas for equation (1.6)
derived in [11].
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1. Introduction

In this paper, we continue our research on Hille-Wintner-type comparison criteria for
half-linear, second-order differential equations and provide an answer to one of the open
problems stated in [1]. We study the equation of the form

Ix] :== (r(H)@(x)) +c(H)®(x) =0, ®(x) = |x|P"Lsgnx, p>1, 1)
where 7, ¢ are continuous functions and r(t) > 0. Equation (1) can be seen as a generaliza-
tion of the second-order linear Sturm-Liouville linear equation, to which it reduces for
p = 2, and it is well-known that many techniques for linear equations work effectively for
half-linear equations too. Recall that one of the differences between half-linear and linear
equations is well-visible in the notation—the attribute “half-linear” refers to the fact that the
solution space of (1) has only one of the two linearity properties, where it is homogenous
but not additive. On the other hand, classification of solutions and equations in terms of os-
cillation remains the same—a solution is called oscillatory if it has got infinitely many zeros
tending to infinity, and non-oscillatory otherwise; and since oscillatory and non-oscillatory
solutions cannot coexist, equations are classified as oscillatory or non-oscillatory according
to their solutions. To refer to the most current results of the oscillation theory of (1), let us
mention, for example, papers [2-6].

Because we are interested in the qualitative behavior of solutions of (1), we study it
on a neighborhood of infinity, that is, on intervals of the form t > t;, where ¢ is a real
constant. By saying that a condition holds for large ¢, we mean that there exists such an
interval-neighborhood of infinity, where the condition holds.

In our research, we focus on comparison theorems which compare two equations and
their oscillatory properties. Let us consider another half-linear equation

Lix] := (r(t)(@(x")) + C(t)®P(x) = 0. (2)

Comparing the coefficient functions c(t) and C(t) (and even r(t) and its counterpart
R(t) in general) pointwise, leads to the Sturm comparison theorems, whereas comparing
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integrals with coefficient functions aims at Hille-Wintner-type criteria. In formulation
of classical Hille-Wintner criteria for half-linear equations, one distinguishes two cases,
depending on the behavior of the integral [~ r1=4(t) dt. In case of its divergence and under
the assumption that [* C(t) dt < oo, the criterion says that if

og/ c(s)dsg/ C(s)ds forlarget
t t

and (2) is non-oscillatory, then (1) is non-oscillatory too, see [7] or [8] Section 2.3.1. If the
integral [ r179(t) dt converges, denote p(t) := [,” r1~9(s) ds and suppose that c(t) > 0,
C(t) > 0 for large t. If

/oo c(s)pP(s)ds < /Oo C(s)pP(s)ds < oo forlarget,
t Jt

then non-oscillation of (2) implies non-oscillation of (1) (see [9] or [8] Section 2.3.1).
Inspired by these results, in paper [1] we adopted the view of the perturbation
principle, which allows to refine the results on the threshold between oscillation and
non-oscillation, and proved the generalized version of the Hille-Wintner criterion in the
following setting. Together with (1) and (2), let us have the equation of the same form

Llx] == (r()(@(x))" + ()@ (x) =0, ®)

which is supposed to be non-oscillatory, and let & be its positive principal solution. Equa-
tions (1) and (2) can be seen as perturbations of (3). The main result of [1] showed
for the case [ r!79(t)dt = oo that under certain assumptions (see Theorem 1 below),
the inequality

0< /too(c(s) —&(s))hP(s) ds < /too(C(s) —&(s))hP(s) ds < oo

together with non-oscillation of (2) ensure non-oscillation of (1).
As an immediate consequence, we obtained a comparison theorem, where in the place
of the equation which is being perturbed, we have the half-linear Euler equation

Y
@) + o) =0 @
Here, v) = (%1) ¢ is the so-called oscillation constant of (4), since it is the greatest

possible constant for which the Euler equation is non-oscillatory, for larger constants at
that place the equation oscillates. Its principal solution is known exactly and is equal to
-1

t'7 . Another well-known equation that lies on the boundary between oscillation and
non-oscillation is the so-called (generalized) Riemann-Weber equation (also referred to as
the Euler-Weber equation or just the Euler-type equation). However, the principal solution
of this equation cannot be expressed explicitly, and only its asymptotic form is known;
hence, the criterion from [1] cannot be applied to it. This was the reason for mentioning
the open problem in [1], whether the principal solution in the criterion can be replaced
by a function, which is, in some sense, only close to it. As the technique concerning the
so-called modified Riccati equation has been developed in more depth over the last few
years (see, for example, [10]), we can now show that the answer is positive.

The paper is organized as follows. In the next section, we recall the Riccati technique,
including the usage of the modified Riccati equation, the concept of the principal solution,
technical lemmas, and remind the original theorem from [1] in its full version. In the
section with the main results, we state and prove the main theorem and show some
of its consequences for Riemann-Weber-type equations. The last part brings several
concluding remarks.
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2. Preliminaries
Supposing that Equation (1) is non-oscillatory, it is a well-known fact that if x is its

solution, then the function w = r® (%) solves the relevant Riccati equation

W) +e(t) +(p =Dt BB =0, g= Lo, ©)
on some interval of the form [T, o), and conversely, the solvability of (5) on an interval
[T, o) guarantees non-oscillation of (1). Here, we refer to the basic literature, for exam-
ple, [8] (Section 1.1.4), for introduction to the theory (see also [11]).

It can be shown (as introduced by [12]) that among all non-oscillatory solutions of (5),
there exists the minimal one @, for which any other solution of (5) satisfies the inequality
w(t) > @(t) for large t. Then, the solution of (5) given by

7= Kexp{ [ 11 71(5)0 () s,

is called “principal” and it is related to the minimal solution of (5) by the formula
@ = r®(%'/%). Note that ®! is the inverse operator to ® and q is the so-called con-
jugate number to p, and % + % = 1 holds.

The concept of the minimal solution of the Riccati equation is also known from the
theory of linear differential equations, where the so-called integral characterization holds.
Its possible extension to half-linear equations was studied, for example, in [13,14]. In [14],
it was shown that the condition [ « MW = oo is under certain assumptions
necessary or sufficient for x to be the principal solution, but a complete “both-way” integral
characterization has not been proven.

Now, let us turn our attention to the modified Riccati technique. Let i(t) be a differen-
tiable function such that h(t) > 0 and //(t) # 0 for large t, and let us use the notation

R(t) = r(DI (D)W (1)]P72, G(t) = r(Hh(HD(H (1)).

It was shown, for example, in [10] (Lemma 4) that a neigborhood of infinity solvability
of (5) (and hence, also non-oscillation of (1)) is equivalent to solvability of the so-called
modified Riccati equation

o' (8) +h(DI[R)() + (p = Dr' ()R~ (t)H(v,G) = 0, ©6)

where
H(v,G) := [v 4 G|T — q® 1 (G)v— |G|".

The solution v of the modified Riccati Equation (6) and the solution w of the Riccati
Equation (5) satisfy the relation v = hPw — G.

The behavior of H(v, G) was deeply described, for example, in [10], and we present
here only those parts of its Lemma 5 and 6, which are relevant for us.

Lemma 1. The function H(v, G) has the following properties:
(i) H(v,G) > 0 with the equality if and only if v = 0.
(i)  For every L > 0, there exist constants K1 = K1 (L) > 0,K, = Kp(L) > 0 such that

Ki|G(1)]7720? < H(v,G) < Ko|G(1)|"~%0?
for any t and v satisfying || < L.

The nonnegativity of solutions of the modified Riccati Equation (6) was studied in
several papers. The following lemma summarizes results which are already adjusted to
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our needs and based on Lemma 4 and a part of the proof of Theorem 4 in [15] (for more
resources see references therein).

Lemma 2. Let h be a positive, continuously differentiable function, such that I'(t) # 0 and
h(t)I[h](t) > O for large t. Let [ R™1(t)dt = oo and

(Uiminf |G(t)| >0 and limsup |G(t)| <o) or lim |G(t)| = oo.
t—oco 00 t—ro0

Then, all proper solutions of (6) are nonnegative.

Finally, let us present the main theorem of [1]. Note that / is here the principal solution,
and assumption (7) is the condition appearing in its possible integral characterization.

Theorem 1. Let [~ r!=9(t) dt = co. Suppose that Equation (3) is non-oscillatory and possesses a
positive principal solution h, such that there exists a finite limit

lim G(t) =: L > 0

t—oc0

and

/Oo R1(t) dt = co. @)
Further, suppose that 0 < [ C(s) ds < oo and
0< /too(c(s) —e(s))hP(s) ds < /too(C(s) — &(s))hP(s) ds < oo,
all for large t. If Equation (2) is non-oscillatory, then (1) is also non-oscillatory.

3. Main Results

In this section, we present the main theorem and its corollaries.

Theorem 2. Suppose that there exists a positive continuously differentiable function h(t) such
that W' (t) # O for large t and the following conditions hold:

| R s =, (®)

h(t)L[H](t) >0, 9

| ne)L)(s)ds < oo, (10)

(iminf|G(1)| >0 and limsup|G(1)| <o) or Jim |G()| =0, (1)

all for large t.
Let the inequality

- /ooh(s)i[h] (s)ds < /w(c(s) —a(s))hP(s) ds < /W(C(s) _&(s))hP(s)ds < 00 (12)
t t t
be satisfied. Then, if Equation (2) is non-oscillatory, Equation (1) is non-oscillatory too.

Proof. Suppose that Equation (2) is non-oscillatory. Let x be its solution. Then, the function

w=rd (%) solves on an interval [T, 00) the relevant Riccati equation

w'(£) + C(#) + (p = )r' 1 ()]w(1)]T =0
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and the function v = h’w — G solves the modified Riccati equation
o' (t) + h(OL[E (1) + (p = 1)r' = (Hh~ () H(0,G) = 0. (13)

Because H(v, G) > 0 (see Lemma 1) and h(t)L[h](t) > 0 for large t by (9), we observe
that ¢/(t) < 0 and the function v(t) is non-increasing for large t. According to Lemma 2,
the function v(t) is non-negative, and there exists a non-negative finite limit lim;_; v(#).

If lim; 0 |G(t)| = oo, then we immediately see that |&| — 0 for t — co.

Now we show the same for the remaining case if liminf; ;o |G(t)] > 0 and
limsup,_, ., |G(t)| < co. Integrating (13) over the interval [T, t] yields

o(T) —o(t) = /Tt h(s)L[A](s) + (p — D)r'~"(s)h™(s)H(v(s), G(s)) ds,

and hence,

o(T) > /T h(s)L[h](s)+ (p — 1)ri=9(s)h~7(s)H(v(s), G(s)) ds. (14)

Now we have (suppressing the argument)
hL[h] = h{(r®(H")) + é@(h) + (C — &)P(h)} = hL[h] + (C — &)h?

and thanks to (10) and (12), we observe that [ h(t)L[h](t)dt < co. Let t — oo in (14)
imply the convergence of the integral

/m(p ) A IO H o), G(E)) dt < oo,

With respect to our assumption—the first part of (11)—there exists a constant L > 0
and T; > T such that |%| < Lfort > Ty. By Lemma 1, there exists K > 0 such that

K|G(1)|720%(t) < H(v(t),G(t)) for t>Ty,

which means

<RI H(u(t), G(t)) for t> Ty

Integrate the inequality over the interval [T5, o), where T, > Tj:

K> T:o Z;j((tt)) dt < /T:o rlfq(t)h*‘l(t)H(v(t),G(f))dt < 0.

By (8), we see that v — 0 for t — oo, and hence, v satisfies the integral equation
o(t) :/ h(s)L[B)(s) + (p — 1)r'~9(s)h~(s)H(v(s), G(s)) ds. (15)
t

Now let us define the following integral operator

F) = [T hEIHE) + (p= DA (s)h () H(u(s), G(s) ds

on the set
U={u(t),0 <u(t) <ov(t),t €[T,00)}.

Our aim is to show that F on U fulfills such conditions that it has got a fixed point.
Up to this point, first observe that

H;,(1,G) = q@ ' (|Ju+ G|) — @~ 1(G),
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and since ® 1 is increasing and u > 0 on U, it means that H}, > 0, that is, H is increasing
in the first variable. Let us take functions u1(t), uy(t) such that 0 < uq(t) < up(t) < v(t),
then the inequality F(u7) < F(u) holds too. To verify that the operator F maps the set U
to itself, we consider the inequality

0<F(0) <F(u) <F(v) <w. (16)

The middle two inequalities hold on U according to the previous paragraph. Since

FO) = [T hs(s) ds = [T ROLEIE) + (cls) ()P (s) ds,
the first inequality in (16) holds by the first inequality in (12). The last inequality
F©) = [ hEIIE) + (p = D 1k (s H((s), G(s) ds < v
follows from the fact that
hi[h] = hL[h] + (c — &)WP, hL[K] = hL[h] + (C — E)hP

together with (12) and (15).

Furthermore, F(U) is obviously bounded on closed subintervals of [T, ). To show
that F is uniformly continuous, let u € U be arbitrary, ¢ > 0 and take ¢, t; € [T, o] such that
(without loss of generality) t; < t,. Denote f(t) = h(t)I[h](t) + (p — 1)r' =9 (t)h=9(t)H(u(t),
G(t)). We have

|F(u)(t2) — F(u)(t1)]
;f(t) dt — /:f(t) dt’ _ ‘/:f(t) dt‘

< /ttz h(E)I[H] () dt‘ i /tZ(p AR () H(u(E), G(1)) dt|.

= H

Since both the integrals converge, there exists J such that each of the integrals in
absolute value is less than § for |t; —t;| < ¢ and

[F(u)(t2) = Fu)(b)| < 5+ 5 =e.

Hence, F is uniformly continuous. Using the Schauder-Tychonov theorem, there
exists a fixed point of F on U such that F(u) = u and u solves the integral equation

u(t) = /too h(s)I[](s) + (p = D)r'=7(s)h™(s)H(u(s), G(s)) ds

and also the modified Riccati Equation (6), and w = h~?(u + G) is a solution of the Riccati
equation joined with (1). Hence, Equation (1) is non-oscillatory. O

As an immediate consequence of the previous theorem, we have the following statement.

Corollary 1. Let the assumptions of Theorem 2 be satisfied. Then, the oscillation of Equation (1)
implies that of (2).

Now, for the sake of clarity, recall that by log we mean the natural logarithm, log,
stands for an iterative logarithm, and Log ; is a product of these functions according to the

following definition:

log, t = logt, log,t=1log, ;(logt), k>2, Logjt = H{(:l log, t.
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Let us consider the generalized Riemann—Weber half-linear equation with critical
coefficients

Lrw[x] := (®(x")) + (Z;f + Zn: Ky 5 ><I>(x) =0, (17)

j=1 tPLog;t
_1(p1)P !
wheren € Nand yp = 5 ;

non-oscillatory Equation (3), which is being perturbed, is set to be the Equation (17), reads
as follows.

. The consequence of Theorem 2 for the case where the

Corollary 2. Suppose that the condition
p-1 1
L[t P Log,’;t} >0 (18)
holds for large t. If the inequality
_/t fds < /t (c—¢)sP 1 Log ,(s)ds < /t (C—¢)sP~ ! Log ,(s)ds < oo,

where f(s) is defined by (19) (see below) and &(t) = (?ﬁ + X tVLHopgzt>’ is satisfied, and if
j

Equation (2) is non-oscillatory, then Equation (1) is non-oscillatory too.

Proof. First, note that Equation (17) is non-oscillatory, and it has, in a certain sense, the
largest possible coefficient function ¢, for which the non-oscillation is preserved. In-
deed, equation

n—1

(<1>(x’))’+<?5+2 V’”2+ ”2><1>(x)—0

j—1 tPLog;t  tPLog;t

is conditionally oscillatory, 4 = p, is its oscillation constant, and it is oscillatory for p >
and non-oscillatory for y < . The asymptotic formulas for the two linearly independent
non-oscillatory solutions of (17) were derived in [16]. These solutions are asymptotically
equivalent to the functions

-1 1 p—1 1 2
hy (t)—t 7 Lognt, ha(t)=t7 Logntlog) ,t
and h; is asymptotically close to the principal solution.

Let us take h(t) = hy(t) in Theorem 2 and check the conditions.

—1 1
Dosly in [17] showed that for h(t) = tPT Log it and the operator defined in (17),
we have

1:1

r 1 g
h(t)_T £ Log ]t <+Z Logt>

and

F(£) == h(D)Lew[H] (t) = tﬁff; i[z'g?z(znf) +o(1 )} as t — co. (19)

Thus, (10) holds (the calculation can be found in [17] above the relation (3.9)). The

condition in (9) is reduced to (18).
Next, as t — oo, we have

R(t) = hz(t)|h/(t)|p—z — <P;1)2_ptLogn(t)(1 +0(1))
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and
ot p—1 zr
R = (2] hog (01 +o1)
which is divergent for t — oo, so (8) holds. Further,
-1
Glt) =m0 = (£ Log, (01 + o(1)

and it tends to infinity for t — oo, and hence, (11) is also satisfied. [

In the next corollary, we apply the results to the generalized Riemann-Weber equation
with 7 + 1 terms in the sum as the testing Equation (2) in order to obtain a Hille-Wintner-
type comparison criterion for the perturbed Riemann-Weber-type equation

(@(x)) + (Z’,’ + f Hp +g(t)><b(x) =0. (20)

=1 tF’Log]Zt

Corollary 3. Let the inequality

(0] 00 B H
- [T res < [T g, (o)as < L

where f(t) is given by (19), hold. Then, Equation (20) is non-oscillatory.

Proof. We take (20) in place of (1),

(@) + ﬁﬁf Py _ao(x) =0
tP = tPLog]Zt

-1 1
in place of (2), (17) in place of (3), and h = hy = tpT Log j t. Observe that

~ ~ Hp
(c=¢)=g(t), (C-0)=
t7 Log 1 (t)
and
~ Hp -1 Hp
(C—¢)hP = —————tF" " Log , (t) = .
1P Log 741 (1) " tLog (1) logh 4 (t)
The integral

oo y o0 Hp Hp
C —C hp — / dS = 7
/t ( ) t sLog,(s)logi.(s) log,, ;1 (t)

as can be shown by the substitution log, ;(s) = u and with the use of the fact that
(logn+l(t))/ = m
Finally, let us verify the condition (9). We have
hL[h] = hLgwl[h] + (C — &)W

_ Log,t 2')’7077(2*17)4_ a p
tlog>t | 3(p—1)? tLog ,(t)logy (1)
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Log,t _ 1 .
ast — oco. Show that og T — O(tLogn(t) log,zlﬂ(t)) ast — oo
Log .t
3 Log?, (¢ log2 ,, (t log, (#))*"
lim tlolg t — lim gngl( ) — lim gn+1( ) < lim< gzg( )) ,
toeo ———— . toe Jogot t—oeo  logt t—eo \ log®t
tLog ,(t)log, 1 (t)

where ¢ = 2— This limit tends to 0 as f — oo since lim;_o 11 fgzg(?

shown by the L'Hospital’s rule). Hence, hL[h] > 0 for large t. O

= 0fore > 0 (as can be

4. Concluding Remarks

(a) Let us mention that Corollary 3, as the specific application of Theorem 2 to concrete
Equations (20) and (17), and the generalized Riemann—-Weber equation with n + 1 terms,
brings a result which is in compliance with the Hille-Nehari-type criterion, that was
proved in [17] (more on Hille-Nehari-type criteria for (20) can be found also in [18]). Its
non-oscillatory part says the following. Suppose that the integral [~ &()tP~! Log ,tdt is
convergent. If

limsuplog, +11? &(s)sP ! Log ,sds < pp,

t—ro00

lummflogn+1 t/ s)sP ! Log ,sds > —3u,,

then (20) is non-oscillatory.

(b) Let us observe that Theorem 2 can be applied also to the situation where the Euler
p-1
Equation (4) is in the position of (3). We can use the exact principal solution h = t 7

for which
R(H) = (”;1)2 {1+ 0(1 /R s)ds = 1+o(l))(p;1>2_plog(t),

G(t):(p;l)(l—i-o(l)) and  h(D)Le[h](£) = 0

as t — co. Such a corollary was already presented in [1].

(c) Note that the perturbation (c — ¢) does not have to be less than (C — ¢) pointwise
(then the Sturm comparison theorem would be sufficient) and c can oscillate around ¢ as
long as the integral inequality (12) holds. For results for Riemann—-Weber-type half-linear
equations with sums of periodic functions instead of constants, see [19].

(d) Finally, comment on the differences between Theorems 1 and 2.

Firstly, in Theorem 2, we do not suppose [~ 171 = oo anywhere. Next, the main
difference is the fact that & is once a principal solution of (3) and once a function which is
only close to that principal solution. The condition (8) is in both the theorems, and it is
connected with the closeness of functions & to the principal solution. The condition (9),
that is, hL[h] > 0 for large t, does not have its counterpart in Theorem 1, and here we
have another difference between the theorems. The reason for this condition is in usage
of Lemma 2. The assumption (10) is a variant on the condition 0 < [* C(t)dt < oo
from Theorem 1. The condition (11) is in fact an extension of the assumption of the
existence of a finite limit lim; ;. |G()|. We might ask whether (11) could be replaced just
by liminf; . |G(t)| > 0, but certainly, it can be replaced by a weaker condition of the
existence of the limit such that lim;_,. |G(#)| > 0. Note that the first part of (11) holds for
the case where Equation (3) is the Euler Equation (4), whereas the second part holds for the
case of Riemann-Weber type Equation (17). The last difference is in (12) in the very first
inequality. In Theorem 1, the integral [~ ii(s)L[h](s) ds is equal to O trivially, because h is
an exact solution of (3).
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Abstract: We study the second-order neutral half-linear differential equation and formulate new
oscillation criteria for this equation, which are obtained through the use of the modified Riccati
technique. In the first statement, the oscillation of the equation is ensured by the divergence of
a certain integral. The second one provides the condition of the oscillation in the case where the
relevant integral converges, and it can be seen as a Hille-Nehari-type criterion. The use of the results
is shown in several examples, in which the Euler-type equation and its perturbations are considered.
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1. Introduction

In this paper, we study the oscillatory properties of the second-order half-linear neutral
differential equation

(r(h@(Z' (1)) +c(H)®(x(z(t))) =0,

where t >ty and ®(x) = |x|P"2x, p € R, and p > 1. We suppose that the coefficients
of the equation satisfy the usual conditions: r € C([t,0),R"), b € C!([tg, ), R{),
¢ € C([tg, ), Ry ), c is not identically equal to zero in any neighborhood of infinity, and

z(t) = x(t) + b(t)x(o (1)), @

b(t) < 1. @)
Concerning the deviating arguments, we assume that 7,0 € ct ([to, ), R), tlim T(t) = oo,
— 00
lim o(t) = oo and
t—o0
>0, T(t)<t, o)<t (3)
We also suppose that
/ rLoA(t) dt = oo, 4
where g denotes the conjugate number of p,ie., g = %, and the symbol [ means that

it does not matter what the lower limit of the integral is if it is large enough, and that the
limit process is applied on the upper limit of the integral as it tends to infinity. The above
setting and conditions (2)—(4) are intended to hold throughout this whole paper and in all
of its statements.

A differential equation is called neutral if it contains the highest-order derivative of an
unknown function both with and without delay. This means that the rate of growth depends
on the current state and the state in the past, as well as on the rate of change in the past,
which enables a suitable description for many real processes. For example, the process of
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growth of a human population ([1]) or a population of Daphnia magna ([2]) can be modeled
by neutral differential equations. Neutral Equation (1) is called half-linear, as its solution
space is homogenous but not additive (it only has half of the linearity properties), and
it can also be classified as Emden—-Fowler equation. Neutral half-linear /Emden—Fowler
equations arise in a variety of real-world problems, such as in the study of p-Laplace
equations, non-Newtonian fluid theory, the turbulent flow of a polytrophic gas in a porous
medium, and so forth (see, for example, [3-6]).

In recent years, the qualitative theory of Equation (1) has attracted considerable
attention, and it has been studied under condition (4), for example, in [7-11] (see also the
references therein). For the case where the integral in (4) converges, let us refer to [12,13].
If b(t) = 0, then the studied equation becomes a delayed half-linear equation, and its
oscillation results are provided, for example, in [14-20].

By a solution of (1), we mean a differentiable function x(t) that is eventually not
identically equal to zero, such that r(t)®(z'(t)) is differentiable and (1) holds for t > f.
Equation (1) is said to be oscillatory if it does not have a solution that is eventually positive
or negative.

In this paper, we formulate new oscillation criteria for Equation (1). One of them can
be classified as a Hille-Nehari type statement. Our results are based on the modification of
the Riccati technique. Instead of the usual Riccati inequality, we use the so-called modified
Riccati inequality. The modified Riccati technique has been used in the theory of ordinary
half-linear differential equations of the form

(r(H@(x'(1)) + c(hy@(x(t)) =0, (5)

and it has been revealed that it is a useful tool that can be regarded as a replacement of
the missing half-linear version of the transformation formula known from the classical
oscillation theory of linear equations. For the related results concerning this method,
we refer to [21-23] and the references given therein. We point out that, within the same
approach, Hille-Nehari-type criteria for (5) were last studied in [24]. In Ref. [18], the
modified Riccati technique was extended and applied to half-linear differential equations
with delay:

(r(h@(x' (1)) + c(hy@(x(z(t))) = 0. ©6)

Here, we show that the method can also be extended for neutral half-linear equations
and used to derive some oscillation criteria for (1).

This paper is organized as follows. In the next section, we introduce the modified
Riccati technique and formulate some preliminary results. In Section 3, we present our
main results, the oscillation criteria for (1), and in the last section, we apply the results to a
perturbed equation of the Euler type.

2. Preliminaries

We start with the properties of the eventually positive solutions of (1) that are ensured
with condition (4). By the function ®~1, we mean the inverse function to ®, i.e.,, ®1(x) =
|x|72x.

Lemma 1. Suppose that x(t) is a solution of (1) that is positive on [ty, 00). Then, there exists
T > tq such that
2() >0, Z(H >0, (r()®(Z' (1)) <o, @)

L) _ 1 ()
20 - °F (r(r(t))) ®)

and
(r() (' (1)) < —c(B)P[z(T(t))(1 = b(x(t))] ©)
fort > T.
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Proof. Condition (7) is a well-known statement and its proof can be found, e.g., in [7]
(Lemma 3). Because r(t)®(z'(t)) is non-increasing, we have

r()@(Z' (1) < r(t(t) (2 (z(1))),

which can be rearranged into (8). Now, we observe that x(c(7(t))) < z(c(t(t))) < z(7(t))
and, in view of (1),

0 =(r(H@(Z' (1)) +c(t)P[z(v(t)) — b(r(t)x(o(x(t)))]
> (r(@(Z (1)) + c(t)@[z(x () (1 = b(x(1)))],
which implies (9). O

Grace et al. showed in [10] that, under some additional assumptions, condition (8)
can be strengthened. Similarly to in [25], they considered the sequence

g0(0):=1, gni1(0) := egg”(g), n=0,12,..., (10)

where ¢ is a positive constant. For ¢ € (0, e] the sequence is increasing and bounded
above, and tlim g2n(0) = g(0) € [1,¢], where g(0) is a real root of the equation
—00

g(g) = %), (11)

With the use of this sequence and the notation

Q(t) := ®(1 — b(t(t))e(t), R(t):= /trl_q(s)ds,
R =R+ 2 [ ROSR(c(s)) QL) ds

for t > t1, where t; is large enough, Grace et al. proved the following lemma.

Lemma 2 ([10], Lemma 4). Assume that T is strictly increasing, Equation (1) has a positive
solution x(t) on [tg, o0), and the condition

/ t(t) Q(5)®(R(s)) ds > g 12)

holds for some ¢ > 0 and a t that is large enough. Then,

2/(1(1)) gn(0)r (1)
70 - F ( <<>>)

for every n and t that are large enough, where g, (0) is defined by (10).

Now, let us turn our attention to the Riccati technique. By our assumptions,
conditions (2)—(4) hold, and we suppose that Equation (1) has an eventually positive
solution x(t). Take

w(t) = r(t)CID(Zé_((?))) (13)
By a direct differentiation, we have
, (r()@('(1)) 1P ()72 (z(1))
()= gy~ P IOTO=LaGp
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which, with the use of (9), gives

/(1) < —e(0@(1 - b((0) - (p - DA OT O T o),

Assuming that there exists a positive function f(t) (one possible choice is &1 (%)
by (8)) such that

Zlif((t’;)) > f(t) >0, (14)
we obtain the Riccati-type inequality of the form
W (1) < —c(B(1 - b(x(1))) — (p = DI (D F(1) (). (15)

Next, we introduce the modified Riccati technique. Let h(t) be a positive differentiable
function, and put

G(t) = r(t)h(r(t))@(hlj((zg)) ) (16)
Using the modified Riccati transformation
o(t) = hP(z(8))w(t) - G(1), (17)

we obtain the so-called modified Riccati inequality (18) that is derived in the next lemma.

Lemma 3. Suppose that Equation (1) has an eventually positive solution x(t) and w is defined
by (13). Let f be a positive function satisfying (14), let h be a positive differentiable function, and
let G be defined by (16). Then, the function v(t), given by (17), satisfies the inequality

9 () +C(0) + (p DA IO (O (D) FOHE,G0) <0, (9
where
_ na(TEDY .
c<t>—h<r<t>>[(<t>¢( ) +etemo)en -brw)| a9
and

H(v,G) = v+ G|T — q® }(G)v — |G|1. (20)
Proof. By a direct differentiation, we obtain
V() = ph?~ (T(8))H (2 (1)) 7 (H)w(t) + hP (T(8))w' (t) — G'(t)
= ph'(z(1))T' ()h (2 (1)) (0(t) + G(1)) + P (z(t))w' () — G'(¢),
and with the use of (15), we have (suppressing the argument )
o < ph' (7)Th Y (1) (v + G) — G’ + hP(7) [—qu(l —b(1))—(p— 1)r1"7*c’f\w|'7}
— Pl (T)Th 1 (¥) (04 G) — G — P (T)e®(1 — b(7)) — (p — P~ IT/h = (7) flo + G
= —C— (p = D' f[lo + Gl — g7 (G)o - [GI1],
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where

C = —ph (1)Th ™ (7)(0+ G) + G+ ¥ (1)e®(1 — b(7))
+ (p = VTR f 9971 (G)o + |G

= 1P (1)e®(1 — b(1)) + G’ — pl! (1) T'h ™ () — pl (x) 7' () rh(x) (h/;ﬂ)

W (T)|P
Iz

+ prl_qT’h_q(T)frq_lhq_l(’r)hl;T)v + (p — D) 97 h () frT09 (1)

= WP (T)e®(1 —b(t)) + G —r|W (7)|PT'f1P.

Since

/ = (r h/(T(t)) ' T r /”L' T/ 1—
6'(1) = (@ (" ) ) W) + O ()P (770,

we have

C(t) = WP (x(1))e()@(1 — b(x (1)) + (r(t)cb(”““”)) h(x (1))

= T r h/(T(t)) I C T — T
= i( <t>>[( o (H2 ) +ematirm)en b <t>>>].

Hence, C(t) = C(t) and the lemma is proved. [

Similarly to in [18], we have the following two statements. In the first one, we formu-
late estimates for the function H(v, G) from (20). Note that by applying these estimates
in (18), we obtain an inequality that is, in fact, the Riccati inequality associated with a
certain ordinary linear equation. The second statement gives sufficient conditions for the
eventual non-negativity of the solutions to (18). By studying the proof of the original
statement in [18], one can easily see that it also holds for the neutral version of the modified
Riccati inequality (18).

Lemma 4 ([21], Lemma 5 and Lemma 6). The function H(v, G) defined by (20) is non-negative

and H(v, G) = 0ifand only if v = 0. Furthermore, ifli}ninf |G(t)| > 0and v(t) — 0 for t — oo,
— 00

then

H(o(t),G(t)) = ‘7(‘72_1) GO 20 (F)(1 4 0(1)), ast — co.

Finally, for every T > 0, there exists a constant K > 0 such that

H(v(t), G(1)) = K|G(1)]7"20%(t)
for any t and v satisfying |v(t)/G(t)| < T.

Lemma 5 ([18], Lemma 2.5). Let h be a positive continuously differentiable function such that
h' # 0 for large t and C(t) > 0 for large t. Moreover, let either

limsup |G(t)| < o0 (21)
t—o0
- A7 (1)
oo Tl
| e -
or
lim |G(#)| = oo (23)

t—o0
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and

© Pf(D))T'() .
/ ORI 2 (24)

Then, all possible proper solutions (i.e., solutions that exist in a neighborhood of infinity)
of (18) are eventually nonnegative.

3. Main Results

Theorem 1. Let f be a positive function, let G and H be defined by (16) and (20), respectively, and
let the conditions of Lemma 5 be satisfied. If

/w C(t)dt = oo, (25)

then Equation (1) is either oscillatory or, in every neighborhood of co, there exists t* such that

;EEI)(;*(B) < 1 for all solutions of (1).

Proof. Suppose, by a contradiction, that there exists T > t( such that (1) has a solution x(t)
that is positive for t € [T, c0), and condition (14) holds on this interval. Then, v(t) defined
by (17) satisfies (18), and hence,

V(1) < —C(H) = (p = Dr' =IO (HHI(x () (D H(v(t), G(1)).
Integrating the inequality from ¢; > T to ¢, we get

o) < olt) — [ Co)ds = (p=1) [ 79T I (s)) F(5)H(o(s), GIs)) s

t ty

Since the last subtracted term is nonnegative, we have

o(t) < o(ty) —/tC(s)ds

51
and letting t — oo, we are led to a contradiction with non-negativity of v(¢) by Lemma 5. [

Denote

D PO (P27, 26)

Under the assumptions of the paper, according to (8), we can take f(t) = &1 (r (rT((tt))) )

and the functions G, C, and R to get the following form:

G (1) = r(x()h(x()@(H (< (1)),
C1(8) = h(r() [(F(T(E) U (2(1))' + ()@ (R(T())@(1 — b(x(1))],
Ry(t) = r(r(0) g (eI (x() 2

In this special case of the function f, we can formulate a version of Theorem 1 as follows.

Corollary 1. Let h be a positive continuously differentiable function such that h' # 0 for large t
and Cy(t) > 0 for large t. Moreover, let either

(1)

(E)hi(z(t))

limsup |Gi(t)| < oo and / e dt = oo (27)

t—oc0

or
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If
/ Ci (1) dt = oo, (28)

then Equation (1) is oscillatory.

The second and last theorem is of the Hille-Nehari type and concerns the case where
the integral in (25) is convergent. We present a version with the general function f, and
G, C, and R are given by (16), (19), and (26); however, one can also formulate the special

case of the theorem with the function f(t) = P! (r(rT((tt)))) and Gy, Cq, and Ry, similarly
to in Corollary 1. Recall that the same types of results for half-linear Equation (5) were
proved in [26], and for delayed half-linear Equation (6), comparison theorems providing

qualitatively similar results were presented in [18].

Theorem 2. Let h be a positive continuously differentiable function such that ' # 0 for large t and
let f be a positive function such that C(t) > 0 for large t, [ R™1(t) dt = oo, litm infG(t) > 0,
—00
and
limsup G(t) < oo or lim G(t) = oo. (29)

00 t—00

Suppose that [© C(t)dt < co. If

t 00 1
o -1 L
11}1_1>g1f R™(s)ds /t C(s)ds > 20 (30)

then Equation (1) is either oscillatory or in every neighborhood of oo, there exists t* such that

;EEI)(;*(B) < 1 for all solutions of (1).

Proof. Suppose, by a contradiction, that there exists T > t( such that (1) has a solution x(t)
that is positive for t € [T, 0), and condition (14) holds on this interval. All conditions of
Lemma 5 are satisfied. Indeed, conditions (21) and (23) are given in (29), condition (24) is, in
fact, [ R™1(t) dt = oo, and (22) can be written in the form [ R™1(#)|G(t)|>~7dt = oo; this
follows from (24) and the fact that 0 < litrg i?f |G(t)| < limsup |G(t)| < co. With respect

t—o0
to Lemma 5, the function v(t) defined by (17) is eventually non-negative. We show that

tlim v(t) = 0. It follows from (18) that v’ (t) < 0; hence, the limit exists and is non-negative
—00

and finite. Integrating (18) from Tj to t (T; > T) yields

t

oTy) = o(t) 2 [ Co)ds+(p=1) [ 10T O ()6 H(o(6), () .

Since v(t) > 0, we have

oTy) 2 [ C)ds+(p=1) [ 6T 1 (r(9)F6)H(0(6), () .

Both the integrals in the inequality are non-negative, and letting ¢ — oo, we see
that the integral

/ )7 () (x(5)) F () H(0(5), G(s)) ds

T
is convergent. With respect to conditions litm inf G(t) > 0 and tlim v(t) < oo, there exists a
—»00 —00

positive constant M and T, > Tj such that |M\ < Mfort > T,. According to Lemma 4,

G(t)
there exists K > 0 such that

K|G(1)|7"202(t) < H(o(t), G(t)) fort > To.
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_ 1) (z(t
Since R(t)|G(t)]772 = W,we have

< AU (ORI (1) f(H)H(v(t), G(t)) fort > To.

Integrating the last inequality from T3 to t (T3 > 1) and letting t — oo, we obtain

) 272 0
K/ R((:)) at < / P T (Rt () f (1 H (o(t), G(t)) dt < oo,

T; T

As [¥ R71(t) dt = oo, the last inequality implies that tlim v(t) =0.
— 00

Now, we integrate (18) from f to oo to obtain
o(t) > [T CE)ds+(p=1) [ AT (OB (T() () H(0(s), G(s)) .
Lete > 0. According to Lemma 4, there exists a Ty large enough such that
H(o(0),6(0) = (10— )lciop 2
(ML )i 22 W ) P 2020
for t > T4. Hence,

u(t) > /tooC(s)ds+(p—1)<q(q21)—e> /too z;j((;)) ds

for t > Ty. Denoting € = (p — 1), the inequality becomes

>/ ds+ = )/wal(s)vz(s)ds

t

and multiplication by R (¢ f R~*(s) ds gives

R(t)o(t) > R(H) /ooC(s) as+ (1 -e)rw) [~ RG) R(s)o(s)2ds. @)

- t 2 t R2(s)
With respect to (30), there exists 6 > 0 such that hm mf’R f ; s)ds > + d.
Furthermore, we observe that R(t) too R (( )) ds = 1. There are two possible options: either

li{n inf R(t)v(t) < oo or li{n inf’R(t)v(t) = o0. Let us discuss both cases.
—00 —0

(a) Suppose that litm inf R(t)v(t) := L < oo. From (31), one can see that L > 0. For every
— 00
g > 0, there exists a Ts large enough so that (R(t)v(t))? > (1 —&)2L? for t > Ts.
Estimations of the terms in (31) give

S (2-2)a-epr2

g)L >
(1+£)L_2q >

Letting & € — 0 gives a contradiction, since then,

1 9;2 .49 1\?
> iy L= <0.
L q+5+ & < p +6<0

(b) In the case where liminf R(t)v(t) = oo, we denote m(t) = inf{R(s)v(s)}. Then,

t—oc0 £<s
from (31), it follows that
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R(t)o(t) > 2+5+(g )mz(t).

Since the function m is nondecreasing, we have for s > t:

R(s)v(s) >

LI (g >m2(s) > 21q+(5+ (g —€)m2(t),

> 2q
and hence,

m(t) > 5 +o+ (g £)m?(t) > (g —&)m(1),

which gives a contradiction with the assumption litm inf R(t)ov(t) = oo.
— 00
The proof is finished. O

4. Examples
Consider the Euler-type equation

(P(x(t) +box((t)))) + tl,,q>(x(/\f)) =0, (32)

where A € (0,1), o(t) < ¢, tlim o(t) = o0, and by € [0,1). Equation (32) is of the form (1),
— 00
where r(t) =1, c(t) = 7, T(t) = At, and b(t) = by.

P

Example 1. Take h(t) = 7 ; then, by a direct computation, we have

Gi(t) = (*’;1)?1, Ri(f) = (’jl)pzt 33)

oo 7(f) e
| mwmpmem = 1o

Hence, condition (27) is satisfied. Furthermore, we have

cl(t)z()»tva( -1\ ,f’) 1b0)<( )pp])r]—ll
Z(Atpr{_< pl>p)\

=t 1[ < ) +c(£)D(1 — o)A~ 1#’] (34)
_— [— (”p) @ (1 — by) AP~ 1]

and

==

2 () D(1— b )(At)”ﬂ

The positivity of the expression — (’%1) g +9®(1 — by) AP~ implies (28). So, by Corollary 1,
Equation (32) is oscillatory if

p—1\" 1
v (75) ety e

This corresponds to the result known in the case where by = 0 (equations with delay, see [18])
and also with the case where by = 0 and A = 1 (ordinary equations).
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Example 2. Condition (35) can even be strengthened for a class of Equation (32), which satis-
fies (12) with ¢ € (0, 1). By a direct computation (or see [10]), one can show that for (32),

1 p-1 1
— (1 — pa\P 1y p—1 _ = APl Pl
0=(1—by)" 192 <1+p_1A (1—ho) 7) 1og<p 1)

Note that here and in what follows, the symbol log stands for the natural logarithm. If ¢ €
(0, 1, according to Lemma 2, we can use in place of the positive function f(t) from (14) the function

o1 (gr ((i)(rt()t)) ), where g(0) is defined by (11). Then, functions R, G, and C become

Galt) = r(x()h(x (1)@ (2(1)))(8(0) Y,
Colt [( ‘W(T ””) +c<t>q><h<r<t>>><1><1—bo>],

A (x() [ (T(1)]P2(g(0) "

T’(f)

p 1

In our setting for Equation (32) and again with h(t) =t 7, these read as

Galt) = (’7;1)N<g<e>>l, Ri(t) = (’“;1)M<g<e>>1t

and

et =7 (1) sten ™ +2(1— b1,

Since (21) and (22) hold and (25) is implied by the positivity of the expression

-(5) e +aea -],

Equation (32) is oscillatory, according to Theorem 1, provided that

p—l 1
">< P > (8(0) AP 101 —by)’

This corresponds to the condition derived in [10].

In the theory of ordinary equations, i.e., in the case where A = 1 and by = 0in (32), itis
known that Equation (32) oscillates if and only if (35) holds. This means that the constant

—1\?. .- O S .-
v = (%) is the critical constant between oscillation and non-oscillation of (32), and it is

natural to study perturbations of the Euler-type equation with this critical constant and to
find critical constants in the added terms. This corresponds to the concept of conditional
oscillation (for details, see [23,27] and the references given therein). In the case of the
delayed and neutral equations, there is not such a boundary between oscillation and non-
oscillation of (32). However, based on the results known from the ordinary case, let us
study the neutral version of the Euler-Weber-type equation

p-1 P
( P ) 4+t D(x(A(t)) =0.  (36)

(D(x(t) + box(c(t)))") + N ID(1—bo)t? | P loglt
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Example 3. For (36), we use Theorem 2 with f(t) = &1 (r(rT((tt))) ) Similarly to in Example 1,
p—1

we take h(t) = t}T, we obtain (33), and, with the use of the relevant coefficient function c(t)
in (34), we have
Ci(t) = —L 5 @(1— hy)Ar~!

tlog?t
and ) .
— P — p=
/ $)ds = © ud(1—by)A s — ud(1 —bo)A .
t slog®s log t

. p-2 .
Since Ry - (%) %, condition (30) becomes

P
p—2
p _ 1y L
(p—]) ]/lq)(l bo))\ > 2%

which, by Theorem 2, implies that Equation (36) is oscillatory if

1 p—1\"1

Note that in the ordinary case where A = 1 and by = 0, the constant from (37) is critical,

1
which means that (36) is oscillatory if and only if y > 5 ( 7 )p .

—1
Example 4. Let us consider the perturbation of the Euler—Weber equation. Take h(t) = £ log% t
and consider Equation (1) with r(t) = 1, T(t) = At, and b(t) = 0. Observe that

rn _ p—1 -1 1 1
h(t)—ip t plogpt{l—i_(p—l)logt}

By a direct computation, we see that

-1
QU):(p;1>p log(A8)(1+0(1)),

-2
Ry(t) = (P;;1>}7 tlog(At)(1+0(1))

as t — oo. With the use of the power expansion formula

s(s—l)x2+ s(s—1)(s —2)

3 3
3 z x’4o(x°) as x—0,

(1+x)°=1+sx+

one can show that for

p N1 1 p N 1 L
C(t) - ] + = 2 + 2 2 7
p—1) Ap=1tr  2\p—-1 AP=1tPlog”(At)  tPlog”(At)log (log(At))
we have

pAr—
tlog(At) log?(log(At))

/Rfl(t) dt ~ <p;1)2plog(log()tt))

Ci(t) =

(I14+0(1)) ast — oo.

Because
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and )
MM
[t fog(log(AD))’
condition (30) becomes
2-p
p— 1> 1 1
— AP > —,
( p : 2q

Since % = ijl, the considered equation is oscillatory if
1/p—1\"" 1
>3(5) w

The aim of this paper was to study how the modified Riccati technique can be applied
to Equation (1), which has not been tried for neutral equations before, and what results this
approach can provide. According to our results, the modified Riccati method is applicable
to Equation (1), and it can be used to find new criteria, for whose proofs it is enough to
manipulate the modified Riccati inequality. We have presented two new oscillation criteria
and illustrated their uses in examples dealing with a half-linear Euler-type equation and
its perturbations.

5. Conclusions
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An algorithm using the differential transformation which is convenient for finding numerical solutions to initial value problems
for functional differential equations is proposed in this paper. We focus on retarded equations with delays which in general are
functions of the independent variable. The delayed differential equation is turned into an ordinary differential equation using the
method of steps. The ordinary differential equation is transformed into a recurrence relation in one variable using the differential
transformation. Approximate solution has the form of a Taylor polynomial whose coefficients are determined by solving the
recurrence relation. Practical implementation of the presented algorithm is demonstrated in an example of the initial value
problem for a differential equation with nonlinear nonconstant delay. A two-dimensional neutral system of higher complexity
with constant, nonconstant, and proportional delays has been chosen to show numerical performance of the algorithm. Results are

compared against Matlab function DDENSD.

1. Introduction

Functional differential equations (FDEs) are used to
model processes and phenomena which depend on past
values of the modelled entities. Indicatively, we mention
models describing machine tool vibrations [1], predator-
prey type models [2], and models used in economics [3].
Further models and details can be found for instance in
[4, 5] or [6].

Differential transformation (DT), a semianalytical ap-
proach based on Taylor’s theorem, has been proved to be
efficient in solving a variety of initial value problems (IVPs),
ranging from ordinary to functional, partial, and fractional
differential equations [7-11]. However, there is no publi-
cation about systematic application of DT to IVP for

differential equations with nonconstant delays which are
functions of the independent variable.

In this paper, we present an extension of DT to a class of
IVPs for delayed differential equations with analytic right-
hand side. Albeit the analyticity assumption seems to be
quite restrictive, it is reasonable to develop theory for such
class of equations [12, 13].

The paper is organised as follows. In Section 2, we define
the subject of our study and briefly describe the methods we
combine to solve the studied problem, including recalling
necessary results of previous studies. Section 3 contains the
main results of the paper, including algorithm description,
new theorems, examples, and comparison of numerical
results. In Section 4, we briefly summarise what has been
done in the paper.
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2. Methods

2.1. Problem Statement. The problem studied in this paper is
to find a solution on a given finite interval [t,, T] C [0, c0) to
an IVP for the following system of p functional differential
equations of n-th order with multiple delays o, (£), . . ., «, (t):

u®(6) = f(t,u ()0’ (0),..., 0"V (O, u; (2 (1), ... 0, (o, (1)),
(1)

where u® () = (u” (t),...,ul” ()", u® () = W @),

—uP (1), k=0,1,...,n-1,and f = (fr--s fp)! are
p-dimensional vector functions, u; (o; (1)) =
(u(e; ()0’ ( (1)), ... ,ulm) (a; (1)) are (m; - p)-dimen-
sional vector functions, m;<n, i=1,2,...,r, r € N, and
fji [t T) are real functions for j=1,2,...,p, where
w =YL m.

We assume that each «;(t)=t-1,(t), where
T;(t) =71, >0fort € [ty),T],i=1,2,...,r,isin general a real
function, that is, a time-dependent or time-varying delay.
Constant and proportional delays are considered as special
cases. In case that some «; is a proportional delay, we do not
require the condition 7; (t) > 7;, >0 to be valid at 0 if ¢, = 0.

Let t* = minlgigr{infte[to’ﬂ(ai(t))} and m = max{m,,
m,,...,m,}; hence, t* <t;, and m<n. If m<n, we have a
retarded system (1); otherwise, if m = n, we call the system
neutral. Furthermore, if t* < 0, initial vector function @ (t) =
(¢, (),- .- ng ()" must be prescribed on the interval
[t t,].

DT algorithm for the case t* =t, =0 with all delays
being proportional is described in [14]. DT algorithm for the
caset” < t, when all delays are constant is introduced in [15].
In this paper, we develop the algorithm for the case t* <t
when at least one delay is nonconstant.

To have a complete IVP, we consider system (1) together
with initial conditions:

u(ty) = vo,

u' (t) =vy,...

(2)

A (t) = v,

and, since t* < t,, also subject to initial vector function ® (t)
on interval [t*,t,] such that

D (ty) = u(ty)s. .., " V(t,) =u" V(t,). (3)

We consider the IVPs (1)-(3) under the following
hypotheses:

(H1) We assume that all the functions 9, ), j=
1,..., p, are analytic in [t*,t,], the functions «; (¢), i =
1,...,r,areanalytic in [t;, T] and the functions f;, j =
1,..., p, are analytic in an open set containing [t,,
T] x [u(ty),u(T)]x...x[u, (a, (ty)), u, («, (T))].

(H2) If o(f)=qit and m;=n in f; for some
iefl,...,r}and j € {1,..., p}, that is, jth equation is
neutral with respect to the proportional delay «;, we
assume that ul(”) (a; (1)) =0forl e {1,...,p}, 1+ j. This
hypothesis is included since if it is not fulfilled, the
existence of unique solution of IVP could be violated.

Complexity

We note that these assumptions imply that the IVP
(1)-(3) has a unique solution in the interval [¢,, T].

2.2. Method of Steps. The basic idea of our approach is to
combine DT and the general method of steps. The method
of steps enables us to replace the terms including delays with
initial vector function @ (t) and its derivatives. Then, the
original IVP for the delayed or neutral system of differential
equations is turned into IVP for a system of ordinary dif-
ferential equations.

For the sake of clarity, we include a simple explanatory
example. Suppose that we have a system with three delays,
one of each type considered: «(t)=1t-1,(t),
a, (t) =t —1,, and a; (t) = g5t. We have to distinguish two
cases:

(a) If t, = 0, applying the method of steps turns system
(1) into

u” (1) = f(tu),...,u" V@),

(4)
@, (t-1,(1), ®,(t - 7,),u5(q5t)),
while
(b) If t, >0, system (1) is simplified to
(n) (n-1)
u”(t)=f(t,u(t),...,u (1),
( (5)

@, (t -1, (1), D, (t ~ 15), @3 (q5t)),

where
@, (t—1,(1) = (CD(t S (). (-1, (D).,
o) (e -1, (t))),
®,(t - 1,) :<(D(t— 1)@ (t=1y), ..., () (¢ - TZ)>,
s (45t) = (w(@,0.w (g50).- .0 ) (1)),

@5 (g5t) = ((D (ast), @' (ast), .., @ () (‘13t)>>
(6)

and m;<n for I =1,2,3,4. More details on the general
method of steps can be found, for instance, in monographs
[4] or [6].

Continuation of the method of steps algorithm for
equations with constant delays 7,, . . ., 7, is described in [15].
Briefly summarised, the interval [t,,T] is divided into
subintervals I; = [t;_;,t;], I = 1,...,K, where t, = T and t;,
I=1,...,K -1, are the principal discontinuity points which
is the set of points ¢, ;, such that ¢, ; = fyand forp,0>1,1,,
are the minimal roots with odd multiplicity of r equations:

t

p(o-Drip ~ Tu =1t u=1,...,r. (7)

p-Lo’
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If nonconstant nonproportional delays «; appear in
system (1), the principal set of discontinuity points is defined
as follows:

Definition 1. 'The principal discontinuity points for the
solutions of system (1) are given by the set of points ¢, ;, such
that ty, = t, and for p,0> 1, t, , are the minimal roots with

odd multiplicity of r equations:

ocﬂ(tp,(a_l),w) =ty 1o H=L...,1 (8)

Similar to the case of constant delays, we break the
interval [t,,T] into subintervals I, = [t;_,;], [ =1,...,K.
We start with the mesh grid {t,,...,tx} formed by the
principal discontinuity points calculated using Definition 1.
To improve convergence or performance of the algorithm,
there is a possibility to refine the mesh grid by inserting
other points into it. For more details on the principal
discontinuity points and mesh grid, we refer to the
monograph [16].

2.3. Differential Transformation

Definition 2. Differential transformation of a real function
u(t) ata point f € R is D{u(£)}[t,] = {U (k) [t,]} 1oy Where
U (k) [t,], k —th component of the differential transforma-
tion of the function u(t) at t,, k € N, is defined as

k
1 [d u(t)] ) 9)

Ult] =5 | ~ar

provided that the original function u(¢) is analytic in a
neighbourhood of t,.

Definition 3. Inverse differential transformation of

{U (k) [to]}12, is defined as

u(t) = 2 UM )2 k] = 3 UM k] (¢ )"

(10)

In applications, the function u (t) is expressed by a finite
sum

N
u(®) = Y UK [t] (t—t,)". (11)
k=0

As we can observe in (10), DT is based on Taylor series;
hence, any theorem about convergence of Taylor series may
be used. However, we would like to point out the paper [17]
where the finest general explicit a priori error estimates are
given.

The following formulas are listed, e.g., in [18] and will be
used in Section 3.3.

Lemma 1. Assume that F(k)[t,] and U (k)[t,] are differ-
ential transformations of functions f(t) and u(t),
respectively:

3
If Ft) = dn;"ﬂft), then F(0)[t;] = & ;”)! Uk +m)[t,)].
If f(t) =t", thenF (k)[0] = & (k — n),
where § (k —n) = 6y, isthe Kronecker delta.
Ak
If f(t) =€, then F (k)[0] = o
(12)

Remark 1. Similar formulas can be obtained using nu-
merical approach called Functional Analytical Technique
based on Operator Theory [19, 20].

The main disadvantage of many papers about DT is that
there are almost no examples of equations with non-
polynomial nonlinear terms containing unknown function
u(t) like, for instance, f(u)= VI +u® or f(u)=eVsn¥,
However, DT of components containing nonlinear terms
can be obtained in a consistent way using the algorithm
described in [21].

Theorem 1. Let g and f be real functions analytic near t,
and g(t,), respectively, and let h be the composition
h(t)= (feg)(t)=f(g(t).  Denote  D{g(t)}t,] =
G, DU O}g (k)] = FRXS, and D{(fog)
(B}Hto] = {H (k)}2, as the differential transformations of
functions g, f, and h at t, g (t,), and t,, respectively. Then, the
numbers H (k) in the sequence {H (k)}i2, satisfy the relations
H(0) = F(0) and

k
H(kK) =Y F()-By(G(D),....G(k—1+1), fork=>1,
=1

(13)

where By (X, ...
polynomials.

,Xy_111) are the partial ordinary Bell

The following Lemma proved in [21] is useful when
calculating partial ordinary Bell polynomials.

Lemma 2. The partial ordinary Bell polynomials
By (X, X 0) 1= 1,2,..., k21, satisfy the recurrence
relation
R k—I+1 l . l R
By (Rp s X)) = 7 XiBreii (Rps- - Xinia);
i=1
(14)
where By =1 and By =0 for k>1.
3. Results and Discussion
3.1. Algorithm Description. Recall system (1)
u®(6) = f(tu(),w' (0),..., 0" V(0,0 (@ (1), u, (@, (1)),
(15)

with initial conditions



u(ty) = vo,u' (tp) =vy,...,u" V(t) =v,., (16)
and initial vector function ®(t) on interval [t*,¢,]
satisfying
D(ty) = u(ty)s-. ., "V (t,) = u" V(). (17)

Further recall that in Section 2.2, we broke the interval
[t,»T] into subintervals I; = [t;_,,t;], [ =1,...,K. Define
I, = [t*,t,].

Then, we are looking for a solution u(t) of the IVP
(1)-(3) in the form

u; (t), tel,
up (t), tel,,

u(t)=q . (18)
uy (t), tel

where solution u; in the jth interval I; is obtained in the
following way. We solve the following equatlon

-1
uf? (6= £t (.07 (0,.oul ™ (0,

(19)
uj, (o (1), .y, ( (1)),
where
s (0, (0) = (g (0 (), w (0 (0), - ow™ (0, (9)),
(20)
if o;(t) € I},fort € I, le{l,....,j}, je{l,....K}L

In case that «; (t) € I, = [t*,¢,] for t € I; then again

# ") (a,(0) )
(21)

u;; (o (1) = (‘/5(0‘1' )),¢' (o (1)), .

Application of DTat¢;_; to equation (19) yields a system
of recurrence algebraic equations:

Uy k)t ] = F(k,U,j (K, Uy (k+1),...., Uy (k+n- 1)),

(22)

where the function F is the DT of the righthand side of
equation (19) and involves application of Theorem 1.
Next, we transform the initial conditions (2). Following
Definition 2, we derive
U (R)[t] = %ul(]k)(tj_l), fork=0,1,...,n-1, je{l,...,K}.
(23)

Using (22) with (23) and then inverse transformation
rule, we obtain approximate solution to (19) in the form of
Taylor series:

Complexity

w, ()= Y U, (K[t ] (¢ - b)), tel, ()
k=0

for all j e{1,...,K}.
To transform (20) correctly, we need the following
theorem.

Theorem 2. Leta;(t) € Ilfort e I, wherel € {1,.
Let p € N. Denote @{oc O}t {A (k) [t; 1]}

D{us (o ()} [t1]

-{z P2 5+ pla(e )]

y=0

L j— 1)
. Then,

B, (AW[t] A k-y+ 1)[t]-_1])]> ,
k=0

(25)
where By, = 1, By =0 for k>1, and
[ee] + x
ATICION] B (i OB ETR

'UI,(x+y)[tl—l]’

for y=0.

Proof. 'To prove (25) with p = 0, we use Theorem 1 with f (¢) =
up, (t),g(t) = a;(t),and h(t) = (f o g) (t). We immediately get

k
HO[] = Y U0ty
y=1

By (A [ty],- A K=y +D[t,]),

(27)
for k>1. For k=0, Theorem 1 yields H(0) [tia] =
U] (0) [(X (tj 1)] = UI (0) [05 (t] 1)] B()()(A (D[t] 1]) NOW:
(25) for p>01is a consequence of Lemma 1 and it remains to
prove (26). We recall that

w, ()= Y U (R[] (t-1,,)" tel. (28)
k=0

As the assumption was that «; (£,_;) € I}, we may apply
Definition 2 to (28) and obtain

1 [duy (1)
Uy, ) [ei(t;1)] :;[ d;y ]t t)" Z (z )/)' Uy, (2)[t1]

(to =)
(29)

Substituting t, = «; (tj,l) and z = x + y gives (26). O



Complexity

3.2. New DT Formulas. In the applications, we also use the
following DT formulas.

Theorem 3. Assume that F(k)[t,] is the differential
transformation of the function f(t) and r € R:
r

(a) If f(t) =t", then F(k)[t,] = (k

>t6‘k for all t such
that |t —tyl <l

where =r(r-1)... (r —k+1)/k! = (r),/k!

"
k
and (r), is the Pochhammer symbol.

(b) If £(t) =1In(t), then F(k)[t,] = (~1)* '/ (k- tX) for
k>1.

Proof

(a) Recall the Newton’s generalisation of the binomial
formula: if x and y are real numbers with |x|>|y|,
and r is any complex number, one has

(x+y) = Z( ]: )xrkyk, (30)

k=0

where =r(r—1)...(r —k+1)/k!. Let us rewrite t" as

,
k
= (t—ty+t)) = (t, + (t — t,))". Applying (30) yields

£ = i( ’ )tg—k (t —to)~. (31)
o\ k

(b) We start by proving the formula

(D (k- 1)!

T (32)

(In(£)® =

>

by induction. For k = 1, we have (In(t))" = 1/t; hence, (32) is
valid. Suppose that (32) holds for k. Then,

k-1 '
(ln(t))(k+1) _ ( (ln(t))(k))’ _ (W)

= (=D Yk -D(F)
(™) o)

= (=D (k= DI(=k)t <!

(-1)*k!
= tk+1

Thus, formula (32) is valid for all k € N. Now by Definition 2,

1 [d ] 1 [DF -
A tk —,

F(k)[t]

- (_l)kfl
k-tk

(34)

3.3. Applications. In this section, we introduce two test
problems and show how the practical implementation
of the presented algorithm looks like in concrete
examples. Comparison of numerical results is given in
Section 3.4.

As the first test problem, we choose an IVP for a scalar
equation with one nonconstant delay where the exact
solution is known to be the exponential function e’
The purpose of including this example is to compare
results obtained by DT against values of the exact
solution and also against results obtained by Matlab
function DDENSD which has been designed to approx-
imate solutions to IVP for neutral delayed differential
equations.

Example 1. Consider the delayed equation:

u' (t) =u(t) —t +u(In(t)), (35)

with the initial condition

u(l) =e, (36)

and with the initial function

o(t) =€, telo1]. (37)

First we find the differential transform of the initial
condition (36) which is U(0)[1] = e. Further denote
D{e'}10] = {E(k)[0]}2, as the transformation of the ex-
ponential function with the center at 0 and Z{In(¢)}[1] =
{F(k)[1]}}2, as the transformation of the logarithmic
function at 1, respectively. Then, Lemma 1 and Theorem 3
yield

1
ERD] =,
k-1 (38)
Foon) =V forks1

For t € [1,e], equation (35) is transformed into

(k+ 1)U k+1)[1] =U(k)[1] = 6(k) - 6(k—-1) + H(k)[1],
(39)

where
k

H(k)[1] = ZE(Z) [01By; (F(1)[1],...,F(k=1+1)[1]),
I=1

fork>1,
H(0)[1] = E(0)[0] = 1.
(40)

We have



U(l)[l]=e-1-0+1=e¢,

HM[]=EM[]-F()[1]=1-1=1,

U@l = % (UMAI-0-1+H(M[1])

1 1
——(e-1+1)=e-5
2@ )=e;

H(2)[1] = E()[0] - F(2)[1] + E(2)[0] - (F(1)[1])*

1 1
:1.<__>+_.1:())
2 2

vl = % U@N+H@)[1]) =

(41)

Using the inverse transformation, we see that for
te[lel],

(t-1)°

3
u(t)=e<1+(t—1)+ Nty ...>=e~et1=et,

3!

(42)
which corresponds to the exact solution to the IVPs
(35)-(37).

In the second step of the method of steps, i.e., in the

interval t € [e, e], we know that u(t) = e’ for t € [1,e] and
equation (35) is transformed into

(k+1U((k+1)[e] =U(k)[e] —ed(k) —(k—1)+ H(k)[e],

(43)
where
H(0)[e] =U(0)[1],
k
H (k)[e] = ZU(Z)[I]Bkl(F(l)[e], ., F(k=1+1)[e]),
=1
fork>1.
(44)

Here, F (k)[e], according to Theorem 3, are coeflicients
of Taylor series of logarithmic function with the center at e:

F(0)[e] =1,

Nes 4

F(k)[e] = ok fork>1.

Taking the values calculated in the first step and
substituting them into the recurrence formulas (43) and
(44), we obtain

Complexity

U (0)[e] = u(e) = ¢,
U(1)[e] =U(0)[e] —ed(0) = d(-1) + H(0)[e]

=e-e-0+e=¢
H(1)le] =U)[1] - F(1)[e] =e-§: 1,

UQ)lel =

(U)[e] -0-1+H(1)[e])
=%[ee—l+1] =%ee,
H(2)[e] = U(1)[1]- By, (F(1)[e], F(2)[e])
+U (2)[1]- By, (F(1)[e])

=e-F(2)[e] +§~ (F(1)[e])?

SHERO
UG)lel = 5 U Q)lel + H@)le]) = 3¢
H)lel =UM[1]- By, (FO)[el, FQ)[el, F3)e)
+U@]- Byy (FQ) (el EQlel) +UG)[1]
By (F(D)[e)

=e-F(3)[e] +§~2-F(1)[e] F(2)[e] +§<F(1>[e1>3

U@)lel = L UG)el + HO)el) = 1"

Hence, for t € [e, €], we have
e e le 2 1 e 3
u(t)=e +e (t—e)+§e (t—e) +§e (t—e)

1e 4
+Ie (t—e) +...

2 3 4
=ee(1+(t—e)+(t_ze) +(t—e) +(t—e) +)

3! 4!

(47)

which again coincides with the exact solution to problems
(35)-(37).

In the second application, we have chosen an IVP for a
nonlinear system of neutral delayed differential equations
taken from the fully open access paper [18]. There are several
reasons to test the proposed algorithm on the particular
problem. The first is that the problem involves a nonlinear
system of neutral equations of high complexity whose exact
solution is unknown. Secondly, the proposed algorithm is a
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complete differential transform version of the algorithm
presented in [18] where modified Adomian formula has
been used. Furthermore, the calculations done in [18] are
shown only for the first step of the method of steps up to the
first principal discontinuity point, whereas we continue
calculations beyond that point in this paper. Last but not
least, we want to verify performance and reproduce values
obtained by DT and published in [18]. Rebenda et al. [18] has
been submitted 4 years ago for the first time, and since that
time, the Maple source code has been lost.

Example 2. Consider a nonlinear system of neutral delayed
differential equations:

2)u1<§> + 4, (1) + u2'<t - %e_t>,

" 1 " t / t
Uy =5t <E> +u, (t - 1)u1<§>,

with initial functions

m

u, = u:, (t-
(48)

¢1 (t) = et)
¢2 (t) = tz)
for t € [-2,0], and initial conditions
u] (0) = ]-)
uy (0) = 1,
u (0)=1,
uz (0) = 0)
u,(0) =0,
u; (0) = 2.

(49)

(50)

For t € [0,t,], where t, = 0,351734 is the minimal root
of t — (1/2)e”" = 0, using the method of steps, we obtain

uy = 2)”1<3)

m 1 m(t t
u, = Euz (E) + Z(f - 1)u1<§)

We need to find the differential transform of the considered
problem. We notice that system (2) contains nonlinear term

h(t) = (uy (). To get DT of this term, D{h(#)}[0] =
{H, (k)[0]}2,, and we apply Theorem 1. First, applying DT to
system (2) at t, = 0, we get the recurrent system:

(k+1)(k+2)(k+3)U, (k+3)[0]

V(e () +2t—e",
(51)

LS N (-1
—e Z;E(E) U, (k= DI[0] + H, (R)[0] + 28.(k) =~
(52)
(k+ 1) (k+2) Gk + 3)(1 - k+1>U2(k+3)[0]
(53)

k-1
=2(3) Ui k- i) - ZU, W0l

Denote g(t) =t*?; then, h(t) =
lowing Theorem 1, we obtain

(gou,)(t), and fol-

H, (0)[0] = G, (0)[1],

k
H, (k)[0] = ¥ G, (D [1]By, (U, (D[0],..., U, (k~1+1)[0]),
I=1

(54)
fork >1, where 2{g (t)}[1] = {G, (k) [1]};2, and, Theorem 3
being applied, G, (k)[1] = ( 2]/(3 ) for k>0. Furthermore,

the transformed initial conditions are

U, @] =1,
U (i) =1,
U, @0 =, 5
U, (0] =0,
U, (i) =0,
U,()[0) = 1

Using them, we compute the first three coefficients of the
nonlinear term h (t):

H, (0)[0] = G, (0)[1] = 1,
H, (1)[0] = G, (1 lxuumm=§ =§
H, (2)[0] = G, (1)[1] - By, (U, (1) [0, U, (2)[0])

21 1 2

+G;(2)[1 22(U1(1)[0])——'5—§'1=§.

(56)

Solving recurrent systems (52) and (53), we get

k=0: U1 (3) [0] = é(€72U1 (O) [()] + Hl (O) [0] + 1)
2+e?
=
1 2
UQG)m]=§(—ﬂJgonm):_§

e 2
k=1: U, 4)[0] = (ILUMM+UA®ND

42 +5
72

+L(H1(1)[O]+1): ,

(57)

U, (@10] = 1 (20, ©0] -3 U, (1)[0]) =

27

-2

e /1
< (U@ + 50, 0]

v (H,@)000-3)

k=2: U, (5)][0] =

+5U1<o> [01)

16e7% -5
1080

>

U,5)10] = o= (U, (010] - 5U, )0]) = o

Using the inverse DT (Definition 3), we get approximate
solution for the IVPs (48)-(50) on the interval [0,t,]:



8
1 2+e 2 472 45
U () =1+t +=t>+ £+ £
T 2 6 72
-2
16 " =55, (58)
1080
2, 2., 2
2 5
£y =12 -+ ¢
o, (1) FRE AT

which is exactly the same approximate solution which has
been obtained in [18].

The second step brings us to solving the given IVP on the
interval [t,,t,], where t, is the minimal root of
t— (1/2)e " = t,, t, = 0,620556. Now taking into account
that both proportional delays g,t = (1/3)t and g,t = (1/2)t
and also the time-dependent delay ¢t — 7, (¥) =t — (1/2)e”!
map the interval [t,t,] into the interval [0,t,], system (2)
becomes

m _ t 2 1_
u, = el 2)u1,11<§> +(uy (1)) + ué,h(t -3¢ t),

m 1w t t
u2 = Euul <£> + Z(t — D”l,h(?)-

Denote D{h(t)}t,] = {H, (k)[t]}1o, and D{f (1)}
[t,] = {F, (k) [t,]}e0p, where f(f)=u,(t— (1/2)e7"). B
application of Theorem 2 to corresponding terms, system (2)
transformed at t, = t, reads as

(59)

(k+1) (k+2) (k+3)Uy (k+3)[t,]

:ezi%(%)kli(“fl)m (v k-nio)(2)

+H, (k)[t;] + F, (k) [t,],
(60)

(k+1) (k+2) (k+3)U, (k+3) [t,]

:<;>k+l(k+3)(k+2)(k+1)§<x+k+3)

k

UyGerkr30)(3) #2306 =180 +30- V)]

' (%)kli( ) +,I: B >U1 (x+k-000)(2)

x=0
(61)
Now denote  D{g(t)}u (t,)] = {G, (k) [u; (£1)]} 20
then, according to Theorem 3, G, (k)[u,(t)]=

2/3 23—k T
k (uq (t)) for k>0 and Theorem 1 implies

Complexity

H, (0)[t,] = G, (0) [uy (t,)] = u, (1),
H, (k)[t ZGZ(Z) u, (1)) By (U, (D [t,], ..., (62)
U, (k=1+1)[t,]), fork>1.
Further denote e(t)=t— (1/2)e! and
Dle()}t,] = {E, (k) [1,1};2- Then, f(t) = (uy°e)(t) and,

since e(t;) = 0, Theorem 1 in combination with Lemma 1
yields

E, (R[] =t,-8(k) +8(k—1) - ;et% k>0,
Fz(o)[tl] = Uz(l)[o] =0,
E, (0t Z(l+1)U2(l+1) By (E,(W)[t,], - -

=1

Ey(k-1+1)[t,]), fork>1.

(63)

To get the initial data U, (k)[t,] and U, (k)[t,] for
k =0,1,2, we have to transform

= U, (0)[0] + U, (1)[0]t + U, (2)[0]¢*
+U,(3)[0]f +

u; (t) (64)

att,,i=1,2. For k =0,1,2, we have

U, (0[] = U(O)[O]+U(1)[0]< )”

2\ ,_ 3\ 5
+Ui(2)[0]<k>tf "+Ui(3)[01<k>t§ el

(65)

ie.,

U, (0)[¢ Z U, (k)[0]¢},

U, ([t Z(k+1)U (k+ 1) [0]¢} (66)

® (k+2
Ui(2)[t1]=2( er )U,»(k+2)[0]t’f

k=0

The initial values at #; will be approximated by taking
finite sums in computer evaluations of the infinite sums
above. Observe that u, (t;) = U, (0)[t,].

Now let us compute the first few values of H, (k)[¢,].
Denote Bk,l = Bk)l U, M[t],...,U (k=1+1)[t;]). Then,
the first values of Bk’, are
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1§1,1 =U, (D[t,] 'Eo,o =U, (D[],
~ 1 ~ ~
By, = EUI (D[t,]- By +U, (2)[t,]- Boy = U, 2)[t,],

Bz,z =U, (1)[t1] 'Bl,l = (Ul (1)[t1])2’

(67)
and the coefhicients H, for k =0,1,2 are

H, (0)[t1] =u (tl)’

2 _13 = 2 -1/3
H,()[t] 25(”1(1‘1)) "By, =g(ul(t1))

U (D[],

2 _ ~ 1 _ -
Hz (2)[t1] = g(ul (tl)) 1 'Bz,l - §(”1 (t1)) " ‘Bz,z

2

=2 (1)U @8] - g (1))

(U, ()[1])%
(68)

Let us turn our attention to the first few values of
F, (k)[t,]. Starting with E, (k)[t,],

1_
Ez(o)[tl] =t _Ee =0,

1_
E,(D[t,] = 1+£e t=1+ty, (69)
1L el g
E,Q)[t,] = —— =L
@[] =St

Now, IASk,l are Bk’l(Ez(l)[tl], o Ey(k=1+1)[t]):

B, =E,(1)-Byy=1+t,,

—~ 1 ~ ~ t (70)
By, =, (1)- By +E,(2)- By, = —51,
By, =E,(1)-B,, = (1+1,)".

Finally, coefficients F, for k =0,1,2 are

Fz (0) [tl] = Uz(l)[o] =0,

F,()[t,] =2U,(2)[0] - B,; = 2(1 +1,), on

F,(2)[t,] = 2U,(2)[0] - B, +3U,(3)[0] - B,,
=t -2(1+1,)"

At this moment, we substitute H, and F, into systems
(60) and (61). The next three coefficients at t, for U, are

k=0:U,(3)[t;] = é(e_zet‘ -ul(%) +u, (t1)>,
k=1:U,(4)[t,] :% <e2<ef1 % $ e U (x4 1)[0](%)x
x=0

+eht “1<%1>) + % (uy (tl))_1/3 U (][]

+2(1+1t))),

2 ©
k=2:U,(5)[t,] = 67106_2 <et‘ (%) oy

x=0

xX+2
< )U1 (x+2)[0]
X

(%) e '%'2(“ DU, G+ 0lo)(%)

N u1<ﬂ>> 1 @(ul ()" U, @[n])

2 "\3)) 60

1 —473 2 2

—5 ) O O] -6 -2(1+ 1)),
(72)

and for U,, we obtain

0 3 x
k=0 Uz(S)[t1]=;<Z<x: >U2(x+3)[0](%1) )

x=0

(o) 4 x
k=1 U2(4)[t1]=i<z<x: >U2(x+4>[0](%) )

x=0

1 1 £\
+1<(t1 —1)~§4)(Z:(:)(x+1)U1(x+ 1)[0](51)

k=2: U, (5)[t,] =;<Z<x;5>‘]2(“5)[°](tzl)x>

x=0

1 1 ofx+2 t\*
+5<(t1—1)~§-2< N >U1<x+z)[01(§)

x=

=3

+ % ;(x 1)U, (x + 1)[0](2)x>.

(73)

Using the inverse DT, again we get approximate so-
lution for the IVPs (48), (49), and (50) on the interval

[t 5]
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TaBLE 1: Example 1, error analysis of u in [1,e].
Exact solution DT 5 DT 10 DT 25 Matlab DDENSD
t et |u — e lu —et| |u — e |t — e
1 2.7183 0 0 0 0
1.4296 4.1769 0.0000 6.4890E — 12 8.8818E—16 1.6976E -5
1.8591 6.4182 0.0017 1.0381E-8 8.8818E—16 3.6095E-5
2.2887 9.8622 0.0211 1.2409E-6 3.5527E-15 9.3438E-5
e 15.1543 0.1273 3.0578E-5 1.2861E—12 1.4012E—4
TaBLE 2: Example 1, error analysis of u in [e, e°].
Exact solution DT 5 DT 10 DT 25 Matlab DDENSD
t et lu — €| lu — €| lu — €| |u — €|
e 15.1543 3.5527E-15 3.5527E-15 3.5527E—-15 0
5.8273 339.4331 32.3491 1.333 2.2737E-13 0.0743
8.9363 7.6028E + 3 44755E+3 397.5509 2.2638E-5 3.1741
12.0453 1.7029E + 5 1.5373E+5 5.6777E+4 0.9751 112.2467
e 3.8143E+6 3.7554E+6 2.6576E+6 2.0358E+3 3.1395E+3

uy, () =U (0 [t ]+ U (D[] (E-t) + U (2)[t]
S(t-1,)+U,(3)
uyr, (6) =U, (0)[t,] + U, (1)

(1]
(t](t-t) +...,

(6] (t=t,) + U, (2)[t4]
[t1]

=)+ U3 [t](E-t) + .. ..

t
t

(74)

As the calculations are getting more complicated, all the
calculations have been done numerically only.

3.4. Numerical Results and Discussion. Table 1 shows
comparison of results for Example 1 obtained by DT al-
gorithm with the orders of Taylor polynomials of the
approximate solution N =5,10,25 to results of Matlab
function DDENSD in the interval [1,e]. Since the exact
solution is known, absolute errors illustrate precision of
each algorithm setting. All numbers are rounded to four
decimal places. We see that DDENSD performs satis-
factory well and DT for N =10,25 does even better,
whereas DT for N =5 does not show satisfactory
precision.

Table 2 brings the same comparison in the second in-
terval [e,e]. We can observe a fast growth rate of the
function values of the exact solution, which leads to the
growth of absolute errors and loss of precision in all settings.
It indicates that at the end of the considered interval [e, e°],
the rate of precision would be better seen using relative
errors.

Implementation of DT in Matlab in case of Example 2
produces numerical results which are listed in Table 3. The
results of DT with order of the Taylor polynomial N = 10 are
compared to values obtained by DT combined with modified
Adomian formula in [18] and to values produced by Matlab
function DDENSD.

First, we should say that the function DDENSD had
difficulty at 0 where the value of the delayed argument ¢/2

was equal to the argument itself. Hence, to make
DDENSD work, we replaced /2 by t/2—107'° in the
second equation of (2). Our hypothesis is that the reason
of the DDENSD failure is a combination of two facts: the
second equation is neutral with respect to a proportional
delay and the interval where the problem is considered
contains 0.

Second, we should mention that the numerical results
for DDENSD were obtained by looking for approximate
solutions on the whole interval [0,f,]. When trying to
follow the method of steps, i.e., using DDENSD on [0, ¢,]
and then on [ty,t,], the results on the second interval
[t,,t,] did not correspond to reality: there was a dis-
continuity in u, at t;.

Furthermore, we recall that the values taken from [18]
have been computed wusing symbolic software
Maple and the source code of the computation has been
lost.

Now, we can see a very good concordance of all al-
gorithms in numerical values of the second component u,,
while we observe a growing distance between the values of
the first component u; computed by presented DT al-
gorithm and values computed by the other two algo-
rithms. As u, has exponential characteristics, we interpret
the growing distance as growing lack of precision of DT
algorithm which is based on approximation by Taylor
polynomials. We suppose that dividing the intervals [0, ¢,]
and [t,,t,] into smaller subintervals, i.e., refining the mesh
grid, and applying the DT algorithm on those smaller
intervals consecutively will improve the performance of
the presented algorithm.

Although it seems that the algorithm used in [18] shows
better performance than the one presented in this paper, we
cannot claim it with certainty as the source code got lost and
we are not able to reproduce the data. Moreover, the ap-
proach used in [18] involves calculations of symbolic de-
rivatives which makes it difficult to implement in numerical
software like Matlab.
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TaBLE 3: Example 2, comparison of presented DT, DT in [18] and Matlab function DDENSD for #, and u, in the first step for t € [0,¢,], and

presented DT and DDENSD in the second step for t € [t,,1,].

Method DT 10 DT 10 Matlab DDENSD Matlab DDENSD DT [18] DT [18]
t u; U, u; U, u, U,
0.00 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000
0.05 1.0513 0.0024 1.0513 0.0024 1.0513 0.0024
0.10 1.1054 0.0093 1.1050 0.0093 1.1051 0.0093
0.15 1.1625 0.0203 1.1614 0.0203 1.1618 0.0203
0.20 1.2230 0.0348 1.2204 0.0348 1.2209 0.0348
0.25 1.2871 0.0524 1.2822 0.0524 1.2832 0.0524
0.30 1.3552 0.0726 1.3469 0.0726 1.3481 0.0726
0.35 1.4277 0.0951 1.4146 0.0951 1.4160 0.0951
0.3520 1.4306 0.0960 1.4174 0.0960 — —
0.3904 1.4896 0.1146 1.4717 0.1146 — —
0.4289 1.5514 0.1340 1.5280 0.1340 — —
0.4673 1.6161 0.1541 1.5864 0.1541 — —
0.5057 1.6839 0.1747 1.6469 0.1748 — —
0.5441 1.7548 0.1957 1.7098 0.1957 — —
0.5826 1.8290 0.2169 1.7750 0.2169 — —
0.6210 1.9065 0.2380 1.8428 0.2381 — —

4. Conclusion

In the paper, we presented an algorithm which makes use of
the differential transformation to initial value problems for
systems of delayed or neutral differential equations with
nonconstant delays. Two examples have been chosen to
validate and test the algorithm. Numerical comparison of the
presented semianalytical approach to Matlab function
DDENSD brought interesting and promising results.

Example 1 showed expected and reliable behaviour of the
differential transform in the first step of the method of steps
and expected deviation in the numerical results from values
of the exact solution in the second step. Furthermore, we
could observe a good concordance between the presented
algorithm and DDENSD.

After facing difficulties with DDENSD in Example 2, we
could confirm a very good concordance of both differential
transform and DDENSD in values of the component u,
which has a polynomial character on the considered in-
tervals. On the other hand, we observed a growing dis-
crepancy between the two methods in values of the
component u, which has an exponential character. Our
conclusion is that the disagreement is caused by large lengths
of the intervals where the approximate solution is computed
using the differential transform and that refining the mesh
grid is necessary to obtain better performance.

Further investigation will be focused on experimenting
with different densities of mesh grids and studying con-
vergence of the algorithm to find the optimal mesh grid.
Numerical experiments will be focused on tuning the per-
formance on problems with high complexity whose exact
solutions are known and subsequently on applications to
nonartificial real-life problems whose exact solutions are
unknown.
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Applications of the Differential Transform to
second-order half-linear Euler equations

Zuzana Patikova * Josef Rebenda T

Abstract

The purpose of the paper is to show applications of the differential
transform to second-order half-linear FEuler equations with and without
delay. The case of proportional delay is considered. Finding a numeri-
cal solution to an initial value problem is reduced to solving recurrence
relations. The outputs of the recurrence relations are coefficients of the
Taylor series of the solution. Validity of the presented algorithm is demon-
strated on concrete examples of initial value problems. Numerical results
are compared with solutions produced by Matlab function “ddesd”.

AMS (MOS) subject classification: 34K28, 34K07, 34A45, 65103, 65L05.
Keywords: Half-linear Euler equation; differential transform; method of
steps; differential equation with delay

1 Introduction

Half-linear Euler type equations have been studied extensively in terms of the
qualitative properties. However, combination of research methodologies is one
of the successful generators of new ideas, results, and insights. The aim of this
paper is to complement the theoretical results about qualitative behavior of
solutions - asymptotic formulas or oscillatory properties - to half-linear FKuler
equations with and without delay with finding an approximate solution to the
initial value problem numerically. Motivated by the current progress in research
on the differential transform, the purpose of the paper is to investigate how the
differential transform algorithm can be applied to half-linear Euler equations
with a proportional delay and without delay.

The half-linear equation without delay can be achieved as a transformation
of partial differential equations that contain the so-called p-Laplacian

Apu = div (||Vul|P~2Vu),
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Zlin, Nad Stranémi 4511, Zlin, 76005, Czech Republic (patikova@utb.cz).

TDepartment of Mathematics, Faculty of Electrical Engineering and Communication, Brno
University of Technology, Technickd 2848/8, 61600 Brno, Czech Republic (rebenda@vutbr.cz).



where for u(z) = u(z1,...,2n), N € N, the symbol Vu stands for the Hamil-
ton nabla operator and div represents the divergence operator. Origins of
p-Laplacian are described, for example, in the paper [2]. Accordingly, the his-
tory of p-Laplacian is closely linked to applications in the filtration of fluids
through porous media and nonlinear non-Newtonian fluid dynamics. Another
application can be found, for example, in the paper [1]. The p-Laplacian is used
to model a non-homogenous diffusion to determine the height of a growing pile
of noncohesive sand, where an ordinary differential equation arises in the limit
case of “infinitely fast/slow” diffusion (see also [14]).

The paper is organized as follows. In Section 2, we briefly summarize the re-
sults about qualitative properties of solutions to half-linear Euler equations with
and without delay. Section 3 is devoted to theory and results on the differential
transform. Sections 4 and 5 contain the main results of the paper. Numerical
algorithms of the differential transform are adapted and applied to ordinary
and delayed half-linear Euler equations. Concrete examples are illustrated by
numerical results. Section 6 concludes the paper with a summary and outlines
possibilities for further research.

2 Half-linear differential equations
Half-linear differential equation of the second order is an equation of the form
(r()®(z") + c(t)®(z) =0, @(x) = |z[F"'sgnz, p>1, (1)

where r(t), ¢(t) are continuous functions and r(¢) > 0. For p = 2, the equation
(1) reduces to the second-order linear Sturm-Liouville differential equation

(r(t)z") + c(t)r = 0.

Also from this point of view, the study of the properties of its generalized form
(1) is a natural direction of research.

The name “half-linear” has its origin in the fact that the space of solutions
to (1) is homogeneous but not additive. The qualitative theory of half-linear
differential equations has been studied extensively during the last decades. For
the summary of the results up to 2005, we recommend the book [7]. More recent
results can be found, for example, in [15, 32, 6, 26, 12, 16, 27] and references
therein.

From the qualitative point of view, half-linear differential equations of the
form (1) can be divided into two classes. A half-linear equation is either oscil-
latory, which means that every its nontrivial solution has infinitely many zeros
that form a sequence tending to infinity, or non-oscillatory, which means that
every solution has constant sign in a neighbourhood of infinity. We recall that
an oscillatory solution and a non-oscillatory solution to (1) cannot exist at the
same time, which is a direct consequence of Sturm separation theorem [7, p. 16,
Theorem 1.2.3].



The subject of our interest in this paper is the second-order half-linear Euler
equation

((@'()™) + g2 (1) =0, (2)

as well as the second-order half-linear Euler equation with a proportional delay

(@' (1)) + e () = 0, (3)

where o > 0 is a quotient of two odd positive numbers, v € (0, 00) and A € (0, 1).

Euler equation (2) and its generalized forms belong to the most studied
half-linear differential equations, see, for example [5, 8, 4, 10, 27].

For r(t) = 1,¢(t) = =% and p = a + 1, the equation (1) is reduced to the

Euler equation (2). Half-linear Euler equation is conditionally oscillatory with

the oscillation constant
a+1
B «
Yo = (a n 1) s

that is, (2) is oscillatory if v > v, and non-oscillatory if v < 7.
If ¥ = 74, the equation (2) is also non-oscillatory and the two linearly
independent solutions forming the solution space have the form

g

-

lil(t) = t{a+l
2a(t) ~ 1557 log ™ (¢),

where ~ means the asymptotic equivalence as ¢ — oco. It means that one of
the solutions is known explicitly, whereas we only have an asymptotic formula
for the second one. For details we refer to [7, Section 1.4.2].

Asymptotic formulas for the two linearly independent solutions are known
also in the case v < 7, (see [13]). For i = 1,2 these are of the form

1
zi(t) ~ N as t— oo,
where \; are the zeros of the equation
IAI“FE — A4y =0.

The Euler equation with a proportional delay (3) can be seen as a special
case of the delayed half-linear equation

(r()® (' (1)) + e(t)@(x(7(1))) = 0, (4)

where r(t), ¢(t), 7(t) are continuous functions on [tg, c0), r(t) > 0, and 7 is a
delay function satisfying

T(t)<t, 7(t)>0, lim 7(t) = 0.

t—o0

In contrast to the non-delayed case (1), delayed half-linear equations may
have oscillatory and non-oscillatory solutions simultaneously. A consequence



of this fact is that techniques applicable to half-linear equations without delay
(1) often cannot be applied to delayed half-linear equations. In particular, only
Riccati type inequality is available instead of the Riccati equation. Moreover,
to prove that a solution is oscillatory is easier than to prove that it is non-
oscillatory.

If we choose r(t) = 1,¢(t) = 25, p—1 =, and 7(t) = At in (4), we obtain
the delayed Euler equation (3). Criteria providing conditions on 7 under which
(3) has only oscillatory solutions were studied, for example, in [9] and [11].

3 Differential Transform

The Differential transform (DT) is a semi-analytical method based on Taylor’s
theorem. Its history dates back to 1970s to the work of G. E. Pukhov [17].
It has been shown that DT is convenient for solving a variety of initial value
problems (IVPs), covering the range from ordinary to functional, partial and
fractional differential equations [22, 29, 25, 28, 24, 19]. In particular, results on
the differential equations with proportional, constant and non-constant delays
can be found in [30], [23] and [21].

The differential transform of a real function w(¢) at a point tg € R that is
analytic in a neighbourhood of ¢y is

D{u(t)}[to] = {U(F)[to]}eZo- (5)

Here U(k)[to] is the kth component of the differential transform of the function
u(t) at to, k € Ny, that is defined by

ku
Uil = g || (6)

The inverse differential transform of {U(k)[to]}72, is defined by

u(t) = D {UW)to] 1o o] ZU ]t — to)*. (7)

In applications, the function wu(t) is approximated by the finite sum

N
= > UK)[to](t — to)".
k=0

As we can see from (7), DT is related to the Taylor series. It means that the
results about convergence of Taylor series may be used to decide on convergence
of the DT algorithms. However, we refer to the particular paper [31] where the
optimal general explicit a-priori error estimates are given.

The following results will be used in the application sections 4 and 5.



e Assume that u(t) is a real analytic function near ty. Then (6) implies that

u/”(to)
(8)

u// (tO)

U(0)[to] = u(to), U(1)[to] = u' (o), U(2)[to] = 9

UB)[to] =

The relationships (8) will be used by transforming initial conditions.

e Assume that U(k)[to] is the kth component of the differential transform
of the real analytic function wu(t) at to. Then

D{u/()}Hto] = {(k + DU (k + Dto]}7Zo- (9)

Proof: Using (7), we can write

oo oo

diz Vto] (t—to)* ZkU [to](t—to)* ™ = " (k+1)U (k+1)[to] (t—t0)*.00
k

0 k=0

e [21] Assume that F'(k)[to] is the kth component of the differential trans-
form of the function f(t) at to and r € R.

If f(t)=t", then F(k)[to]:<]:)t6_k (10)

-1)...(r—k+1
for all ¢ such that |[t—to| < |¢o|, where (;) = r(r=1) kl(r +1) = %,

and (r)j represents the Pochhammer symbol.

e [23] Assume that F'(k), G(k) are the kth components of differential trans-
forms of functions f(t), g(t) at a point ty. Differential transform of a
product f(t)g(t) at to is

D{f(t)g {ZF } . (11)
k=0

e [18] Let g and f be real functions analytic near to and g(ty), respec-
tively, and let h be the composition h(t) = (f o g)(t) = f(g(t)). De-
note D{g(t)}[to] = {G(K)}3Zo, P{f()}g(to)] = {F(k)}3Z, and D{(f o
9)(t)}to] = {H(k)}72, the differential transforms of functions g, f and h
at to, g(to) and tg, respectively. Then the numbers H (k) in the sequence
{H(k)}32, satisfy the relations H(0) = F(0) and

k
H(k)=> F()- By (G(),...,G(k —1+1)) fork>1, (12)
=1

where BkJ(:ﬁl, ..., Zk_i4+1) are the partial ordinary Bell polynomials.



e [18] The partial ordinary Bell polynomials BM(:%M cey Bp—i1), L =1,2, 00
k > 1, satisfy the recurrence relation

1

+

k—i+1 .
A N N l . l " ’™N R “
Bri(Z1, .. Th—i41) = —&iBy—i1—1(Z1,. -, Th—i—142),

i=1

where BO’O = 1 and Bk,o = 0 for kK > 1. The first few polynomials
Ek,l(il, ...) are:

Boo=1

1?1,0 =0 3;1,1 =1 R

Boo=0 Bai1=122 DBaa= (21)* R

B3o=0 Bsi==23 Bso=2@18y Bsgz=(i1)>.

(13)

o [20] Let D{f(t)}[to] = {F(k)[to]}7>o be the differential transform of the
function f(t) at tp. Then the components F'(k)[t;] of the differential trans-
form D{f(t)}[t1] = {F(k)[t1]}32, of f(t) at t; > tp may be expressed as

(oo}

Fitl =3 (T ) -0 el k2o o

Jj=0

4 Application of the differential transform to
the Euler equation

Consider the initial value problem for the half-linear Euler equation of the form

((z)*) + t(llxa =0, z(to)=a, 2'(to)=b, (15)

in the case when « is a quotient of two positive odd numbers.

The main goal of this section is to obtain image of the equation (15) under
the differential transform at ty. We apply the formulas introduced in the Section



“ 2

3. Number of the applied formula appears in parentheses above the “=" sign.

D{z <>}@{X< 1y, x0)%e x0)9y,

DL/ (t)} L {(k+ DX (k+ 1)},

e (G T N

Now, we use of the property (11) for transforming the product. The image of
the equation (15) transformed at ¢ = ¢ reads as

k
(k+1)Hy(k+1)+~> Fi()Hy(k—1)=0, ke N,. (16)
=0

We demonstrate the use of this result on a concrete example.

Example 1 As a testing example, we take the Euler equation (2) with o = 3:

(@) + o = 0.

We know that if v = v3 = (%)4, then xo(t) = t3/* is a solution to the initial
value problem

3" 3
(2)?) + ‘;4 =0, z(1)=1, 2'(1)= T (17)
For brevity, we will use X (k) instead of X (k)[1], k¥ € Ny. Transformed
equation (16) expands for (17) with a =3,tp =1, v = (%)4 to
k1 /g
= 1 X(1)*'B 2X(2),...
0= (k03 (7) (K Brra2X ). o)
k—1 k—1 - N
+3 (3) 2 () o sexn. (31 (§) xor,
=0 j=1



where the middle term applies only for k¥ > 1. Taking into account (13), we can
write the preceding equality in a more compact form

k+1

0=+ 03 (§) X Brex). )

=1

+ VZ ( ) kzl <3> (X(0)3 79 By 5(X(1),...), keN.

J

We start with k& = 0:

1. @ (X(1))2B1.(2X(2),..) + 7<04> (3) (X(0))* = 0

= 3(X(1)22X(2) +7=0= X(2) = ——1— = G __3

Then we substitute k = 1:

2 <<i’) (X(1))2B21(2X(2),...) + <3>X(1)19272(2X(2), . .)>

# () () exosaan..+ (7 (§) o) <o

= 2(3(X(1))* - 3X(3) + 3X(1)(2X(2))*) +7(3(X(0))*X (1) — 4(X(0))*) = 0
= XB)=-=——.

We continue with £ = 2:
3

(( >(X(1)) B31(2X(2),...) + (3>X(1)Bg,2(2x(2),...)+ <3

(( 04) [( ) )?Baa(X(1),...) + (g)X(O)Bz,g(Xa),...)}
() wopae. s () () or) -

that is
3(3(X(1))%4X(4) +3X(1)2-2X(2)3X(3) + (2X(2))%))

T ([3<X<o>>2X<2> 13X (0)(X(1)%] - 4-3(X(0)?x(1) + DD <X<o>>3) 0

45
2048
Now recall that the exact solution to the initial value problem (17) is zo(t) =
t3/4. Taylor series expansion of t3/4 at ¢ty = 1 is

%(t—l)—%(t— 1) —1—%(1?—1) —%(t—1)4+0((t—1)5).

1+

8

)(X(l))0§373(2X(2), ..



We can observe that using the differential transform algorithm we got the first
several coefficients of Taylor expansion of the exact solution. The Taylor ex-
pansion is valid for |t — 1| < 1 since we used the formula (10) in the derivation
of the transformed equation (16).

Remark 1 A different approach to find recurrence relations for obtaining the
coefficients of a Taylor series of the solution is presented in papers about the
Parker-Sochacki method (see for example [3, 31]). The main idea is to trans-
form an ordinary differential equation into a system of first order ordinary dif-
ferential equations with nothing but polynomials on the righthand side. Such a
method can be applied to a wide class of ordinary differential equations. How-
ever, describing the process of finding the polynomial form is not simple and the
polynomial system might not be unique. A-priori error estimates presented in
[81] can be applied especially to this polynomial form of the equation. Within
this context, choosing the transformations yy = x(t),y2 = ' (t),y3 = t 4, ys =
t,ys = 1/2'(t), the initial value problem (17) can be rewritten in the following
polynomial form:

Y1 = Yo, yi(1) =1,
4

Yy = —% <i) s ys 12, ya(1) = %

ys = —4y3 ys, ys(1) =1,

Yy =1, ya(l) =1,

4

5

<
<
ot
—~
[—
~
I

1/3\*
323(4> Z/f Y3 Z/g,

5 Application of the differential transform to
the Euler equation with a proportional delay

Consider the initial value problem

((@'()*) + tczrl (z(At)* =0, =x(to) =a, a'(to) =0, (18)

with A € (0,1) and the initial function
¢(t) =a+ b(t — to), te (O,to] = I. (19)

Let t; = % and I; = [t;_1,t;], i € No. If t € I; then At lies in I;_;. We follow
the process of combining the differential transform with the method of steps for
delayed differential equations described in the paper [23].

For t € I = [to,t1] we determine the solution of the initial value problem

(18), (19) as x1(t). The differential transform of z1(t) at ¢y will be X7 (k)[to],



k € Ny. Since At for t € I; falls into Iy, we substitute the initial function (19)
for z(At) and rewrite equation (18) in the form

(=" (£)*) + ta+1 (a+ b\t —to))* =0, z(tg) =a, 2'(to)=0>. (20)

Because
(b()\t) =a-+ b()\t - to) =a+ bto()\ — 1) + b)\(t — to),

we have

D{p(At) }Hto] = {a + bto(A —1),bA,0,0,...},
and the kth component of the differential transform of (¢p(At))® at tg is

D{(6(M))*H(R)[to] LY Z( ) (a + bto(A — 1))~ By, (b2, 0,0,...)

< ) (a+bto(A —1))*"* (BN, k> 0.

After we use the formula (11), the equation (20) transformed at ¢y reads as

k+1
0=+ 1Y () FD B0 @ 3Gkl )
=1

+ vg <_O‘l_ 1) (to) > ! (ko_‘ z) (a+ bto(A — 1))*FFH(pA)*

The initial conditions are transformed to
X1(0)[to] = a, X1(1)[to] = b.

Substitution for k = 0,1, ... into (21) provides recurrence relations from which
one can successively calculate X7 (k)[to] for k > 2. The solution on the interval
I; is then

ZXl Mt (t — to)*.

In applications, we use a computing software to calculate the coefficients of
the Taylor series. It means that this series as well as any other series will be
truncated. The solution x; will become an approximate solution.

Notice that with a general initial function ¢, equation (21) would have the
form

k+1 a )
(k+1)) <l>(X1(1)[fo])°‘lBk+1,l(2X1(2)[t0]’ 3X1(3)[to] ---)

=1

: —a—1 —a—1-—1 o
2230 (7)) e0n) i) =0
=0

10



Now we proceed with the second step. Take t € Iy = [t1,t2], denote xa(t)
the approximate solution on I, and let X5(k)[t1] for k > 0 be the differential
transform of zo at t;. Since At for ¢ € Iy lies in I, we substitute for xz(At) the
function x;(At) and rewrite equation (18) in the form

((@'()") + toll (@1 (A))* =0, a(tr) =a1(t), 2'(t)=21(t). (22)

Since At = At; + A(t —t1), we have

DI} = {M1,),0,0,....

Recalling that At; = tg, we have the following expression for the kth component
of the differential transform of x1(At) at ¢1:

—
~

k
Dia (A} K)[H] 2 S Xi (O] Bra(r,0,0,..) = X1 (k)[to]\* = G(R)[ta], b > 1,
D{z1(M)}(0)[t1] = X1(0)[to] = a =: G(0)[t:].

Next, for (x1(At))* we get

D{(z1 ()} (k) [ta] P Z( ) 0)[11))* ' Beu(G()[ta), G2)[t], . ), k > 0,

Again, we use the product formula (11) and the equation (22) transformed at
t1 reads as

k+1

=(k+1)) (?) (X (D)[1])* ! Bryr,1(2X2(2)[t1], 3X2(3)[t4] - ) (23)

=1
k
—a—1
+VZ( z ) - zz( ) I B, (G()[1], G@)[t), . )-
1=0
According to (14), the initial conditions are

X2(0)[t1] = X1 (k)[to)(t1 — to)*,

Z 1
o

Xo()[ta] = X1 (D[ta] = Y (k + 1) X1 (k + 1)[to] (tr — to)*.
k=0

The approximate solution xo for ¢t € I is then

ZXg (=)

Further steps for ¢ € I;, i > 3 lead again to the recurrence relation (23). The
only differences will appear in indeces of the Taylor coefficients (that is, Xo

11



becomes X;) and centres of the Taylor expansion (that is, ¢; becomes t;_1).
The process of calculation of the Taylor coefficients in the ith step follows the
pattern of the second step.

Example 2 To demonstrate the described algorithm, we choose the following
concrete values of the parameters:

3\* 3
a=3, ty=1, 72(), a=1, b=-, A=0.8. (24)

Notice that the constants «, tg and v have the exactly same values as in Example
1. Comparison with the solution zo(t) = t3/* to the non-delayed problem (17)
studied in Example 1 will allow us to observe the effect of the delay and the
chosen initial function. This is important because it is not possible to find exact
solution to the initial value problem (18), (19) with the constants (24) in terms
of elementary functions.

The equation (18) with the constants (24) becomes

4
3 1 3
@O+ (3) Feosf =0 a@=1 sm=2 @
and the initial function is
3
o) =1+t —1), te (1] (26)
Recalling the fact that ¢; = %, the first step of the algorithm takes place on
the interval [to, t1] = [1, 4] whereas the second step takes place on the interval
[t1,t2] = [, 28], The results of the simulation in Matlab, version 2019b, are

shown in Table 1 and Figure 2. The first column of Table 1 presents the values of
t in the interval [to, t2] where the comparison is done. In the second column we
have values of the approximate solution to the IVP (25), (26) found by using the
differential transform algorithm. Here x7 represents the solution on [tg,t1] and
x the solution on [¢1,t2]. In both cases, the order of the Taylor polynomial that
represents the approximate solution is 5. We note that the accuracy influenced
by the chosen order is good enough. The difference between the 5th order
approximate solution and higher order approximate solutions on the observed
interval is less than 107%. The third column contains values of the approximate
solution computed by the built-in Matlab function designed for solving delay
differential equations “ddesd”. The fourth column shows the difference between
these two numerical solutions at given points. In the fifth column we present
values of the exact solution to the initial value problem (17), that is, to the
non-delayed half-linear Euler equation. At the end of the interval [tg, 2], we
can observe that the solution to the half-linear Euler equation with delay tends
to grow faster than the solution to the half-linear Euler equation without delay.
This fact is illustrated also in Figure 2.

Experimenting with other values of v, we have noticed that neither “ddesd”
nor a straightforward implementation of our algorithm can successfully calculate

12



Table 1: Comparison of DT (order 5) and Matlab

_ 43/4
‘ x1(72) ‘ Tddesd ‘ Tddesd — Li ‘ zo =13/

to = 1.0000 | 1.0000 | 1.0000 0.0 1.0000
1.0370 | 1.0621 | 1.0621 | 0.0147E - 3 1.0277
1.0741 | 1.1234 | 1.1235 | 0.1103E - 3 1.0551

t1 ~ 1.1111 | 1.1840 | 1.1843 | 0.3515E - 3 1.0822

1.1523 | 1.2591 | 1.2595 0.0004 1.1122
1.1934 | 1.3340 | 1.3339 -0.0002 1.1418
to ~= 1.2346 | 1.4089 | 1.4075 -0.0013 1.1712

the approximate solution on the interval [tg,ts] if v increases to 1.9. Similar
situation happens if we keep 7 at the constant value 1 and try to calculate on
the interval [tg,3.0]: Matlab returns an error message. Such behavior suggests
that more research in this direction is needed.

6 Conclusion

We presented how the differential transform algorithm can be applied to obtain
numerical solutions to second-order half-linear Euler equations without delay
and with a proportional delay. The described algorithm includes a modifica-
tion for different types of initial functions. Applicability of the algorithm is
demonstrated on an example of the Euler equation without delay. The coeffi-
cients of the Taylor expansion obtained by the differential transform coincide
with coefficients of Taylor expansion of the exact solution. Numerical simula-
tion on an example of the delayed equation with concrete values of parameters
was performed. The simulation values are in a good agreement with simulations
produced by the Matlab routine “ddesd”. All obtained results confirm that the
presented algorithm is efficient and convenient for finding approximate solutions
to the studied initial value problems.

Our experiment shows that the differential transform method in combination
with the method of steps is well applicable to delayed half-linear Euler equations.
One of the advantages is that the obtained approximate solution is in the form
of a Taylor polynomial. That is different from the outcome of the Matlab
function “ddesd”, where the result is a set of approximate function values of the
solution. We also found out that both “ddesd” function and our procedure do
not work on larger intervals in some cases, particularly with increasing v. On
the other hand, the combination of the differential transform and the method of
steps can be theoretically elongated easily. The practical implementation of the
algorithm, however, has to deal with the limits of division by numbers close to
zero, especially when increasing the order of the Taylor polynomial. The idea

13



Figure 1: Comparison of approximate solutions to (25), (26) and the exact
solution to (17)

145} - 1
ddesd solution
DT solution
solution to non-delayed IVP
14 1
<
c
i)
51351 1
©
(%]
13 1
125 C 1 1 1 1 1 A
1.35 1.4 1.45 1.5 1.55
Time t

of scaling the coefficients to the same dimension by the length of the considered
interval might help to overcome this obstacle.

Finally, the knowledge of approximate solutions to initial value problems
for half-linear Euler type equations can complement the qualitative theory and
motivate further theoretical results. Lat but not least, the lack of success with
computations on larger intervals using Matlab gives a strong motivation for
continuing research on approximate solutions.
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